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Preface

Integer programming (IP) is a fascinating topic. Indeed, while linear programming (LP), its con-
tinuous analogue, is well understood and extremely efficient LP software packages exist, solving
an integer program can remain a formidable challenge, even for some small size problems. For
instance, the following small (5-variable) IP problem (called the unbounded knapsack problem)

min{213x1−1928x2−11111x3−2345x4 +9123x5}
s.t. 12223x1 +12224x2 +36674x3 +61119x4 +85569x5 = 89643482,

x1,x2,x3,x4,x5 ∈ N,

taken from a list of difficult knapsack problems in Aardal and Lenstra [2], is not solved even by
hours of computing, using for instance the last version of the efficient software package CPLEX.

However, this is not a book on integer programming, as very good ones on this topic already exist.
For standard references on the theory and practice of integer programming, the interested reader is
referred to, e.g., Nemhauser and Wolsey [113], Schrijver [121], Wolsey [136], and the more recent
Bertsimas and Weismantel [21]. On the other hand, this book could provide a complement to the
above books as it develops a rather unusual viewpoint.

Indeed, one first goal of this book is to analyze and develop some striking analogies between
four problems, all related to an integer program Pd (the subscript “d” being for discrete); namely its
associated linear programming problem P, its associated linear integration problem I, and its asso-
ciated linear summation (or linear counting) problem Id . In fact, while P and Pd are the respective
(max,+)-algebra analogues of I and Id , Pd , and Id are the respective discrete analogues of P and I.
In addition, the same simple relationship links the value of P with that of I on the one hand, and the
value of Pd with that of Id on the other hand.

If LP duality is of course well understood (as a special case of Legendre–Fenchel duality in
convex analysis), IP duality is much less developed although there is a well-known superadditive
dual associated with Pd . On the other hand, the linear integration and linear counting problems
I and Id have well-defined respective dual problems I∗ and I∗d , although they are not qualified as
such in the literature. Indeed, I∗ (resp., I∗d) is obtained from the inverse Laplace transform (resp.,
inverse Z-transform) applied to the Laplace transform (resp., Z-transform) of the value function,
exactly in the same way the LP dual P∗ is obtained from the Legendre–Fenchel transform applied
to the Legendre–Fenchel transform of the value function. Moreover, recent results by people like
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Barvinok, Brion, and Vergne, and Pukhlikov and Khovanskii have provided nice and elegant exact
formulas for I and Id . One purpose of this book is to show that a careful analysis of these formu-
las permit us to shed some interesting light on the links and analogies between the (continuous)
integration and (discrete) counting programs I and Id .

In addition, in view of connections and analogies among P,Pd ,I, and Id on the one hand, and
duality results already available for P,I, and Id on the other, another goal is to provide new insights
and results on duality for integer programming, and to reinterpret some already existing results in
light of these new results and analogies.

This book is an attempt to reach this goal, and throughout all chapters our investigation is guided
by these analogies, which are not just formal but rest on a rigorous mathematical analysis. We
hope to convince the reader that they are also useful to better understand in particular the difference
between the discrete and continuous cases and reasons why the former is significantly more difficult.
We also hope that some of the material presented here could be introduced in graduate courses
in optimization and operations research, as this new viewpoint makes a link between problems
that after all are not so different when looked at through a distinct lens. Indeed, very often the
discrete and continuous cases are treated separately (as are integration and optimization) and taught
in different courses. The associated research communities are also distinct. On a more practical
side, some duality results presented in the last chapters of the book may also provide new ideas for
generating efficient cuts for integer programs, a crucial issue for improving the powerful software
packages already available, like CPLEX and XPRESS-MP codes.

Finally, let us mention that IP is also studied in the algebraic geometry research community, and
standard algebraic tools like Gröbner basis, Gröbner fan, and toric ideals permit us to better under-
stand IP as an arithmetic refinement of LP and to re-interpret some known (algebraic) concepts, like
Gomory relaxations, for example.

The plan of the book is as follows: We first introduce the four related problems P,Pd ,I, and Id

in Chapter 1. Next, in Part I we analyze problem I and compare with P in Chapters 2 and 3. In
Part II, we do the same with Id and Pd in Chapters 4 and 5. Part III is then devoted to various duality
results, including (i) the link between the old concept of Gomory relaxations and exact formula
obtained by Brion, and Brion and Vergne, in Chapters 6 and 7, (ii) a discrete Farkas lemma and a
characterization of the integer hull in Chapters 8 and 9, and (iii) the link with the superadditive dual
in Chapter 10.

Some elementary background on Legendre–Fenchel, Laplace, and Z-transforms, as well as
Cauchy residue theorem in complex analysis, can be found in the Appendix.
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Chapter 2
The Linear Integration Problem I

In the first part of the book, we consider the linear integration problem I and establish a comparison
with its (max, +)-algebra analogue, the linear programming (LP) problem P.

2.1 Introduction

In this chapter, we are interested in the linear integration problem I defined in Chapter 1, that is,

I : ̂f (y,c) :=
∫

Ω(y)
ec′x dσ , (2.1)

where Ω(y)⊂ R
n is the convex polyhedron

Ω(y) := {x ∈ R
n|Ax = y, x≥ 0} (2.2)

for some given matrix A ∈ R
m×n, and vectors y ∈ R

m, c ∈ R
n, all with rational entries, and where

dσ is the Lebesgue measure on the smallest affine variety that contains Ω(y). When c≡ 0, A is full
rank, and Ω(y) is compact, we thus obtain the (n−m)-dimensional volume of Ω(y). As already
mentioned, the linear program P is the (max,+)-algebra analogue of problem I in the usual algebra
(+,×), and we will see in the next chapter that the analogy between I and P is not simply formal.

We describe what we call a dual algorithm for computing the volume of Ω(y), i.e., problem
I with c ≡ 0, because it is a standard problem in computational geometry with many interesting
and important applications, and also because the same algorithm works when c �= 0, with ad hoc
and obvious modifications. Also it can be a viable alternative or complement to the various primal
methods briefly presented below.

J.B. Lasserre, Linear and Integer Programming vs Linear Integration and Counting,
Springer Series in Operations Research and Financial Engineering, DOI 10.1007/978-0-387-09414-4 2,
c© Springer Science+Business Media, LLC 2009



10 2 The Linear Integration Problem I

Some computational complexity results

Computing the volume vol(Ω) of a convex polytope Ω (or integrating over Ω ) is difficult; its
computational complexity is discussed in, e.g., Bollobás [24] and Dyer and Frieze [46]. Indeed,
any deterministic algorithm with polynomial time complexity that would compute upper and lower
bounds v and v on vol(Ω) cannot yield an upper bound g(n) on v/v better than a polynomial in the
dimension n.

A convex body K ⊂ R
n is a compact convex subset with nonempty interior. A strong separation

oracle answers either x ∈ K or x �∈ K, and in the latter case produces a hyperplane separating x
from K. An algorithm is a sequence of questions to the oracle, with each question depending on the
answers to previous questions. The complexity of the algorithm is the number of questions asked
before upper and lower bounds vol(K) and vol(K) are produced. Let Bn ⊂R

n be the Euclidean unit
ball of R

n. If r1Bn ⊂ K ⊂ r2Bn for some positive numbers r1,r2, the algorithm is said to be well
guaranteed. The input size of a convex body satisfying r1Bn ⊂ K ⊂ r2Bn is n + 〈r1〉+ 〈r2〉, where
〈x〉 is the number of binary digits of a dyadic rational x.

Theorem 2.1. For every polynomial time algorithm for computing the volume of a convex
body K ⊂ R

n given by a well-guaranteed separation oracle, there is a constant c > 0 such
that

vol(K)
vol(K)

≤
(

cn
logn

)n

cannot be guaranteed for n≥ 2.

However, Lovász [107] proved that there is a polynomial time algorithm that produces bounds
vol(K) and vol(K) satisfying vol(K)/vol(K) ≤ nn (n + 1)n/2, whereas Elekes [54] proved that
for 0 < ε < 2 there is no polynomial time algorithm that produces vol(K) and vol(K) with
vol(K)/vol(K)≤ (2− ε)n.

In contrast with this negative result, and if one accepts randomized algorithms that fail with
small probability, then the situation is much better. Indeed, the celebrated Dyer, Frieze, and Kanan’s
probabilistic approximation algorithm [47] computes the volume to fixed arbitrary relative precision
ε , in time polynomial in ε−1. The latter algorithm uses approximation schemes based on rapidly
mixing Markov chains and isoperimetric inequalities.

More precisely, following [24], let K ⊂ R
n with n ≥ 2, and let ε,η be small positive numbers.

An ε-approximation of vol(K) is a number ̂vol(K) such that

(1− ε) ̂vol(K)≤ vol(K)≤ (1+ ε) ̂vol(K). (2.3)

A fully polynomial randomized approximation scheme (FPRAS) is a randomized algorithm that
runs in time polynomial in the input size of K, ε−1, logη−1, and with probability at least 1−η
produces an ε-approximation (2.3) of vol(K). Then the important result of Dyer, Frieze, and Kanan
[47] states that there exists a FPRAS for the volume of a convex body given by a well-guaranteed
membership oracle.
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Exact methods

Basically, methods for exact computation of the volume (triangulations or simplicial decomposi-
tions) can be classified according to whether one has a half-space description

Ω = {x ∈ R
n|Ax≤ y}

or a vertex description

Ω =

{

x ∈ R
n|x =

p

∑
j=1

λ jx( j),λ j ≥ 0,
p

∑
j=1

λ j ≤ 1

}

of Ω , or when both descriptions are available. For instance, Delaunay’s triangulation (see, e.g., [29])
and von Hohenbalken’s simplicial decomposition [131] both require the list of vertices, whereas
Lasserre’s algorithm [94] requires a half-space description. On the other hand, Lawrence’s [102]
and Brion and Vergne’s [27] formulas, as well as Cohen and Hickey’s triangulation method [34],
require both half-space and vertex descriptions of the polytope. On the other hand, Barvinok’s
algorithm [13] computes the volume by computing the integral of ec′x over Ω for a small c, i.e.,
evaluates the Laplace transform of the function x �→ IΩ (x) at the particular λ = c. We call these
approaches primal because they all work directly in the primal space R

n of the variables describing
the polytope regardless of whether Ω has a vertex or half-space description.

In this chapter, we take a dual1 approach, that is, we consider problem I as that of evaluating
the value function ̂f (y,0) at some particular y ∈ R

m, and to do so, we compute the inverse Laplace
transform of its Laplace transform ̂F(λ ,0) at the point y ∈ R

m; we call this the dual integration
problem I∗. In the present context, as ̂F is available in closed form, computing the inverse Laplace
transform at the point y is simply the evaluation of a complex integral. This method is dual in
nature because contrast to primal methods which work in the primal space R

n of the x variables, we
instead work in the space R

m of dual variables λ associated with the nontrivial constraints Ax = y.
In summary:

• Triangulations or signed decomposition methods, as well as Barvinok’s algorithm, are primal
methods that work in the space R

n of primal variables, regardless of whether Ω has a vertex or
half-space description. The right-hand side y is fixed.

• Our dual type algorithm works in C
m as it uses residue techniques to invert the Laplace transform

̂F(λ ,0) : C
m→C of the function f (·,0) : R

m→R, at the particular point y∈R
m. So c = 0 is fixed,

y varies as the argument of ̂f (·,0), and λ varies in the inverse Laplace integral.

2.2 Primal methods

Primal methods for exact volume computation can be divided into two classes: triangulations and
signed decompositions. A basic result used in all these methods is the exact formula for the volume
of a simplex in R

n. Let Δ(x0, . . . ,xn) be the simplex of R
n with vertices x0, . . . ,xn ∈ R

n. Then

vol(Δ(x0, . . . ,xn)) =
|det(x1− x0,x2− x0, . . . ,xn− x0) |

n!
. (2.4)

1 Duality here has nothing to do with duality between the vertex and half-space descriptions of a convex polytope
Ω ⊂ R

n.
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Triangulations

A triangulation of an n-polytope Ω ⊂ R
n is a set {Δi}s

i=1 of n-simplices Δi ⊂ R
n such that no two

distinct simplices have an interior point in common. And so,

vol(Ω) =
s

∑
i=1

vol(Δi),

with vol(Δi) given by (2.4). Hence, most of the work is concentrated in finding a triangulation of
Ω . For instance, let Ω ⊂ R

2 be the rectangle ABDC in Figure 2.1. With E inside Ω , one has the
triangulation (AEC),(AEB),(BED),(DCEC) of Ω . Among the triangulation methods are Delau-
nay’s triangulation, boundary triangulation, and Cohen and Hickey’s triangulation [34]. While the
first two only require a vertex representation of Ω , the latter requires both vertex and half-space
descriptions.

A B

C D

E

FIGURE 2.1 Triangulation of a rectangle

dimensional convex body, by x �→ (x, f (x)) for some strictly convex function f : R
n→R. The lifted

vertices (v, f (v)) must be in the general position (i.e., their convex hull simplicial). Then, interpret-
ing the facets in terms of the original vertices yields the desired triangulation.

Boundary triangulation for simplicial polytopes (i.e., each facet is an (n− 1)-dimensional sim-
plex) links each facet with an interior point as in Figure 2.1 so as to yield the desired triangula-
tions. For general polytopes, a small perturbation yields a simplicial polytope. Cohen and Hickey’s
triangulation is an improvement of boundary triangulation as it considers a vertex instead of an
interior point.

Signed decompositions

As another primal method, one may decompose Ω into signed n-simplices {Δi} whose signed
union is exactly Ω . That is, one writes Ω =

⋃

i εiΔi with εi ∈ {−1,+1}, and where the signed
decomposition {εiΔi} must satisfy the following requirement for every point x not on the boundary

Delaunay’s triangulation is obtained by lifting the polytope Ω onto the surface of an (n + 1) −
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of any simplex: If x ∈ Ω then x appears in exactly one more positive Δi, whereas if x �∈ Ω then it
must appear equally often in positive and negative Δi. And so, we now have

vol(Ω) =
s

∑
i=1

εi vol(Δi).

In Figure 2.2 the same rectangle Ω has the signed decomposition

[+(AB,AC,e),+(e,CD,BD),−(AB,e,BD),−(AC,CD,e)],

A B

C D

e

FIGURE 2.2 Signed decomposition of a rectangle

where a triplet (a,b,c) stands for the unique simplex determined by the intersection of lines a,b,
and c. Filliman’s duality [56] shows that triangulations and signed decompositions are in duality via
the facet–vertex duality (i.e., to a vertex corresponds a facet and viceversa). Namely, let Ω ⊂R

n be
a polytope with the origin in its interior and let T be a triangulation of Ω such that the origin is not
in the union of hyperplanes defining the triangulation T . Then T induces a signed decomposition of
the polar

Ω ◦ = {x ∈ R
n|〈x,y〉 ≤ 1,∀y ∈Ω}

of Ω , in such a way that each simplex Δ(a0, . . . ,an) is in T if and only if the unique bounded sim-
plex determined by the corresponding hyperplanes in the polar Ω ◦ is in the signed decomposition.
The sign of a simplex in the signed decomposition is determined by its separation parity in the
triangulation.

Among signed decomposition methods, let us cite Lawrence’s decomposition [102], which re-
sults in a simple and elegant formula. With A ∈ R

m×n, let Ω := {x ∈ R
n|Ax ≤ y} be simple, and

for a vertex v of Ω , let Av ∈ R
n×n be the submatrix of A formed with the rows defining the binding

constraints at v. Let c ∈ R
n and q ∈ R be such that c′x + q is not constant along any edge, and let

πv := c′A−1
v be well defined. Then

vol(Ω) =
(c′x+q)n

n!|detAv|∏n
i=1 πv

i
. (2.5)
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We will see in Section 2.3 that (2.5) is the same as (2.16) obtained from Brion and Vergne’s
continuous formula (2.15) (given for Ω described in standard equality form (2.2)).

Alternatively, let voli(n− 1,Ωi) be the (n− 1)-dimensional volume of the facet Ωi := Ω ∩{x :
(Ax)i = yi}. Then the formula

nvol(Ω) =
m

∑
i=1

yi

‖Ai‖vol(n−1,Ωi), (2.6)

obtained in Lasserre [94] as just Euler’s identity for homogeneous functions (applied to vol(Ω) as
a function of the right-hand side y), has the well-known equivalent geometric formulation

nvol(Ω) =
m

∑
i=1

d(O,Hi)vol(n−1,Ωi)

(where d(O,Hi) is the algebraic distance from the origin to the hyperplane Aix = yi), the
n-dimensional analogue of the two-dimensional formula (height)(base)/2 for the triangle area. From
this geometric interpretation, (2.6) is also a signed decomposition of Ω when O is outside Ω , and a
triangulation when O is inside Ω . For instance, if E in Figure 2.1 is the origin and Ωi is the segment
(CD), then yi/‖Ai‖ is the distance from E to (CD) and yivol(1,Ωi)/2‖Ai‖ is just the classical for-
mula for the area of the triangle ECD. Formula (2.6) permits us to derive a recursive algorithm as

[94]).
Concerning the computational complexity and efficiency of triangulation and signed decompo-

sition methods, the interested reader is referred to Büeler et al. [29]. In their computational study,
they have observed that triangulation methods behave well for near-simplicial polytopes, whereas
signed decomposition methods behave well for near-simple polytopes. This opposite behavior is
typical for the hypercube and its polar, the cross polytope. Also, Delaunay’s triangulation as well as
Lawrence’s formula exhibited serious numerical instability in many examples. The latter is due to
difficulties in finding a good vector c.

Barvinok’s algorithm

For each vertex v of Ω ⊂ R
n let Kv := co(Ω ,v) be the tangent cone (or supporting cone) of Ω at v,

that is,
co(Ω ,v) = {x ∈ R

n|εx+(1− ε)v ∈Ω ,∀ sufficiently small ε > 0}. (2.7)

Then Brion [25] proved that

s(Ω) =
∫

Ω
ec′x dx = ∑

v:vertex of Ω

∫

Kv

ec′x dx =: ∑
v:vertex of Ω

s(Kv).

In Barvinok’s algorithm [13], each cone Kv is the union
⋃

j Kv j of simple cones {Kv j} so that s(Kv) =
∑ j s(Kv j). In addition, let Kv be given as the convex hull of its extreme rays {u1, . . . ,um}⊂R

n. Then

one iterates and one again this formula for the polytope Ωi, for all i =1,. . .,m (see Lasserreapplies
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given c ∈ C
m, one can compute s(Kv) in O(n3m

(m
n

)

) arithmetic operations. Finally, taking c very
small yields an approximation of the volume of Ω .
As already mentioned, the above methods are primal as they all work in the primal space R

n of pri-
mal variables, regardless of whether Ω has a vertex or half-space representation. We next consider
a method that works in the dual space R

m of variables associated with the nontrivial constraints
Ax = y in the description (2.2) of Ω(y).

2.3 A dual approach

Let y∈R
m and A∈R

m×n be real-valued matrices and consider the convex polyhedron Ω(y) defined
in (2.2). Assume that

{x ∈ R
n|Ax = 0;c′x≥ 0,x≥ 0}= {0}. (2.8)

That is, infinite lines in Ω(y) with c′x≥ 0 are excluded, which makes sense as we want to integrate
ec′x over Ω(y).

Remark 2.1. By a special version of Farkas’ lemma due to Carver (see, e.g., Schrijver [121, (33),
p. 95]) and adapted to the present context, (2.8) holds if and only if there exists u ∈ R

m such that
A′u > c.

The Laplace transform

Consider the function ̂f (·,c) : R
m→R defined by

y �→ ̂f (y,c) :=
∫

Ω(y)
ec′x dσ , (2.9)

where dσ is the Lebesgue measure on the smallest affine variety that contains Ω(y).
Let ̂F(·,c) : C

m→C be its m-dimensional two-sided Laplace transform, i.e.,

λ �→ ̂F(λ ,c) :=
∫

Rm
e−〈λ ,y〉

̂f (y,c)dy (2.10)

(see, e.g., [28], and Appendix).

Theorem 2.2. Let Ω(y) be the convex polytope in (2.2) and let ̂f and ̂F be as in (2.9) and
(2.10), respectively. Then

̂F(λ ,c) =
1

∏n
j=1(A′λ − c) j

, ℜ(A′λ − c) > 0. (2.11)
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Moreover,

̂f (y,c) =
1

(2πi)m

∫ γ1+i∞

γ1−i∞
· · ·

∫ γm+i∞

γm−i∞
e〈λ ,y〉

̂F(λ )dλ (2.12)

where γ ∈ R
m satisfies A′γ > c.

Proof. Apply the definition (2.10) of ̂F , to obtain

̂F(λ ) =
∫

Rm
e−〈λ ,y〉

[
∫

x≥0, Ax=y
ec′x dσ

]

dy

=
∫

R
n
+

e〈c−A′λ ,x〉 dx

=
n

∏
j=1

[
∫ ∞

0
e(c−A′λ ) j x j dxi

]

=
1

∏n
j=1(A′λ − c) j

, with ℜ(A′λ − c) > 0.

And (2.12) is obtained by a direct application of the inverse Laplace transform; see [28] and Ap-
pendix. It remains to show that the domain {λ ∈C

m : ℜ(A′λ −c) > 0} is nonempty. However, this
follows from Remark 2.1. ��

The dual problem I∗

We define the dual problem I∗ to be the inversion problem:

I∗ : ̂f (y,c) :=
1

(2iπ)m

∫ γ1+i∞

γm−i∞
· · ·

∫ γm+i∞

γm−i∞
e〈y,λ 〉 ̂F(λ ,c)dλ

=
1

(2iπ)m

∫ γ1+i∞

γm−i∞
· · ·

∫ γm+i∞

γm−i∞

e〈y,λ 〉

∏n
j=1(A

′λ − c) j
dλ , (2.13)

where γ ∈ R
m is fixed and satisfies A′γ− c > 0.

We may indeed call I∗ a dual problem of I as it is the inversion of the Laplace transform of ̂f ,
exactly like P∗ is the inversion of the Legendre–Fenchel transform of f . It is defined on the space C

m

of variables {λ j} associated with the nontrivial constraints Ax = y; notice that we also retrieve the
standard “ingredients” of the dual optimization problem P∗, namely, y′λ and A′λ − c. Incidentally,
observe that the domain of definition (3.7) of ̂F(·,c) is precisely the interior of the feasible set of
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the dual problem P∗ in (3.5). We will comment more on this when we compare problems P and I in
Section 3.2.

As mentioned earlier, computing ̂f (y,c) at the point y ∈ R
m via (2.12), i.e., by solving the dual

problem I∗ (2.13), reduces to computing the Laplace inverse of ̂F(λ ,c) at the point y. For instance,
this complex integral can be evaluated by repeated application of Cauchy residue theorem. That
is, one computes the integral (2.12) by successive one-dimensional complex integrals with respect
to (w.r.t.) one variable λk at a time (e.g., starting with λ1,λ2, . . .) and by repeated application of
Cauchy residue theorem. This is possible because the integrand is a rational fraction, and after
application of Cauchy residue theorem at step k w.r.t. λk, the output is still a rational fraction of the
remaining variables λk+1, . . . ,λm; see Section 2.4. It is not difficult to see that the whole procedure
is a summation of partial results, each of them corresponding to a (multipole) vector ̂λ ∈ R

m that
annihilates m terms of n products in the denominator of the integrand. This is formalized in the nice
formula of Brion and Vergne [27, Proposition 3.3, p. 820], which we describe below.

Brion and Vergne’s continuous formula

A remarkable result of Brion and Vergne provides us with an explicit expression of ̂f (y,c). However,
direct evaluation of this formula may pose some numerical instability, and in Section 4.4 we also
provide a residue algorithm to evaluate ̂f (y,c) at a point y ∈ R

m.
Before stating Brion and Vergne’s formula, we first introduce some notation. Write the matrix

A ∈ R
m×n as A = [A1| . . . |An] where A j ∈ R

m denotes the jth column of A for all j = 1, . . . ,n. With
Δ := (A1, . . . ,An) let C(Δ)⊂ R

m be the closed convex cone generated by Δ .
A subset σ of {1, . . . ,n} is called a basis of Δ if the sequence {A j} j∈σ is a basis of R

m, and the set
of bases of Δ is denoted by B(Δ). For σ ∈B(Δ) let C(σ) be the cone generated by {A j} j∈σ . With
any y ∈C(Δ) associate the intersection of all cones C(σ) that contain y. This defines a subdivision
of C(Δ) into polyhedral cones. The interiors of the maximal cones in this subdivision are called
chambers; see, e.g., Brion and Vergne [27]. For every y ∈ γ , the convex polyhedron Ω(y) in (2.2) is
simple. Next, for a chamber γ (whose closure is denoted by γ), let B(Δ ,γ) be the set of bases σ such
that γ is contained in C(σ), and let μ(σ) denote the volume of the convex polytope {∑ j∈σ t jA j |0≤
t j ≤ 1} (that is, the determinant of the square matrix [A j∈σ ]). Observe that for y∈ γ and σ ∈B(Δ ,γ)
we have y = ∑ j∈σ x j(σ)A j for some x j(σ) ≥ 0. Therefore, the vector x(σ) ∈ R

n
+ with x j(σ) = 0

whenever j �∈ σ is a vertex of the polytope Ω(y). In the LP terminology, the bases σ ∈B(Δ ,γ)
correspond to feasible bases of the linear program P. Denote by V the subspace {x ∈ R

n |Ax = 0}.
Finally, given σ ∈B(Δ), let πσ ∈ R

m be the row vector that solves πσ A j = c j for all j ∈ σ . A
vector c ∈ R

n is said to be regular if c j−πσ A j �= 0 for all σ ∈B(Δ) and all j �∈ σ .
Let c ∈ R

n be regular with −c in the interior of the dual cone (Rn
+ ∩V )∗ (which is the case if

A′u > c for some u ∈ R
m). Then, Brion and Vergne’s formula [27, Proposition 3.3, p. 820] states

that

̂f (y,c) = ∑
σ∈B(Δ ,γ)

e〈c,x(σ)〉

μ(σ)∏k �∈σ (−ck +πσ Ak)
∀y ∈ γ. (2.14)
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Notice that in the linear programming terminology, ck−πσ Ak is nothing less than the so-called
reduced cost of the variable xk, w.r.t. the basis {A j} j∈σ . When y ∈ γ , the polytope Ω(y) is simple
and we can rewrite (2.14) as

̂f (y,c) = ∑
x(σ): vertex of Ω(y)

e〈c,x(σ)〉

μ(σ)∏ j �∈σ (−c j +πσ A j)
. (2.15)

On the other hand, when y ∈ γ \ γ for several chambers γ , then in the summation (2.14), several
bases σ correspond to the same vertex x(σ) of Ω(y).

Remarkably, evaluating ̂f (·,c) at a point y ∈ R
m reduces to sum up over all vertices x(σ) of

Ω(y), the quantity ec′x(σ) B−1
σ , where Bσ is just the product of all reduced costs multiplied by the

determinant of the matrix basis Aσ . However, this formula is correct only when c is regular. So, for
instance, if one wishes to compute the volume ̂f (y,0) of Ω(y), i.e., with c = 0, one cannot apply
directly formula (2.15). However, one also has

vol(Ω(y)) =
〈−c,x(σ)〉n

n! μ(σ)∏ j �∈σ (c j−πσ A j)
. (2.16)

In fact, (2.16) is exactly Lawrence’s formula (2.5) when the polytope Ω(y) is in standard equality
form (2.2). As mentioned already, this formula is not stable numerically, because despite a regular
vector c ∈ R

n being generic, in many examples the product in the denominator can be very small
and one ends up adding and subtracting huge numbers; see, e.g., the empirical study in Büeler
et al. [29].

2.4 A residue algorithm for problem I∗

We have just seen that evaluating ̂f (·,c) at a point y ∈ R
m reduces to evaluating formula (2.15).

However, this formula is correct only when c is regular. Moreover, even if c is regular it may pose
some numerical difficulties. The same is true for the volume formula (2.16). In this section we
provide a residue algorithm that handles the case where c is not regular; when c = 0 the algorithm
returns the volume of the convex polytope Ω(y).

As computing the volume of a convex polyhedron is a basic problem of interest in computational
geometry, we will specify the algorithm for the case c = 0 and for the inequality case description of
Ω(y), i.e., when

Ω(y) := {x ∈ R
n|Ax≤ y,x≥ 0},
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in which case an easy calculation yields

̂F(λ ,c) =
1

∏m
k=1 λk ∏n

j=1(A′λ − c) j
, ℜ(λ ), ℜ(A′λ − c) > 0. (2.17)

But it will become apparent that the case c �= 0 can be handled exactly in the same manner. There-
fore, we wish to evaluate the complex integral

volume(Ω(y)) =
1

(2πi)m

∫ γ1+i∞

γ1−i∞
· · ·

∫ γm+i∞

γm−i∞
ey′λ

̂F(λ ,0)dλ ,

with ̂F(y,c) as in (2.17) and where the real vector 0 < γ ∈R
m satisfies A′γ > 0. To make calculations

a little easier, with y ∈ R
m fixed, we restate the problem as that of computing the value h(1) of the

function h : R→R given by

z �→ h(z) := ̂f (zy,0) =
1

(2πi)m

∫ γ1+i∞

γ1−i∞
· · ·

∫ γm+i∞

γm−i∞
ez〈λ ,y〉

̂F(λ ,0)dλ . (2.18)

Computing the complex integral (2.18) can be done in two ways that are explored below. We do it
directly in Section 2.4 by integrating first w.r.t. λ1, then w.r.t. λ2, λ3, . . .; or indirectly in Section 2.4,
by first computing the one-dimensional Laplace transform H of h and then computing the Laplace
inverse of H.

The direct method

To better understand the methodology behind the direct method and for illustration purposes, con-
sider the case of a convex polytope Ω(y) with only two (m = 2) nontrivial constraints.

The m = 2 example. Let A∈R
2×n be such that x = 0 is the only solution of {x≥ 0, Ax≤ 0} so that

Ω(y) is a convex polytope (see Remark 2.1). Moreover, suppose that y1 = y2 = z and A′ := [a |b]
with a,b ∈ R

n. For ease of exposition, assume that

• a jb j �= 0 and a j �= b j for all j = 1,2, . . . ,n.
• a j/b j �= ak/bk for all j,k = 1,2, . . . ,n.

Observe that these assumptions are satisfied with probability equal to one if we add to every coeffi-
cient ai,bi a perturbation ε , randomly generated under a uniform distribution on [0, ε̄], with ε̄ very
small. Then

̂F(λ ,0) =
1

λ1λ2
× 1

∏n
j=1(a jλ1 +b jλ2)

,

{

ℜ(λ ) > 0

ℜ(aλ1 +bλ2) > 0 .

Next, fix γ1 and γ2 > 0 such that a jγ1 +b jγ2 > 0 for every j = 1,2, . . .n and compute the integral
(2.18) as follows. We first evaluate the integral

I1(λ2) :=
1

2πi

∫ γ1+i∞

γ1−i∞

ezλ1

λ1 ∏n
j=1(a jλ1 +λ2b j)

dλ1, (2.19)
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using classical Cauchy residue technique. That is, we (a) close the path of integration adding a
semicircle Γ of radius R large enough, (b) evaluate the integral using Cauchy residue theorem
(see Appendix), and (c) show that the integral along Γ converges to zero when R→ ∞.

Now, since we are integrating w.r.t. λ1 and we want to evaluate h(z) at z = 1, we must add the
semicircle Γ on the left side of the integration path {ℜ(λ1) = γ1} because ezλ1 converges to zero
when ℜ(λ1)→−∞. Therefore, we must consider only the poles of λ1 �→ ̂F(λ1,λ2) whose real part
is strictly less than γ1 (with λ2 being fixed). Recall that ℜ(−λ2b j/a j) = −γ2b j/a j < γ1 whenever
a j > 0, for each j = 1,2, . . . ,n, and ̂F(λ1,λ2) has only poles of first order (with λ2 being fixed).
Then, the evaluation of (2.19) follows easily, and

I1(λ2) =
1

λ n
2 ∏n

j=1 b j
+ ∑

a j>0

−e−(b j/a j)zλ2

b jλ n
2 ∏k �= j(−akb j/a j +bk)

.

Therefore,

h(z) =
1

2πi

∫ γ2+i∞

γ2−i∞

ezλ2

λ2
I1(λ2) dλ2

=
1

2πi

∫ γ2+i∞

γ2−i∞

ezλ2

λ n+1
2 ∏n

j=1 b j
dλ2

− ∑
a j>0

1
2πi

∫ γ2+i∞

γ2−i∞

an
j e(1−b j/a j)zλ2

λ n+1
2 a jb j ∏k �= j(bka j−akb j)

dλ2.

These integrals must be evaluated according to whether (1−b j/a j)y is positive or negative, or,
equivalently (as a j > 0), whether a j > b j or a j < b j. Thus, recalling that z > 0, each integral is
equal to

• its residue at the pole λ2 = 0 < γ2 when a j > b j, and
• zero if a j < b j because there is no pole on the right side of {ℜ(λ2) = γ2}.
That is,

h(z) =
zn

n!

[

1

∏n
j=1 b j

− ∑
b j<a j

(a j−b j)n

a jb j ∏k �= j(bka j−akb j)

]

. (2.20)

Observe that the formula is not symmetric in the parameters a,b. This is because we have chosen
to integrate first w.r.t. λ1; and the set { j |b j < a j} is different from { j |a j < b j}, which would have
been considered had we integrated first w.r.t. λ2. In the latter case, we would have obtained

h(z) =
zn

n!

[

1

∏n
j=1 a j

− ∑
a j<b j

(b j−a j)n

a jb j ∏k �= j(akb j−bka j)

]

, (2.21)

which is (2.20), interchanging a and b. Moreover, moving terms around, we get for free the follow-
ing identity:

n

∑
j=1

(a j−b j)n

a jb j ∏k �= j(bka j−akb j)
=

1

∏n
j=1 b j

− 1

∏n
j=1 a j

. (2.22)
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The direct method algorithm. The above methodology easily extends to an arbitrary number m
of nontrivial constraints. One evaluates the integral of the right hand side of (2.18) by integrating
first w.r.t. λ1, then w.r.t. λ2, and so on. The resulting algorithm can be described with a tree of depth
m+1 (m+1 “levels”).

Direct method algorithm: Let 0 < c ∈ R
m be such that A′c > 0.

• Level 0 is the root of the tree.
• Level 1 is the integration w.r.t. λ1 and consists of at most n + 1 nodes associated with

the poles λ1 := ρ1
j , j = 1, . . . ,n + 1, of the rational function ∏i λ−1

i ∏ j(A′λ )−1
j , seen as a

function of λ1 only. By the assumption on c, there is no pole ρ1
j on the line ℜ(λ1) = γ1.

By the Cauchy residue theorem, only the poles at the left side of the integration path
{ℜ(λ1) = γ1}, say ρ1

j , j ∈ I1, are selected.
• Level 2 is the integration w.r.t. λ2. After integration w.r.t. λ1, each of the poles ρ1

j , j ∈
I1, generates a rational function of λ2,λ3, . . . ,λm times an exponential, which, seen as a
function of λ2 only, has at most n+1 poles ρ2

i ( j), i = 1, . . . ,n+1, j ∈ I1. Thus, level 2 has
at most (n+1)2 nodes associated with the poles ρ2

i ( j). Assuming no pole ρ2
i ( j) on the line

ℜ(λ2) = γ2, by the Cauchy residue theorem, only the poles ρ2
i ( j), ( j, i)∈ I2, located on the

correct side of the integration path {ℜ(λ2) = γ2} are selected. By “correct” side we mean
the right side if the coefficient in the exponential is negative, and the left side otherwise.

• Level k, k ≤ m, consists of at most (n + 1)k nodes associated with the poles
ρk

s (i1, i2, . . . , ik−1), (i1, i2, . . . , ik−1) ∈ Ik−1, s = 1, . . . ,n + 1, of some rational functions of
λk, . . . ,λm, seen as functions of λk only. Assuming no pole on the line ℜ(λk) = γk, only the
poles ρk

ik
(i1, i2, . . . , ik−1), (i1, i2, . . . , ik) ∈ Ik, located on the correct side of the integration

path {ℜ(λk) = γk} are selected. And so on.
The last level m consists of at most (n+1)m nodes and the integration w.r.t. λm is trivial as
it amounts to evaluating integrals of the form

(2πi)−1
∫ γm+i∞

γm−i∞
Aλ−(n+1)

m eαzλmdλm

for some coefficients A, α , which yield A(αz)n/n! for those α > 0. Summing up over all
nodes of the last level (analogously, all leaves of the tree) provides the desired value.

Computational complexity. Only simple elementary arithmetic operations are needed to compute
the nodes at each level, as in Gauss elimination for solving linear systems. Moreover, finding a
vector γ ∈ R

m that satisfies γ > 0, A′γ > 0, can be done in time polynomial in the input size of the
problem. Therefore, the computational complexity is easily seen to be essentially described by nm.

However, some care must be taken with the choice of the integration paths as we assume that at
each level k there is no pole on the integration path {ℜ(λk) = γk}. This issue is discussed later. The
algorithm is illustrated on the following simple example with n = 2,m = 3.

Example 2.1. Let e3 = (1,1,1) be the unit vector of R
3 and let Ω(ze3)⊂ R

2 be the polytope

Ω(ze3) := {x ∈ R
2
+|x1 + x2 ≤ z;−2x1 +2x2 ≤ z;2x1− x2 ≤ z},
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whose area is 17z2/48.
Choose γ1 = 3, γ2 = 2, and γ3 = 1 so that γ1 > 2γ2−2γ3 and γ1 > γ3−2γ2.

h(z) =
1

(2πi)3

∫ γ1+i∞

γ1−i∞
. . .

∫ γ3+i∞

γ3−i∞
e(λ1+λ2+λ3)z

̂F(λ )dλ ,

with
̂F(λ ,0) =

1
λ1λ2λ3(λ1−2λ2 +2λ3)(λ1 +2λ2−λ3)

.

Integrate first w.r.t. λ1; that is, evaluate the residues at the poles λ1 = 0, λ1 = 2λ2− 2λ3, and
λ1 = λ3−2λ2 because 0 < z, 0 < γ1, ℜ(2λ2−2λ3) < γ1, and ℜ(λ3−2λ2) < γ1. We obtain

h(z) =
1

(2πi)2

∫ γ2+i∞

γ2−i∞

∫ γ3+i∞

γ3−i∞
(I2 + I3 + I4) dλ2 dλ3,

where

I2(λ2,λ3) =
−e(λ2+λ3)z

2λ2λ3(λ3−λ2)(λ3−2λ2)
,

I3(λ2,λ3) =
e(3λ2−λ3)z

6λ2λ3(λ3−λ2)(λ3−4λ2/3)
,

I4(λ2,λ3) =
e(2λ3−λ2)z

3λ2λ3(λ3−2λ2)(λ3−4λ2/3)
.

Next, integrate I2(λ2,λ3) w.r.t. λ3. We must consider the poles on the left side of {ℜ(λ3) = 1}, that
is, the pole λ3 = 0 because ℜ(λ2) = 2. Thus, we get −ezλ2/4λ 3

2 , and the next integration w.r.t. λ2

yields −z2/8.
When integrating I3(λ2,λ3) w.r.t. λ3, we have to consider the poles λ3 = λ2 and λ3 = 4λ2/3 on

the right side of {ℜ(λ3) = 1}; and we get

−1

λ 3
2

[

−e2zλ2

2
+

3ezλ25/3

8

]

.

Recall that the path of integration has a negative orientation, so we have to consider the negative
value of residues. The next integration w.r.t. λ2 yields z2(1−25/48).

Finally, when integrating I4(λ2,λ3) w.r.t. λ3, we must consider only the pole λ3 = 0, and we get
e−zλ2/8λ 3

2 ; the next integration w.r.t. λ2 yields zero. Hence, adding up the above three partial results
yields

h(z) = z2
[−1

8
+1− 25

48

]

=
17z2

48
,

which is the desired result.

Multiple poles. In the description of the algorithm we have considered the case in which all the
poles are simple at each step. This is indeed the generic case. However, multiple poles may occur at
some of the first m−1 one-dimensional integrations. For instance, at the kth step (after integration



2.4 A residue algorithm for problem I∗ 23

w.r.t. λ1, λ2, . . ., λk−1), the integrand could have a denominator that includes one (or several) prod-
uct(s) of the form

(akλk + · · ·+amλm)× (bkλk + · · ·+bmλm)

with
ak

bk
=

ak+1

bk+1
= · · ·= am

bm
; (2.23)

i.e., there is a pole of order greater than or equal to 2 w.r.t. λk.
This is a pathological case, which happens with probability zero on a sample of problems with

randomly generated data. Moreover, one may handle this situation in one of two ways:

• Directly, by detecting multiple poles and applying an adequate Cauchy residue technique. This
procedure requires some extra work (detection of (2.23) + derivation in Cauchy residue theo-
rem), which is a polynomial in the dimension n. Observe that detection of (2.23) requires some
ε-tolerance as it deals with real numbers.

• Indirectly, by preprocessing (perturbing) the nonzero elements of the initial matrix A. Let us
say A(i, j)→A(i, j) + ε(i, j) with independent identically distributed (i.i.d.) random variables
{ε(i, j)} taking values in some interval [−ε,ε] for ε very small.

While the former technique requires extra work, the latter is straightforward, but only provides
(with probability equal to one) an approximation of the exact volume.

Paths of integration. In choosing the integration paths {ℜ(λk) = γk}, k = 1, . . . ,m, we must deter-
mine a vector 0 < γ ∈ R

m such that A′γ > 0. However, this may not be enough when we want to
evaluate the integral (2.18) by repeated applications of the Cauchy residue theorem. Indeed, in the
tree description of the algorithm, we have seen that at each level k > 1 of the tree (integration w.r.t
λk), one assumes that there is no pole on the integration path {ℜ(λk) = γk}.

For instance, had we set γ1 = γ2 = γ3 = 1 (instead of γ1 = 3, γ2 = 2, and γ1 = 1) in the above
example, we could not use Cauchy residue theorem to integrate I2 or I3 because we would have
the pole λ2 = λ3 exactly on the path of integration (recall that ℜ(λ2) = ℜ(λ3) = 1); fortunately,
this case is pathological as it happens with probability zero in a set of problems with randomly
generated data A ∈ R

m×n, and therefore this issue could be ignored in practice. However, for the
sake of mathematical rigor, in addition to the constraints γ > 0 and A′γ > 0, the vector γ ∈R

m must
satisfy additional constraints to avoid the above-mentioned pathological problem. We next describe
one way to proceed to ensure that c satisfies these additional constraints.

We have described the algorithm as a tree of depth m (level i being the integration w.r.t. λi),
where each node has at most n+1 descendants (one descendant for each pole on the correct side of
the integration path {ℜ(λi) = γi}). The volume is then the summation of all partial results obtained
at each leaf of the tree (that is, each node of level m). We next describe how to “perturb” on-line
the initial vector c ∈ R

m if at some level k of the algorithm there is a pole on the corresponding
integration path {ℜ(λk) = γk}.

Step 1. Integration w.r.t. λ1. Choose a real vector γ := (γ1
1 , . . . ,γ1

m) > 0 such that A′γ > 0
and integrate (2.18) along the line ℜ(λ1) = γ1

1 . From the Cauchy residue theorem, this is done
by selecting the (at most n + 1) poles λ1 := ρ1

j , j ∈ I1, located on the left side of the integra-
tion path {ℜ(λ1) = γ1

1}. Each pole ρ1
j , j = 1, . . . ,n + 1 (with ρ1

j := 0) is a linear combination
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β (1)
j2 λ2 + · · ·+β (1)

jm λm with real coefficients {β (1)
jk }, because A is a real-valued matrix. Observe that

by the initial choice of γ ,

δ1 := min
j=1,...,n+1

|γ1
1 −

m

∑
k=2

β (1)
jk γ1

k |> 0.

Step 2. Integration w.r.t. λ2. For each of the poles ρ1
j , j ∈ I1, selected at step 1, and after in-

tegration w.r.t. λ1, we now have to consider a rational function of λ2 with at most n + 1 poles

λ2 := ρ2
i ( j) := ∑m

k=3 β (2)
ik ( j)λk, i = 1, . . . ,n+1. If

δ2 := min
j∈I1

min
i=1,...,n+1

∣

∣

∣

∣

∣

γ1
2 −

m

∑
k=3

β (2)
ik ( j)γ1

k

∣

∣

∣

∣

∣

> 0,

then integrate w.r.t. λ2 on the line ℜ(λ2) = γ1
2 . Otherwise, if δ2 = 0 we set γ2

2 := γ1
2 +ε2 and γ2

k := γ1
k

for all k �= 2, by choosing ε2 > 0 small enough to ensure that

The condition (a) is basic whereas (b) ensures that there is no pole on the integration path {ℜ(λ2) =
γ2

2}. Moreover, what has been done in step 1 remains valid because from (c), γ2
1 −∑m

k=2 β (1)
jk γ2

k has

the same sign as γ1
1 −∑m

k=2 β (1)
jk γ1

k , and, therefore, none of the poles ρ1
j has crossed the integration

path {ℜ(λ1) = γ1
1 = γ2

1}, that is, the set I1 is unchanged.
Now integrate w.r.t. λ2 on the line ℜ(λ2) = γ2

2 , which is done via the Cauchy residue theorem
by selecting the (at most (n + 1)2) poles ρ2

i ( j), ( j, i) ∈ I2, located at the left or the right of the line
ℜ(λ2) = γ2

2 , depending on the sign of the coefficient of the argument in the exponential.
Step 3. Integration w.r.t. λ3. Likewise, for each of the poles ρ2

i ( j), ( j, i)∈ I2, selected at step 2, we

now have to consider a rational function of λ3 with at most n+1 poles ρ3
s ( j, i) := ∑m

k=4 β (3)
sk ( j, i)λk,

s = 1, . . . ,n+1. If

δ3 := min
( j,i)∈I2

min
s=1,...,n+1

∣

∣

∣

∣

∣

γ2
3 −

m

∑
k=4

β (3)
sk ( j, i)γ2

k

∣

∣

∣

∣

∣

> 0,

then integrate w.r.t. λ3 on the line ℜ(λ3) = γ2
3 . Otherwise, if δ3 = 0, set γ3

3 := γ2
3 + ε3 and γ3

k := γ2
k

for all k �= 3 by choosing ε3 > 0 small enough to ensure that

(a) A′γ2 > 0

(b) δ2 := min
j∈I1

min
i=1,...,n+1

∣

∣

∣

∣

∣

γ2
2 −

m

∑
k=3

β (2)
ik ( j)γ2

k

∣

∣

∣

∣

∣

> 0

(c) max
j=1,...,n+1

|β (1)
j2 ε2|< δ1.

(a) A′γ3 > 0

(b) δ3 := min
( j,i)∈I2

min
s=1,...,n+1

∣

∣

∣

∣

∣

γ3
3 −

m

∑
k=4

β (3)
sk ( j, i)γ3

k

∣

∣

∣

∣

∣

> 0

(c) max
j∈I1

max
i=1,...,n+1

|β (2)
i3 ( j)ε3|< δ2

(d) max
j=1,...,n+1

|β (1)
j2 ε2 +β (1)

j3 ε3|< δ1.
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As in previous steps, condition (a) is basic. The condition (b) ensures that there is no pole on
the integration path {ℜ(λ3) = γ3

3}. Condition (c) (resp., (d)) ensures that none of the poles ρ2
i ( j)

considered at step 2 (resp., none of the poles ρ1
j considered at step 1) has crossed the line ℜ(λ2) =

γ3
2 = γ2

2 (resp., the line ℜ(λ1) = γ3
1 = γ1

1 ). That is, both sets I1 and I2 are unchanged.
Next, integrate w.r.t. λ3 on the line ℜ(λ3) = γ3

3 , which is done by selecting the (at most (n+1)3)
poles ρs( j, i), ( j, i,s) ∈ I3, located at the left or right of the line {ℜ(λ3) = γ3

3}, depending on the
sign of the argument in the exponential. And so on.

Remark 2.2. (i) It is important to notice that εk and γk
k play no (numerical) role in the integration

itself. They are only used to (1) ensure the absence of a pole on the integration path {ℜ(λk) = γk
k}

and (2) locate the poles on the left or the right of the integration path. Their numerical value (which
can be very small) has no influence on the computation.

(ii) If one ignores the perturbation technique for the generic case, then a depth-first search of the
tree requires a polynomial storage space, whereas an exponential amount of memory is needed with
the perturbation technique.

The associated transform algorithm

We now describe an alternative to the direct method, one that permits us (a) to avoid evaluating
integrals of exponential functions in (2.18) and (b) to avoid making the on-line changes of the
integration paths described earlier for handling possible (pathological) poles on the integration path.

Recall that we want to compute (2.18) where y �= 0 and γ > 0 are real vectors in R
m with A′γ > 0.

It is easy to deduce from (2.1) that ̂f (y,0) = 0 whenever y≤ 0, so we may suppose without loss of
generality that ym > 0; we make the following simple change of variables as well. Let p = 〈λ ,y〉
and d = 〈γ,y〉, so λm = (p−∑m−1

j=1 y jλ j)/ym and

h(z) =
1

(2πi)m

∫ γ1+i∞

γ1−i∞
. . .

∫ γm−1+i∞

γm−1−i∞

[
∫ d+i∞

d−i∞
ezp

̂G d p

]

dλ1 . . .dλm−1,

where

̂G(λ1, . . . ,λm−1, p) =
1

ym

̂F

(

λ1, . . . ,λm−1,
p

ym
−

m−1

∑
j=1

y j

ym
λ j

)

. (2.24)

We can rewrite h(z) as follows:

h(z) =
1

2πi

∫ d+i∞

d−i∞
ezpH(p)d p, (2.25)

with

H(p) :=
1

(2πi)m−1

∫ γ1+i∞

γ1−i∞
. . .

∫ γm−1+i∞

γm−1−i∞
̂G dλ1 . . .dλm−1. (2.26)

Notice that H(p) is the Laplace transform of h(z) = ̂f (zy,0), called the associated transform
of ̂F(λ ). In addition, since h(z) is proportional to zn (volume is proportional to the nth power of
length),
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H(p) = C/pn+1,

where the constant C = h(1)n! gives us the value h(1) = ̂f (y,0) we are looking for. From here, we
need only to compute H(p) in (2.26) in order to know the final result. We can do so via repeated
application of the Cauchy residue theorem (as in the direct method algorithm of Section 2.4).

Moreover, after each one of the successive m− 1 one-dimensional integrations calculated in
(2.26), we always get an analytic function. This fact can be proved as follows. Consider for some
time the change of variables s j = 1/λ j for all j = 1,2, . . . ,m−1 in (2.26). This change of variables
is well-defined because no λ j is equal to zero, and we obtain

H(p) =
1

(2πi)m−1

∫

|2γ1s1−1|=1
· · ·

∫

|2γm−1sm−1−1|=1
R ds1 . . .dsm−1,

where R(s1, . . . ,sm−1, p) is a rational function (recall that G and ̂G are both rational) continuous on
the Cartesian product of integration paths

E = {|2γ1s1−1|= 1}× · · ·×{|2γm−1sm−1−1|= 1}×{ℜ(p) = d}.

Recall that ̂F(λ ) is defined on the domain {ℜ(λ ) > 0, ℜ(A′λ ) > 0}, and so R is analytic on
the domain D ⊂ C

m of all points (s1, . . . ,sm−1, p) ∈ C
m such that |2β js j − 1| = 1, s j �= 0, j =

1,2, . . . ,m−1, and ℜ(p) = 〈β ,y〉 for some vector β > 0 in R
m with A′β > 0.

Observe that E ⊂ D∪{0} and each integration path {|2γ js j− 1| = 1} is a compact circle, j =
1, . . . ,m− 1. Therefore, after integration w.r.t. s1, s2, . . ., sm−1, we get that H(p) is analytic on the
domain of all points p ∈ C such that ℜ(p) = 〈β ,b〉 for some real vector β = (γ1, . . . ,γm−1,βm) > 0
with A′β > 0.

Similarly, if we only integrate w.r.t. s1, s2, . . ., sk, 1 ≤ k ≤ m− 2, we get a function which is
analytic on the domain of all points (sk+1, . . . ,sm−1, p) ∈ C

m−k such that |2β js j− 1| = 1, s j �= 0,
j = k +1, . . . ,m−1, and ℜ(p) = 〈β ,y〉 for some real vector β = (γ1, . . . ,γk,βk+1, . . . ,βm) > 0 with
A′β > 0.

Thus, there is no pole on the next integration path {|2γk+1sk+1 − 1| = 1} or the final one
{ℜ(p) = d}. Referring back to the original variables {λk} and (2.26), we translate this fact as
follows. After integrating (2.26) w.r.t. λ1, λ2, . . ., λk, any apparent pole placed on the next inte-
gration path {ℜ(λk+1) = γk+1} or the final one {ℜ(p) = d} is a removable singularity (see [36,
p. 103]). In other words, poles on the next integration path can be removed by adding together all
terms with poles there. The general method is illustrated with the same example of two nontrivial
constraints (m = 2) already considered at the beginning of Section 2.4.
The m = 2 example. Recall that A′ := [a |b] with a,b ∈ R

n so that

̂F(λ ,0) =
1

λ1λ2
× 1

∏n
j=1(a jλ1 +b jλ2)

, ℜ(λ ) > 0,ℜ(A′λ ) > 0

and fix y1 = y2 = z. To compare with the direct method, and as in the beginning of Section 2.4,
assume that a jb j �= 0 for all j = 1, . . . ,n and a j/b j �= ak/bk for all j �= k.

Fix λ2 = p−λ1 and choose real constants γ1 > 0 and γ2 > 0 such that a jγ1 +b jγ2 > 0 for every
j = 1,2, . . . ,n. Notice that ℜ(p) = γ1 + γ2. We obtain H(p) by integrating ̂F(λ1, p−λ1,0) on the
line ℜ(λ1) = γ1, which yields
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H(p) =
1

2πi

∫ γ1+i∞

γ1−i∞

1
λ1(p−λ1)

× 1

∏n
j=1((a j−b j)λ1 +b j p)

dλ1.

Next, we need to determine which poles of ̂F(λ1, p−λ1) are on the left (right) side of the in-
tegration path {ℜ(λ1) = γ1} in order to apply the Cauchy residue theorem. Let J+ = { j|a j > b j},
J0 = { j|a j = b j}, and J− = { j|a j < b j}. Then, the poles on the left side of {ℜ(λ1) = γ1} are λ1 = 0
and λ1 = −b j p/(a j− b j) for all j ∈ J+ because −b jℜ(p)/(a j− b j) < γ1. Additionally, the poles
on the right side of {ℜ(λ1) = γ1} are λ1 = p and λ1 =−b j p/(a j−b j) for all j ∈ J−. Finally, notice
that ̂F(λ1, p−λ1,0) has only poles of first order.

Hence, computing the residues of poles on the left side of {ℜ(λ1) = γ1} yields

H(p) =
1

∏ j∈J0
pb j

[

1
p∏ j �∈J0

pb j
+

+ ∑
j∈J+

−(a j−b j)n−|J0|

p2 a jb j ∏k �∈J0,k �= j(−pb jak + pa jbk)

]

.

Hence, after moving terms around, we obtain

H(p) =
1

pn+1

[

1

∏n
j=1 b j

− ∑
a j>b j

(a j−b j)n

a jb j ∏k �= j(a jbk−b jak)

]

.

Notice that previous equation holds even for the case J0 �= /0. Finally, after integration w.r.t. p, we get

h(z) =
z
n!

[

1

∏n
j=1 b j

− ∑
a j>b j

(a j−b j)n

a jb j ∏k �= j(a jbk−b jak)

]

,

which coincides with (2.20) in the particular case J0 = /0.
Now, computing the negative value of residues of poles on the right side of {ℜ(λ1) = γ1} (we

need to take the negative value because the path of integration has a negative orientation), yields

H(p) =
1

pn+1

[

1

∏n
j=1 a j

− ∑
b j>a j

(b j−a j)n

a jb j ∏k �= j(b jak−a jbk)

]

,

and after integration w.r.t. p, one also retrieves (2.21) in the particular case J0 = /0.

The associated transform algorithm. Like the direct method algorithm, the above methodol-
ogy easily extends to an arbitrary number m of nontrivial constraints. The algorithm also con-
sists of m one-dimensional integration steps. Possible pathological multiple poles are handled as
in Section 2.4. Clearly, the computational complexity is described by nm for the same reasons it is
in the direct method.

The general case is better illustrated in Example 2.1 of Section 2.4. Setting e3 = (1,1,1), let
Ω(ze3)⊂ R

2 be the polytope

Ω(ze3) := {x ∈ R
2
+|x1 + x2 ≤ z;−2x1 +2x2 ≤ z;2x1− x2 ≤ z},
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whose area is 17z2/48.
Choose γ1 = γ2 = 1, γ3 = 2, and λ3 = p−λ2−λ1, so that ℜ(p) = d = 4 and

H(p) =
1

(2πi)2

∫ 1+i∞

1−i∞

∫ 1+i∞

1−i∞
M(λ , p)dλ1 dλ2,

with

M(λ , p) =
1

λ1λ2 (p−λ1−λ2)(2p−λ1−4λ2)(2λ1 +3λ2− p)
.

We first integrate w.r.t. λ1. Only the real parts of the poles λ1 = 0 and λ1 = (p−3λ2)/2 are less
than 1. Therefore, the residue of the 0-pole yields

1
2πi

∫ 1+i∞

1−i∞

1
λ2 (p−λ2)(2p−4λ2)(3λ2− p)

dλ2, (2.27)

whereas the residue of the (p−3λ2)/2-pole yields

1
2πi

∫ 1+i∞

1−i∞

4
λ2 (p−3λ2)(p+λ2)(3p−5λ2)

dλ2. (2.28)

Applying again Cauchy residue theorem to (2.27) at the pole λ2 = 0 (the only one whose real
part is less than one) yields −1/(2p3).

Similarly, applying Cauchy residue theorem to (2.28) at the poles λ2 = 0 and λ2 =−p (the only
ones whose real part is less than one) yields (4/3−1/8)/p3.

We finally obtain H(p) = (4/3−1/8−1/2)/p3 = 17/(24p3), and so h(z) = 17z2/48, the desired
result.

Concerning the pathological case of poles on the integration path, we have already said that this
issue occurs with probability zero in a set of problems with randomly generated data. Moreover, we
have also proved that those poles are removable singularities and we only need to add all terms with
poles on the integration path in order to get rid of them, with no need to implement the perturbation
technique described in Section 2.4.

For example, had we chosen γ1 = γ2 = γ3 = 1 (instead of γ1 = γ2 = 1 and γ3 = 2) in the above
example, we would have in both (2.27) and (2.28) a pole on the integration path {ℜ(λ2) = 1},
because ℜ(p) = 3. But, adding (2.27) and (2.28) together yields

H(p) =
1

2πi

∫ 1+i∞

1−i∞

5p−7λ2

λ2 (p−λ2)(2p−4λ2)(p+λ2)(3p−5λ2)
dλ2,

and, as expected, the integrand has no more poles on the integration path. In addition, only the real
parts of poles λ2 = 0 and λ2 =−p are less than 1, and their residues give H(p) = (5/6−1/8)/p3 =
17/(24p3), and so h(z) = 17z2/48.

The above two algorithms easily extend to the case c �= 0 with slight ad hoc modifications, as
one only replaces A′λ with A′λ − c in the denominator of the Laplace transform ̂F(·,c).
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2.5 Notes

The computational complexity of volume computation is detailed in Dyer and Frieze [45] and in the
nice exposition of Bollobás [24]. For more details on probabilistic approximate methods, the inter-
ested reader is referred to Bollobás [24], Dyer, Frieze, and Kannan [47], and Kannan, Lovász, and
Simonovits [76]. For a general exposition of quasi-Monte Carlo methods for computing integrals
(the volume being a particular one), see, e.g., Niederreiter [116]. Another method to approximate
the volume of a convex polytope (with error estimates) is described in Kozlov [84]. It uses an ap-
propriate integral formulation in which the integrand is written as a (truncated) Fourier series.

For an updated review of primal exact methods for volume computation and their computational
complexity, see, e.g., Büeler et al. [29] and Gritzmann and Klee [62]. In particular, improved ver-
sions of some of the above algorithms are also described in [29], and the software package VINCI
developed at ETH in Zürich offers several alternative methods working with the half-space descrip-
tion or the vertex description (or both) of Ω . It is available with free access at
http://www.lix.polytechnique.fr/Labo/Andreas.Enge/Vinci.html.

Most of the material in this chapter is from Barvinok [13], Büeler et al. [29], Brion and Vergne
[27], and Lasserre and Zeron [95]. The residue method described in this chapter does not require
one to work with a vector c ∈ R

n having some regularity property, as in Lawrence [102] and Brion
and Vergne [27]. Despite this regularity property of c being generic, the resulting formula is not
stable numerically as reported in [29].

Finally, let us mention that the Laplace transform approach developed in this chapter is also
applicable to integration of other functions (e.g., Laurent polynomials) over other sets (e.g., ellip-
soids). In some cases, one may even get the exact result in closed form or good approximations by
truncated series; see, e.g., Lasserre and Zeron [96].



Chapter 3
Comparing the Continuous Problems P and I

3.1 Introduction

In Chapter 2 we saw an algorithm for computing the volume of a convex polytope. With obvious ad
hoc modifications, it can be used to solve the integration problem I (see Section 2.4). We qualified
this method of dual and even defined a dual integration problem I∗ in (2.13). In this chapter we are
now concerned with a comparison between problems P and I from a duality point of view.

So, with A ∈R
m×n, y ∈R

m, recall that Ω(y)⊂R
n is the convex polyhedron defined in (2.2), and

consider the linear program (LP) in standard form

P : f (y,c) := max{ c′x|Ax = y, x≥ 0} (3.1)

with c ∈ R
n, and its associated integration version

I : ̂f (y,c) :=
∫

Ω(y)
ec′x dσ , (3.2)

where dσ is the Lebesgue measure on the affine variety {x ∈ R
n |Ax = y} that contains the convex

polyhedron Ω(y).

The dual problem P∗

It is well known that the standard duality for (3.1) is obtained from the Legendre–Fenchel transform
F(·,c) : R

m→R of the value function y �→ f (y,c), i.e., here (as y �→ f (·,c) is concave)

λ �→ F(λ ,c) := inf
y∈Rm
〈λ ,y〉− f (y,c). (3.3)

J.B. Lasserre, Linear and Integer Programming vs Linear Integration and Counting,
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Developing yields

F(λ ,c) =

{

0 if A′λ − c≥ 0,

−∞ otherwise,
(3.4)

and applying again the Legendre–Fenchel transform to F(·,c) yields

P∗ : inf
λ∈Rm

〈λ ,y〉−F(λ ,c) = min
λ∈Rm

{y′λ : A′λ ≥ c}, (3.5)

where one recognizes the usual dual P∗ of P.
Hence, the dual problem P∗ is itself a linear program which can be solved, e.g., via the simplex

algorithm, or any interior points method, exactly in the same manner as for the primal problem P.
In particular, if maxP < ∞ then minP∗ > −∞ and there is no duality gap, i.e., minP∗ = maxP.

Moreover, the optimal value maxP is attained at some vertex x∗ of the convex polyhedron Ω(y),
whereas the optimal value minP∗ is attained at some vertex λ ∗ ∈ R

m of the convex polyhedron
{λ ∈ R

m |A′λ ≥ c}, and so c′x∗ = y′λ ∗.

The dual problem I∗

The analogue for integration of the Legendre–Fenchel transform is the two-sided Laplace transform
̂F(·,c) : C

m→C of ̂f (·,c), given by

λ �→ ̂F(λ ,c) :=
∫

Rm
e−〈λ ,y〉

̂f (y,c)dy =
n

∏
j=1

1
(A′λ − c) j

, (3.6)

which is well defined provided
ℜ(A′λ − c) > 0. (3.7)

Indeed, observe that from the definition (3.3) of the Legendre–Fenchel transform, and the mono-
tonicity of the “sup” operator,

e−F(λ ,c) = sup
x

e−〈λ ,x〉+ f (x) =
∫ ⊕

e−〈λ ,x〉 e f (x),

where
∫ ⊕ (≡ supx) is the “integration” operator in the (max,+)-algebra (recall that the sup operator

is the ⊕ (addition) in the (max,+)-algebra, i.e., max[a,b] = a⊕ b. Formally, denoting F and L
the Legendre–Fenchel and Laplace transforms,

exp−F [ f ] = L [exp f ] in (max,+).

Computing ̂f (y,c) reduces to evaluating the inverse Laplace transform at the point y∈R
m, which

we have called the dual integration problem I∗ of (3.2), i.e.,
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I∗ : ̂f (y,c) =
1

(2iπ)m

∫ γ+i∞

γ−i∞
e〈y,λ 〉 ̂F(λ ,c)dλ , (3.8)

where γ ∈ R
m is fixed and satisfies A′γ− c > 0; see Section 2.3.

To pursue the formal analogy between integration and optimization, observe that in the integra-
tion process on the path Γ = {γ± i∞}, the following are obtained:

• Evaluating e〈y,λ 〉 ̂F(λ ,c) at a fixed λ ∈ Γ is the formal analogue of evaluating G(λ ) := minx≥0

{h(x)+ 〈λ ,Ax− y〉} in a dual Lagrangian method to minimize h on Ω(y), whereas summing up
over λ ∈ Γ is the same as maximizing G(λ ) over R

m.

3.2 Comparing P,P∗,I, and I∗

As already mentioned in Section 2.3, we may indeed call I∗ a dual problem of I because as P∗, it
is defined on the space C

m of variables {λ j} associated with the constraints Ax = y, and we also
retrieve the standard “ingredients” of P∗, namely, y′λ and A′λ − c.

Moreover, and like I, I∗ is also an integration problem but now in C
m rather than in R

n. Next,
while {x ∈ R

n|Ax = y; x ≥ 0} defines the domain of integration of I, {λ ∈ C
m|ℜ(A′λ − c) > 0}

defines the domain of definition of the Laplace transform ̂F(λ ,c) in I∗ and is precisely the interior
of the feasible set of the dual problem P∗ in (3.5).

On the logarithmic barrier function

From (3.4) and (3.6),

F(λ ,c) = ln I{A′λ−c≥0}(λ ),

̂F(λ ,c) =
n

∏
j=1

1
(A′λ − c) j

on ℜ(A′λ − c) > 0,

where IA denotes the indicator function of the set A, i.e., IA(x) = 1 if x ∈ A and IA(x) = 0 otherwise.
In other words, and denoting the feasible set of P∗ by:

Δ := {λ ∈ R
m | A′λ − c≥ 0},

• expF(λ ,c) is the indicator function IΔ of the set Δ .

• ̂F(λ ,c) is an exponential barrier function of the same set Δ .
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This should not be a surprise, as a self-concordant barrier function φK(x) of a cone K ⊂ R
n is

given by the logarithm of Laplace transform
∫

K∗ e−〈x,s〉ds of its dual cone K∗ (see, e.g., Güler [63],
Truong and Tunçel [130]). Next, notice that

̂f (y,rc) =
1

(2iπ)m

∫ γr+i∞

γr−i∞

e〈y,λ 〉

∏n
j=1(A

′λ − rc) j
dλ

=
rm−n

(2iπ)m

∫ γ+i∞

γ−i∞

e〈ry,λ 〉

∏n
j=1(A

′λ − c) j
dλ ,

with γr = rγ , and we can see that (up to the constant (m− n) lnr−m ln(2iπ)) the logarithm of the
integrand is nothing less than the well-known logarithmic barrier function

λ �→ φμ(λ ,y,c) = μ−1〈y,λ 〉−
n

∑
j=1

ln(A′λ − c) j

of the dual problem P∗ (3.5), with barrier parameter μ := 1/r. And, one has

lim
μ→0

min
λ

φμ(λ ,y,c) = min
λ
{y′λ : A′λ ≥ c}.

(See, e.g., Den Hertog [39].) Thus, when r→∞, minimizing the exponential logarithmic barrier
function on its domain in R

m yields the same result as taking its residues.
Recall (see Section A2 of Appendix A) that the Cramer transform f �→ C ( f ) of a function f is

the Legendre–Fenchel transform of the logarithm of its Laplace transform, i.e.,

C ( f ) := F [ln L ( f )] .

Therefore,

min
λ

φμ(λ ,y,c) = min
λ
〈 y

μ
,λ 〉−

n

∑
j=1

ln(A′λ − c) j

= min
λ
〈y, λ

μ
〉−

n

∑
j=1

ln

(

μ
(

A′
λ
μ
− c

μ

)

j

)

= − ln μ−max
λ
〈−y,λ 〉+

n

∑
j=1

ln(A′λ − c
μ

) j

= − ln μ−F

[

lnL

[

̂f

(

·, c
μ

)]]

(−y),

= − ln μ−C

[

̂f

(

·, c
μ

)]

(−y). (3.9)
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That is, up to the constant ln μ , the function

y �→min
λ

φμ(λ ,y,c),

which maps y to the minimum of the logarithmic barrier function of P∗ (with right-hand side y), is
nothing less than the Cramer transform (with minus sign) of the value function ̂f (·,c/μ), evaluated
at the point −y. Similarly, for a minimization problem P:

y �→ −min
λ

φ̃μ(λ ,y,c) := −min
λ
〈 y

μ
,λ 〉−

n

∑
j=1

ln(c−Aλ ) j

= ln μ +C

[

̂f

(

·,−c
μ

)]

(y).

Hence (3.9) reveals another subtle link between P and I. Indeed, as μ→0, the optimal value
f (y,c) of P can be approximated either via an integral with μ ln ̂f (y,c/μ) (recall (1.4)); or via
optimization with the Cramer transform C (̂f (·,c/μ))(−y) (i.e., minimizing the logarithmic barrier
function).

In both cases one uses the function y �→ ̂f (y,c/μ) with parameter c/μ .

Simplex algorithm and Cauchy residues

We have seen in Chapter 2 that one may compute directly ̂f (y,c) by using Cauchy residue tech-
niques. That is, one computes the integral (2.13) by successive one-dimensional complex integrals
w.r.t. one variable λk at a time (e.g., starting with λ1,λ2, . . .) and by repeated application of Cauchy
residue theorem. This is possible because the integrand is a rational fraction, and after application
of the Cauchy residue theorem at step k w.r.t. λk, the output is still a rational fraction of the remain-
ing variables λk+1, . . . ,λm (see Section 2.4). The whole procedure is a summation of partial results,
each of them corresponding to a (multipole) vector ̂λ ∈R

m that annihilates m terms of n products in
the denominator of the integrand and corresponds to a vertex of the convex polytope Ω(y). Hence,
Cauchy’s residue technique explores all the vertices of Ω(y). This is nicely summarized in Brion
and Vergne’s continuous formula (2.15) for ̂f (y,c), with y ∈ γ for some chamber γ . Thus, ̂f (y,c) in
(2.15) is a weighted summation over the vertices of Ω(y), whereas f (y,c) is a maximization over
the vertices (equivalently, also a summation with ⊕≡max). That is,

̂f (y,c) = ∑
x(σ): vertex of Ω(y)

e〈c,x(σ)〉

μ(σ)∏ j �∈σ (−c j +πσ A j)
,

f (y,c) = max
x(σ): vertex of Ω(y)

e〈c,x(σ)〉.
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Hence, in problem P, one computes f (y,c) by searching an optimal vertex x(σ∗) where σ∗ is
an optimal basis of the LP. With each vertex x(σ) is associated a dual vector πσ and reduced costs
c j − πσ A j for all variables x j not in the basis σ . One then selects the optimal vertex x(σ∗) by
inspection of the associated reduced costs.

Similarly, in Problem I, at each vertex x(σ) one computes the same dual vector πσ and reduced
costs c j−πσ A j. One then makes a summation of the residue at each vertex (times the determinant
of the basis matrix Aσ ).

Next, if c is replaced with rc and x(σ∗) denotes the optimal vertex of Ω(y) at which c′x is
maximized, we obtain

̂f (y,rc)1/r = e〈c,x(σ
∗)〉

[

∑
x(σ)

er〈c,x(σ)−x(σ∗)〉

rn−mμ(σ)∏k �∈σ (−ck +πσ Ak)

]1/r

,

from which it easily follows that

lim
r→∞

ln ̂f (y,rc)1/r = 〈c,x(σ∗)〉= max
x∈Ω(y)

〈c,x〉= f (y,c),

as already mentioned in (1.4).

Table 3.1 Summary of the parallel between P,P∗ and I,I∗

P, P∗ I, I∗
Legendre–Fenchel Duality Laplace Duality

f (y,c) = max
Ax=y;x≥0

c′x ̂f (y,c) =
∫

Ax=y;x≥0
ec′x ds

F(λ ,c) = inf
y∈Rm
{λ ′y− f (y,c)} ̂F(λ ,c) =

∫

Rm
e−λ ′y

̂f (y,c)dy

=

{

0 if A′λ − c≥ 0

−∞ otherwise
=

1

∏n
k=1(A

′λ − c)k

= ln I{λ : A′λ−c≥0}

with domain A′λ − c≥ 0 with domain ℜ(A′λ − c) > 0

f (y,c) = min
λ∈Rm

{λ ′y−F(λ ,c)} ̂f (y,c) =
1

(2iπ)m

∫

Γ
eλ ′y

̂F(λ ,c)dλ

= min
λ∈Rm

{ y′λ |A′λ − c≥ 0} =
1

(2iπ)m

∫

Γ

eλ ′y

∏n
k=1(A

′λ − c)k
dλ

Simplex algorithm: Cauchy residue:

→ vertices of Ω(y) → poles of ̂F(λ ,c)

→maxc′x over vertices →∑ec′x over vertices
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3.3 Notes

Most of the material of this chapter is from Lasserre [88]. As already noted, problem P is the
(max,+)-algebra analogue of I in the usual algebra (+,×). In Bacelli et al. [10, §9], dynamic
programming is also viewed as the (max,+)-algebra analogue of probability in the usual algebra
(+,×). For instance, correspondences are established between quadratic forms and Gaussian densi-
ties, inf-convolution and convolution, Fenchel and Fourier transform, Brownian decision processes
and Brownian motion, diffusion decision processes and diffusions. See also Burgeth and Weickert
[31] for a comparison between linear and morphological systems.



Chapter 1
Introduction

With A ∈ Z
m×n, c ∈ R

n, y ∈ Z
m, consider the integer program (IP)

Pd : max
x
{c′x|Ax = y,x≥ 0,x ∈ Z

n}. (1.1)

This discrete analogue of linear programming (LP) is a fundamental NP-hard problem with nu-
merous important applications. However, solving Pd remains in general a formidable computational
challenge, sometimes even for some small size problems. For standard references on the theory and
practice of integer programming the interested reader is referred to, e.g., Nemhauser and Wolsey
[113], Schrijver [121], Wolsey [136], and Bertsimas and Weismantel [21].

One motivation for this book is to develop duality concepts for the integer program Pd , and the
way we do it is by analyzing and developing some (not so well-known) striking analogies between
the four problems P,I,Pd , and Id described below. So far, and to the best of our knowledge, most
duality results available for integer programs are obtained via the use of superadditive functions
as in, e.g., Gomory and Johnson [59], Jeroslow [69, 70], Johnson [73, 74], and Wolsey [134, 135],
and the smaller class of Chvátal and Gomory functions as in, e.g., Blair and Jeroslow [23] (see
also Schrijver [121, pp. 346–353]). For instance, the following dual problem is associated with the
integer program Pd in (1.1):

P∗d : min
f
{ f (y)| f (A j)≥ c j, j = 1, . . . ,n, f ∈ Γ }, (1.2)

where Γ is the set of functions f : Z
m→R that are superadditive, i.e., f (x+y)≥ f (x)+ f (y) for all

x,y ∈ Z
m, and such that f (0) = 0.

Then, P∗d in (1.2) is a problem dual of Pd in the traditional sense. By this we mean that we retrieve
the usual properties of

J.B. Lasserre, Linear and Integer Programming vs Linear Integration and Counting,
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2 1 Introduction

• weak duality, i.e., c′x≤ f (y) for all primal feasible 0≤ x ∈ Z
n and dual feasible f ∈ Γ and

• strong duality, i.e., if either Pd or P∗d has a finite optimal value then there exist an optimal primal
solution 0≤ x∗ ∈ Z

n and an optimal dual solution f ∗ ∈ Γ such that c′x∗ = f ∗(y).

We come back to this in Chapter 10. However, superadditive Chvátal and Gomory functions are
only defined implicitly from their properties, and the resulting dual problems as (1.2) defined in,
e.g., [23] or [134] are essentially conceptual in nature. And so, Gomory functions are rather used to
generate valid inequalities and cutting planes for the primal problem Pd . An exception is the recent
work of Klabjan [80, 81], which addresses (1.2) directly and proposes an algorithm to compute an
optimal superadditive function.

We claim that additional duality concepts for integer programs can be derived from the
Z-transform (or generating function) associated with the counting version Id (defined below) of
the integer program Pd . Results for counting problems, notably by Barvinok [13, 14], Barvinok and
Pommersheim [15], Khovanskii and Pukhlikov [79], and in particular, Brion and Vergne’s count-
ing formula [27], will prove to be especially useful. But we also claim and show that those duality
concepts are in fact the discrete analogues of some already existing duality concepts for two other
related “continuous” problems, namely the linear program P (the continuous analogue of Pd) and
the linear integration problem I (the continuous analogue of Id). In fact, so far the notion of “du-
ality” is rather unusual for problems I and Id , but this duality will appear very natural later in the
book, precisely when one looks at I and Id in a certain light.

1.1 The four problems P,Pd,I,Id

Given A ∈ R
m×n(or Z

m×n), y ∈ R
m(or Z

m), and c ∈ R
n, let Ω(y)⊂ R

n be the convex polyhedron

Ω(y) := {x ∈ R
n|Ax = y, x≥ 0},

and consider the four related problems P,Pd ,I, and Id displayed in Table 1.1, in which the integer
program Pd appears in the upper right corner (s.t. is the abbreviation for “subject to”).

Table 1.1

Linear Programming Integer Programming

P : f (y,c) := maxc′x Pd : fd(y,c) := maxc′x
←→

x ∈Ω(y) x ∈Ω(y)∩Z
n

� �
Linear Integration Linear Counting (Summation)

I : ̂f (y,c) :=
∫

Ω(y)
ec′xdσ ←→ Id : ̂fd(y,c) := ∑

x∈Ω(y)∩Zn

ec′x
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Problem I (in which dσ denotes the Lebesgue measure on the affine variety {x ∈ R
n|Ax = y}

that contains the convex polyhedron Ω(y)) is the linear integration version of the linear program P,
whereas Id is the linear counting version of the (discrete) integer program Pd . In addition, Pd and Id

are the discrete analogues of P and I, respectively. We say linear integration (resp., linear counting)
because the function to integrate (resp., to sum up) is the exponential of a linear form, whereas the
domain of integration (resp., summation) is a polyhedron (resp., the lattice points of a polyhedron).

Why should these four problems help in analyzing Pd? Because, first, P is related with I in the
same simple manner as Pd is related with Id . Next, as we will see, nice results (which we call duality
results) are available for P,I, and Id and extend in a natural way to Pd .

In fact, P and Pd are the respective (max,+)-algebra formal analogues of I and Id in the usual
algebra (+,×). In the (max,+)-algebra the addition a⊕b stands for max(a,b) and the × operation
is the usual addition +; indeed, the “max” in P and Pd can be seen as an idempotent integral (or,
Maslov integral) in this algebra (see, e.g., Litvinov et al. [106]). For a nice parallel between results
in probability ((+,×)-algebra) and optimization ((max,+)-algebra), the reader is referred to, e.g.,
Bacelli et al. [10, §9] and Akian et al. [5]. In other words, one may define a symbolic abstract
problem

∫ ⊕

Ω(y)∩Δ
ec′x

and the situation is depicted in Table 1.2, where the precise meaning of the symbol “
∫ ⊕” depends

on whether

(a) the underlying algebra (⊕,
) is (+, ·) or (max,+)
(b) the underlying environment is continuous (Δ = R

n) or discrete (Δ = Z
n)

Table 1.2 The four problems P,Pd ,I, and Id

(+, ·) (max,+)

Δ = R
n I :

∫⊕ =
∫

P :
∫ ⊕ = max

Δ = Zn Id :
∫ ⊕ = ∑ Pd :

∫ ⊕ = max

Of course, notice that by monotonicity of the exponential,

e f (y,c) = emax{c′x:x∈Ω(y)} = max{ec′x : x ∈Ω(y)},
e fd(y,c) = emax{c′x:x∈Ω(y)∩Z

n} = max{ec′x : x ∈Ω(y)∩Z
n},

and so, P and I, as well as Pd and Id , are simply related via

e f (y,c) = lim
r→∞

̂f (y,rc)1/r,e fd(y,c) = lim
r→∞

̂fd(y,rc)1/r. (1.3)

Equivalently, by continuity of the logarithm,
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f (y,c) = lim
r→∞

1
r

ln ̂f (y,rc), fd(y,c) = lim
r→∞

1
r

ln ̂fd(y,rc), (1.4)

a relationship that will be useful later. Next, concerning duality, the Legendre–Fenchel transform

f (·,c) �→F [ f (·,c)] = f ∗(·,c) : R
n→R,

which yields the usual dual LP of P,

P∗ : f ∗∗(y,c) = F [ f ∗(·,c)](y) = min
λ∈Rm

{y′λ |A′λ ≥ c}= f (y,c), (1.5)

has a natural analogue for integration, the Laplace transform, and thus, the inverse Laplace trans-
form problem (that we call I∗) is the formal analogue of P∗ and provides a nice duality for inte-
gration (although not usually presented in these terms in the literature). Finally, the Z-transform is
the obvious analogue for summation of the Laplace transform for integration, and we will see that
in the light of recent results for counting problems, it permits us to establish a nice duality for Id

of the same vein as duality for the (continuous) integration problem I. In addition, by (1.4), it also
provides a powerful tool to analyze the integer program Pd .

1.2 Summary of content

We first review what we call duality principles available for P, I, and Id and underline parallels and
connections between them. In particular, the parallel between what we call the duals of I and Id per-
mits us to highlight a fundamental difference between the continuous and discrete cases. Namely,
in the former, the data appear as coefficients of the dual variables, whereas in the latter, the same
data appear as exponents of the dual variables (the effect of integration versus summation). Conse-
quently, the (discrete) Z-transform (or generating function) has many more poles than the Laplace
transform. While the Laplace transform has only real poles, the Z-transform has additional complex
poles associated with each real pole, which induces some periodic behavior, a well-known phe-
nomenon in number theory where the Z-transform (or generating function) is a standard tool (see,
e.g., Iosevich [68], Mitrinovı́c et al. [111]). So, if the procedure of inverting the Laplace transform
or the Z-transform (i.e., solving the dual problems I∗ and I∗d) is basically of the same nature, i.e.,
the (complex) integration of a rational function, it is significantly more complicated in the discrete
case, due to the presence of these additional complex poles.

Then we use these results to analyze the discrete optimization problem Pd . Central in the analysis
is Brion and Vergne’s discrete formula [27] for counting problems. In particular, we provide a closed
form expression of the optimal value fd(y,c), one which highlights the special role played by the
so-called reduced costs of the linear program P and the complex poles of the Z-transform associated
with each basis of the linear program P. We also show that each basis Aσ of the linear program P
provides det(Aσ ) complex dual vectors in C

m which are the complex (periodic) analogues for Pd

of the unique dual vector in R
m for P, associated with the basis Aσ . As in linear programming
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(but in a more complicated way), the optimal value fd(y,c) of Pd can be found by inspection of
(certain sums of) reduced costs associated with each vertex of Ω(y). Finally, both optimal values
of Pd and P obey a similar formula. In the latter, one formally replaces the complex terms of the
former by their modulus.

We next relate Brion and Vergne’s discrete formula to the so-called Gomory relaxations intro-
duced in the algebraic approach of Gomory [58] in the late 1960s. In addition, we also present a
simple algorithm for Pd , based on Barvinok’s counting algorithm, and show how it is also closely
related to Gomory relaxations.

We also provide a discrete Farkas lemma for the existence of nonnegative integral solutions
x ∈ N

n to Ax = y and reinterpret the standard Farkas lemma as its continuous analogue. Moreover,
this discrete version permits us to derive a linear program Q, equivalent to Pd , and a characterization
of the integer hull conv(Ω(y)∩Z

n) of the polyhedron Ω(y). Finally, we end up by showing that the
LP dual of Q can be interpreted in terms of the superadditive dual of Pd .



Chapter 4
The Linear Counting Problem Id

In the second part of the book, we consider the linear counting problem Id and establish a compari-
son with its (max, +)-algebra analogue Pd , as well as with the LP problem P.

4.1 Introduction

The discussion of this chapter is the discrete analogue of Chapter 2. We are interested in problem
Id defined in Chapter 1, that is,

Id : ̂fd(y,c) :=
{

∑ec′x|x ∈ Ω(y) ∩ Z
n
}

, (4.1)

where Ω(y)⊂ R
n is the convex polyhedron

Ω(y) := {x ∈ R
n|Ax = y, x≥ 0}, (4.2)

for some matrix A ∈ Z
m×n and vectors y ∈ Z

m, c ∈ R
n. We have already mentioned that Id is the

discrete analogue of I and that Pd is the (max,+)-algebra analogue of Id .
Notice that when c = 0, the function ̂fd(y,0) counts the integral points of the convex polyhe-

dron Ω(y) then assumed to be compact, i.e., a convex polytope. (Its continuous analogue ̂f (y,0)
is the volume of Ω(y).) Counting lattice points of a convex polytope is a fundamental problem
in computational geometry and operations research, as well, in view of its connection with inte-
ger programming. It is a very hard problem even for probabilistic methods. For instance, and in
contrast with volume computation, there is still no FPRAS algorithm available for counting feasi-
ble solutions of 0–1 knapsack equations (also called Frobenius equations). So far, the best known
probabilistic algorithm of Dyer et al. [48] has exponential complexity.

The technique of exact methods for counting lattice points in polytopes has received much at-
tention in recent years; see, e.g., the works of Barvinok [13, 14], Barvinok and Pommersheim [15],
Beck [17, 18], Beck, Diaz, and Robins [19], Brion [25], Brion and Vergne [26, 27], Kantor and

J.B. Lasserre, Linear and Integer Programming vs Linear Integration and Counting,
Springer Series in Operations Research and Financial Engineering, DOI 10.1007/978-0-387-09414-4 4,
c© Springer Science+Business Media, LLC 2009
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Khovanskii [77], and Khovanskii and Pukhlikov [79]. In particular, Barvinok [13, 14] has proposed
an algorithm to compute ̂fd(y,c) with polynomial time computational complexity when the dimen-
sion n is fixed. This algorithm requires knowledge of the vertices v of Ω(y) and uses a special
representation (due to Brion [25]) of the generating function g(z) := ∑x∈Ω(y)∩Zn zx. Essential in this
remarkable procedure is a signed decomposition of certain closed convex cones into unimodular
cones (see, e.g., Barvinok and Pommersheim [15, Theor. 4.4]). In fine, Barvinok’s procedure pro-
vides a compact description of the rational (generating) function g(z), and getting ̂fd(y,c) is just
evaluating g at the point z = ec. This approach is implemented in the software LattE developed at
the University of California, Davis [40, 41].

We call this approach primal as it works in the primal space R
n of the x variables, and y is fixed.

On the other hand, a dual1 approach is to consider the generating function (or Z-transform) ̂Fd :
C

m→C of ̂fd(·,c), which has a simple and explicit expression in closed form. We call this approach
dual of Barvinok’s primal approach because one works in the space C

m of variables z associated
with the constraints Ax = y, and c is fixed. A fundamental result of Brion and Vergne [27] provides
a generalized residue formula for the inverse Z-transform of ̂Fd , which yields a nice and elegant
explicit expression for ̂fd(y,c), the discrete analogue of (2.15). But in general, Brion and Vergne’s
discrete formula [27] may be very hard to evaluate numerically. Recall that it is even the case
for its simpler continuous analogue (2.15); see the comment after the Lawrence formula (2.5). As
mentioned in Baldoni-Silva and Vergne [11], it requires many steps (in particular, one has to build up
chambers (maximal cones) in a subdivision of a closed convex cone into polyhedral cones [27]). One
also has to handle roots of unity in Fourier–Dedekind sums, a nontrivial task. Beck [17] and Beck,
Diaz, and Robins [19] also provide a complete analysis based on residue techniques for the case of
a tetrahedron (m = 1) and also mention the possibility of evaluating ̂fd(y,c) for general polytopes
by means of residues. The case where A is unimodular simplifies and is exploited in Baldoni-Silva
and Vergne [11] for particular cases like flow polytopes, as well as in Baldoni et al. [12].

Inverting the generating function is the discrete analogue of inverting the Laplace transform
as we did for the continuous case in Chapter 2, and both reduce to evaluating a complex integral.
However, and in contrast with the continuous case, in the discrete case this approach of computing a
complex integral by means of residues is fastidious and numerically involved because the generating
function ̂Fd has many more poles (in particular complex) than in the continuous case.

In this chapter, we also take a dual approach. We consider problem Id as that of evaluating the
value function ̂f (y,c) at some particular y ∈ R

m, and to do so, we compute the inverse Z-transform
of its generating function ̂Fd(z,c) at the point y ∈ Z

m; inversion of the Z-transform is what we
call the dual problem I∗d . To avoid computing residues, we provide a decomposition of the rational
function ̂Fd into simpler rational functions whose inversion is easy.

4.2 A primal approach: Barvinok’s counting algorithm

We start with some important material related to the algebra of convex polyhedra of R
n and its

application to derive nice, explicit expressions for generating functions associated with them.

1 Again, duality here should not be confused with the duality between the vertex and half-space descriptions of a
convex polytope Ω ⊂ R

n.
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For a convex rational polyhedron A ⊂ R
n denote by [A ] its indicator function, i.e., [A ](x) = 1

if x ∈A and [A ](x) = 0 otherwise. Similarly, denote by co(A ,v) its supporting (or tangent) cone
at the vertex v ∈A , that is,

co(A ,v) = {x ∈ R
n|εx+(1− ε)v ∈ A for all sufficiently small ε > 0}.

Next, denote by P(Qn) the algebra generated by the indicators [A ] of rational convex polyhedra
A ⊂R

n, and denote by P the vector space spanned by the indicators of rational convex polyhedra
that contain lines. Then one has the following important result:

For a convex rational polyhedron A ⊂ R
n,

[A ] = h+ ∑
v: vertex of A

[co(A ,v)] (4.3)

for some h ∈P .

Example 4.1. Let A := [0,1]⊂ R, so that co(A ,{1}) = (−∞,1] and co(A ,{0}) = [0,+∞). Then
obviously

[A] = [(−∞,1]]+ [[0,+∞)]− [R].

For every rational convex polyhedron A ⊂ R
n, let h(A , ·) : C

n→C be the mapping

z �→ h(A ,z) := {∑zx|x ∈A ∩ Z
n}. (4.4)

With V being a vector space, a linear transformation P(Qn)→V is called a valuation. Another
important result of Lawrence and Khovanski and Pukhlikov states the following:

Proposition 4.1. Let C(x) be the ring of rational functions in the variables x = (x1, . . . ,xn). There
exists a valuation F : P(Qn)→C(x) such that

(i) If A ⊂ R
n is a rational convex polyhedron without lines then F (A ) = h(A , ·).

(ii) If A ⊂ R
n is a rational convex polyhedron containing a line then F (A ) = 0.

Formula (4.3) and Proposition 4.1 are central to establishing the next two results. Brion [25]
proved that for a nonempty rational convex polyhedron A ⊂ R

n with no line

h(A ,z) = ∑
v: vertex of A

h(co(A ,v),z). (4.5)

See also Barvinok and Pommersheim [15, Theor. 3.5, p. 12]. Hidden in this formula is the fact
that, in general, there is no z ∈ C

n such that the sum in (4.4) defining h(co(A ,v),z) converges for
each v. In other words, the sum (4.5) is in fact formal, and yet provides h(A ,z). Referring back to
Example 4.1, we obtain
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h([0,1],z) = 1+ z = h((−∞,1],z)+h([0,+∞),z)

=
z2

z−1
+

1
1− z

= 1+ z

despite the fact that the first series converges for |z|> 1 while the second series converges for |z|< 1.

Barvinok’s counting algorithm. Using Brion’s formula (4.5), Barvinok showed that for a nonempty
rational convex polytope A ⊂ R

n with no line, h(A ,z) has the compact form:

h(A ,z) = ∑
i∈I

εi
zai

∏n
k=1(1− zbik)

, (4.6)

where I is a certain index set, and for all i ∈ I, εi ∈ {−1,+1}, {ai,{bik}n
k=1} ⊂ Z

n. Each i ∈ I is
associated with a unimodular cone in a signed decomposition of the tangent cones of A (at its
vertices) into unimodular cones.

In Barvinok’s algorithm, the number |I| of unimodular cones in that decomposition is L O(n)

where L is the input size of A , and the overall computational complexity to obtain the coefficients
{ai,bik} in (4.6) is also L O(n). Crucial for the latter property is the signed decomposition (triangu-
lation alone into unimodular cones does not guarantee this polynomial time complexity). For more
details, the interested reader is referred to Barvinok [13] and Barvinok and Pommersheim [15].

So, if we take A ⊂ R
n to be the convex polyhedron Ω(y)⊂ R

n defined in (4.2) for some matrix
A ∈ Z

m×n and vector y ∈ Z
m, then evaluating (4.6) at the point z := ec ∈ R

n yields

h(A ,ec) = ̂fd(y,c).

That is, Barvinok’s algorithm permits us to evaluate ̂fd(y,c) and so to solve problem Id defined in
(4.1). Therefore, when the dimension n is fixed and z = ec = {ec j} is given, one may solve Id in
time polynomial in the input size of Ω(y).

In addition, when the dimension n is fixed, Barvinok and Woods [16] have provided a poly-
nomial time algorithm, which given a convex rational polytope A ⊂ R

n, and a linear transfor-
mation T : R

n→R
k with T (Zn) ⊂ Z

k, computes the generating function h(T (A ∩Z
n),z) in the

form (4.6).
As an important consequence, Barvinok and Woods were able to develop an efficient calculus

on generating functions. For instance, given two convex polytopes A1,A2 ⊂ R
n and their generat-

ing functions h(A1,z),h(A2,z) in the form (4.6), one may obtain the generating function of their
intersection h(A1∩A2,z) in the form (4.6), in polynomial time in the input size.

As already mentioned in the introduction, we call this approach primal because it works in the
primal space R

n of variables x in the description of the polyhedron Ω(y). The right hand side y∈Z
m

is fixed while z ∈ C
n is the variable of interest in the generating function h(A , ·). A dual approach

works in the space R
m (or C

m) of the (dual) variables associated with the m linear constraints that
define Ω(y).
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4.3 A dual approach

Recall that Z+ = N = {0,1,2, . . .} denotes the set of natural numbers, and given z∈C
m and u∈Z

m,
the notation zu and ln(z) stands for

zu := zu1
1 zu2

2 · · ·zum
m ,

ln(z) := [ln(z1), ln(z2), . . . , ln(zm)].

Similarly, for a matrix A ∈ Z
m×n and a vector z ∈ C

m,

zA j :=
(

z
A1 j
1 z

A2 j
2 · · ·z

Am j
m

)

,

zA := (zA1 ,zA2 , . . . ,zAm).

The Z-transform approach

Consider the convex polyhedron Ω(y) defined in (4.2) with y ∈ Z
m and A ∈ Z

m×n. We want to
compute

y �→ ̂fd(y,c) := ∑
x∈Zn∩Ω(y)

ec′x (4.7)

for some given vector c ∈ R
n.

If c = 0 then ̂fd(y,0) = cardΩ(y), the number of integral points in Ω(y). Of course, computing
the number of points x ∈ N

n of the convex polytope

Ω1(y) = {x ∈ R
n
+|A1x≤ y} (4.8)

for some A1 ∈ Z
m×n reduces to computing the cardinality of N

n ∩Ω(y) with Ω(y) as in (4.2) but
with A := [A1 | I] (I ∈ N

m×m being the identity matrix).
An appropriate tool to analyze the function ̂fd(·,c) is its two-sided Z-transform or generating

function, ̂Fd(·,c) : C
m→C, of y �→ ̂fd(y,c), defined by the Laurent series:

z �→ ̂Fd(z,c) := ∑
y∈Zm

̂fd(y,c)z−y. (4.9)

Let em = (1,1, . . .) be the vector of ones in R
m.

Theorem 4.1. Let ̂fd and ̂Fd be as in (4.7) and (4.9), respectively, and assume that (2.8) holds.
Then

̂Fd(z,c) =
n

∏
j=1

1

(1− ec j z−A j)
(4.10)

on the domain
|z|A > ec. (4.11)
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Moreover, for every y ∈ Z
m,

̂fd(y,c) =
1

(2πi)m

∫

|z1|=w1

· · ·
∫

|zm|=wm

̂Fd(z,c)zy−em dz, (4.12)

where w ∈ R
m
+ satisfies wA > c.

Proof. Apply the definition (4.9) of ̂Fd to obtain

̂Fd(z,c) = ∑
y∈Zm

z−y

[

∑
Ax=y,x∈Nn

ec′x
]

= ∑
x∈Nn

ec′x z−(Ax).

On the other hand, notice that

ec′xz−(Ax)1
1 z−(Ax)2

2 · · ·z−(Ax)m
m =

m

∏
j=1

(

ec j z
−A1 j
1 z

−A2 j
2 · · ·z−Am j

m

)x j

Hence, the conditions |zA1 j
1 z

A2 j
2 . . .z

Am j
m |> ec j for j = 1,2, . . .n (equivalently, |z|A > ec) yield

̂Fd(z,c) =
n

∏
j=1

∞

∑
x j=0

(

ec j z
−A1 j
1 z

−A2 j
2 · · ·z−Am j

m

)x j

=
n

∏
j=1

1

(1− ec j z
−A1 j
1 z

−A2 j
2 · · ·z−Am j

m )
,

which is (4.10). Finally, equation (4.12) is obtained by analyzing the integral
∫

|z|=r zwdz with
r > 0. This integral is equal to 2πi only if w = −1, whereas if w is any integer different than
−1, then the integral is equal to zero. It remains to show that the domain {v ∈ R

m
+|vA > ec}

(equivalently, {v ∈ R
m
+|A′ lnv > c}) is not empty. But as (2.8) holds, this follows directly from

Remark 2.1. ��

The dual problem I∗d

We define the dual problem I∗d to be that of inverting ̂Fd , i.e., evaluating the complex integral

I∗d : ̂fd(y,c) =
1

(2πi)m

∫

|z1|=w1

· · ·
∫

|zm|=wm

̂Fd(z,c)zy−emdz, (4.13)

where w ∈ R
m
+ satisfies wA > c.
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Exactly like the inversion problem I∗ is a dual of I, the inversion problem I∗d is a dual problem
of Id . In evaluating the complex integral (4.13) one also works in the space C

m of variables z
associated with the constraints Ax = y in the definition of Ω(y). It is the discrete analogue of I∗
in Section 2.3; see the next chapter for a more detailed comparison between I∗ and I∗d . As for the
continuous case, Brion and Vergne have provided a nice generalized residue formula for inverting
̂Fd(z,c), which in turn yields an exact formula in closed form for ̂fd(y,c).

Brion and Vergne’s discrete formula

Brion and Vergne [27] consider the generating function H: C
m→C defined by

λ �→ H(λ ,c) := ∑
y∈Zm

̂fd(y,c)e−〈λ ,y〉,

which, after the change of variable zi = eλi for all i = 1, . . . ,m, reduces to ̂Fd(z,c) in (4.10).
Let Λ ⊂ Z

m be the sublattice A(Zn) of the lattice Z
m. With same notation used in Section 2.3,

let c ∈R
n be regular with −c in the interior of (Rn

+∩V )∗, and let γ be a chamber. For a basis σ , let
μ(σ) denote the volume of the convex polytope {∑ j∈σ t jA j,0≤ t j ≤ 1,∀ j ∈ σ}, normalized so that
vol(Rm/Λ) = 1. For σ ∈B(Δ ,γ), let x(σ) ∈ R

n
+ be such that y = ∑ j∈σ x j(σ)A j, and x j(σ) = 0,

j �∈ σ .
Next, let G(σ) := (⊕ j∈σ ZA j)∗/Λ ∗ (where ∗ denotes the dual lattice); that is, G(σ) is a finite

abelian group of order μ(σ), and with (finitely many) characters e2iπy for all y ∈ Λ ; in particular,
writing Ak = ∑ j∈σ u jkA j for all k �∈ σ ,

e2iπAk(g) = e2iπ ∑ j∈σ u jkg j , k �∈ σ .

To compare the continuous and discrete Brion and Vergne’s formula, let πσ be as in (2.15), i.e.,
the dual vector associated with a feasible basis σ of the linear program P. (Observe that πσ is now
rational.) Then for all y ∈Λ ∩ γ

̂fd(y,c) = ∑
σ∈B(Δ ,γ)

ec′x(σ)

μ(σ)
Uσ (y,c), (4.14)

with

Uσ (y,c) = ∑
g∈G(σ)

e2iπy(g)
∏k �∈σ (1− e−2iπAk(g)eck−πσ Ak)

. (4.15)

Due to the occurrence of complex poles in ̂F(z,c), the term Uσ (y,c) in (4.14) and (4.15) is the
periodic analogue of ∏k �∈σ (ck−πσ Ak)−1 in (2.15). Again, note the importance of the reduced cost
(c j−πσ A j), j �∈ σ , in both formulas.
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Both formulas (2.14) and (4.14) state a weighted summation of ec′x(σ) over all bases σ ∈B(Δ ,γ)
(or over all vertices of Ω(y) if y ∈ γ). The only difference is the weight. Although both weights are
stated in terms of the reduced costs (c j−πσ A j) of the variables j that are not in the basis σ , the
weight in the discrete case is composed of μ(σ) complex terms as opposed to it having only one
real term in the continuous case.

In the next section, we will see that this difference explains the difficulties in computing ̂fd by
evaluating the complex integral in (4.13) via Cauchy residue techniques. And not surprisingly, this
also makes a direct numerical evaluation of ̂fd(y,c) via (4.14)–(4.15) very difficult and not practical
in general.

4.4 Inversion of the Z-transform by residues

In principle, Theorem 4.1 allows us to compute ̂fd(y,c) for y ∈ Z
m via (4.12), that is, by comput-

ing the inverse Z-transform of ̂Fd(z,c) at the point y. Moreover, we can directly calculate (4.12)
by repeated applications of Cauchy residue theorem because ̂Fd(z,c) is a rational function with
only finitely many poles (with respect to one variable at a time). We call this technique the direct
Z inverse. On the other hand, we can also slightly simplify the inverse problem and invert what is
called the associated Z-transform, which yields some advantages when compared to the direct in-
version. In particular, it permits us to compute the Ehrhart polynomial, an important mathematical
object.

The associated Z-transform

With no loss of generality, we assume that y ∈ Z
m is such that y1 �= 0. We may also suppose that

each yi is a multiple of y1 (taking 0 to be multiple of any other integer). Otherwise, we just need
to multiply each constraint (Ax)i = yi by y1 �= 0 when i = 2,3, . . . ,m, so that the new matrix A and
vector y still have entries in Z.

Hence, there exists a vector D ∈ Z
m with first entry D1 = 1 and such that y = Dy1. Notice that D

may have entries equal to zero or even negative, but not its first entry. The inversion problem is thus
reduced to evaluating, at the point t := y1, the function g : Z→N defined by

g(t) := ̂fd(Dt,c) =
1

(2πi)m

∫

|zm|=wm

· · ·
∫

|z1|=w1

̂Fd(z,c)zDt−emdz, (4.16)

where ̂Fd is given in (4.10), em := (1,1, . . .) is the vector of ones in R
m, and the real (fixed) vector

w ∈ R
m
+ satisfies A′ ln(w) > c. The following technique permits us to calculate (4.16).

Consider the following simple change of variables. Let p = zD and d = wD in (4.16), so that

z1 = p ∏m
j=2 z

−D j
j and

g(t) =
1

(2πi)m

∫

|zm|=wm

. . .

∫

|z2|=w2

[
∫

|p|=d
pt−1

̂F d p

]

dz2 . . .dzm,



4.4 Inversion of the Z-transform by residues 49

where

̂F (z2, . . . ,zm, p) = ̂Fd

(

p
m

∏
j=2

z
−D j
j ,z2, . . . ,zm,c

)

m

∏
j=2

z
−D j
j . (4.17)

We can rewrite g(t) as

g(t) =
1

2πi

∫

|p|=d
pt−1G (p)d p, (4.18)

with

G (p) :=
1

(2πi)m−1

∫

|z2|=w2

· · ·
∫

|zm|=wm

̂F dz2 . . .dzm, (4.19)

and G is called the associated Z-transform of ̂fd with respect to D.
Recall that ̂Fd(z,c) is well-defined on the domain (4.11), and so the domain of definition of ̂F is

given by
(

|p|
m

∏
j=2
|z j|−D j , |z2|, . . . , |zm|

)

∈ {β ∈ R
n
+ |A′ lnβ > c}.

The Ehrhart polynomial

Consider the convex polytope Ω1(y) defined in (4.8) and the dilated polytope tΩ1(y) := {tx |x ∈
Ω1(y)}. Then, with A := [A1 | I] and c := 0, consider the function t �→ g(t) defined in (4.16).

When Ω1(y) is an integer polytope (an integer polytope has all its vertices in Z
m) then g is a

polynomial in t, that is,
g(t) = antn +an−1tn−1 + · · ·+a0, (4.20)

with a0 = 1 and an = volume(Ω1(y)). It is called the Ehrhart polynomial of Ω1(y) (see, e.g., Barvi-
nok and Pommersheim [15], Ehrhart [52]).

On the other hand, if Ω1(y) is not an integer polytope (i.e., Ω1(y) has rational vertices), then the
function t �→ g(t) is a quasipolynomial, that is, a polynomial in the variable t like in (4.20) but now
with coefficients {ai(t)} that are periodic functions of t; for instance, see (4.21) in Example 4.2
below. To compute g(t) one may proceed as follows.

(1) Compute G (p) in (4.19), in m− 1 steps, where each step k is a one-dimensional integration
w.r.t. zk, k = 2, . . . ,m.

(2) Compute g(t) in (4.18), a one-dimensional integration w.r.t. p.

At each of these steps, the one-dimensional complex integrals are evaluated by Cauchy residue
theorem. As already mentioned, and due to the presence of complex poles, the inversion is much
more involved than that of ̂F in Chapter 2, as illustrated in the following simple example.

Example 4.2. Consider the following convex rational polytope with three (m = 3) nontrivial con-
straints.

Ω1(te3) := {x ∈ R
2
+ |x1 + x2 ≤ t,−2x1 +2x2 ≤ t, and 2x1− x2 ≤ t}.
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With

c = 0, A :=

⎡

⎣

1 1 1 0 0
−2 2 0 1 0

2 −1 0 0 1

⎤

⎦ ,

and by Theorem 4.1, we have to calculate the inverse Z-transform of

̂Fd(z,c) =
z1z2z3

(z1−1)(z2−1)(z3−1)(1− z−1
1 z2

2z−2
3 )(1− z−1

1 z−2
2 z3)

,

where
⎧

⎪

⎨

⎪

⎩

|z j|> 1 for j = 1,2,3,

|z1z−2
2 z2

3|> 1,

|z1z2
2z−1

3 |> 1.

We wish to work with rational functions whose denominator degree is the smallest possible. To
do so, we fix z1 = p/(z2z3) and divide by z2z3 (see 4.17) because z1 has the exponents with smallest
absolute value. Therefore,

̂F (z2,z3, p) =
z3 p2

(z−1
2 p− z3)(z2−1)(z3−1)(z3− z3

2 p−1)(z2 p− z2
3)

,

where
⎧

⎪

⎨

⎪

⎩

|p|> |z2z3|,
|z3 p|> |z3

2|> 1,

|z2 p|> |z2
3|> 1.

Notice that z∗2 = z∗3 = 2 and p∗ = 5 is a solution of the previous system of inequalities. We next

compute (4.18) and (4.19) by fixing w2 = z∗2, w3 = z∗3, and d = p∗. Let us integrate ̂F along the

circle |z3| = z∗3 with a positive orientation. Observe that (taking p := p∗ and z2 := z∗2 constant) ̂F

has two poles located on the circle of radius |z2 p|1/2 > z∗3, and three poles located on the circles of
radii 1 < z∗3, |z−1

2 p|> z∗3, and |z3
2 p−1|< z∗3. Hence, we can consider poles inside the circle |z3|= z∗3

in order to avoid considering the pole z3 := (z2 p)1/2 with fractional exponent. This yields

I1(p,z2) =
z2 p2

(p− z2)(z2−1)(p− z3
2)(z2− p−1)

+
z3

2 p5

(p2− z4
2)(z2−1)(z3

2− p)(p3− z5
2)

.

Next, we integrate I1 along the circle |z2|= z∗2. Taking p := p∗ as a constant, the first term of I1

has poles on circles of radii |p|> z∗2, 1 < z∗2, |p|1/3 < z∗2, and |p|−1 < z∗2. We consider poles outside
the circle |z2|= z∗2 in order to avoid considering the pole z2 := p1/3, and we obtain

− p3

(p−1)(p2−1)2 .
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The second term of I1 has poles on circles of radii |p|1/2 > z∗2, 1 < z∗2, |p|1/3 < z∗2, and |p|3/5 > z∗2.
Notice that we have poles with fractional exponents inside and outside the integration path |z2|= z∗2.
Expanding the second term of I1 into simple fractions yields

p5

(z2−1)(p2−1)(1− p)(p3−1)
+

(2p3 +2p4 +3p5 + p6 + p7)z2
2 +α1(p)z2 +α0(p)

(z3
2− p)(p−1)3(p+1)2(p2 +1)

+
Q1(z, p)
(z4

2− p2)
+

Q2(z, p)
(z5

2− p3)
.

Obviously, we only calculate terms with denominator (z2−1) or (z3
2− p). As a result the associated

Z-transform G (p) is given by

G (p) =
− p3

(p−1)3(p+1)2 −
p5

(p−1)2(p+1)(p3−1)

+
2p3 +2p4 +3p5 + p6 + p7

(p−1)3(p+1)2(p2 +1)
.

Finally, it remains to integrate G (p)pt−1 along the circle |p| = p∗. Observe that G (p)pt−1 has
poles when p is equal to 1,−1, i =

√−1,−i, σ = e2πi/3, and σ̄ . Hence, for t ∈Z+, we finally obtain

g(t) =
17t2

48
+

41t
48

+
139
288

+
t(−1)t

16
+

9(−1)t

32

+
√

2
8

cos
(πt

2
+

π
4

)

+
2
9

cos

(

2πt
3

+
π
3

)

. (4.21)

Notice that we have used the two identities

√
2 cos

(πt
2

+
π
4

)

=
(i−1)it

2i
+

(i+1)(−i)t

2i
,

2 cos

(

2πt
3

+
π
3

)

=
(σ −1)σ t

σ − σ̄
+

(σ̄ −1)σ̄ t

σ̄ −σ
.

It is now easy to count the number f (te3) = g(t) of points x ∈ N
2 of Ω(te3):

f (0) =
139
288

+
9
32

+
1
8

+
1
9

= 1,

f (e3) =
17
48

+
41
48

+
139
288
− 1

16
− 9

32
− 1

8
− 2

9
= 1,

f (2e3) =
68
48

+
82
48

+
139
288

+
2

16
+

9
32
− 1

8
+

1
9

= 4.

Observe that in (4.21) the function t �→ g(t) is a quasipolynomial because the linear and constant
terms have periodic coefficients. However, with t = 12, one may check that the rational polytope
Ω1(te3) is in fact an integer polytope, that is, all its vertices are in Z

n. Therefore, Ω1(12te3) is
the t-dilated polytope of Ω1(12e3), and g̃(t) := g(12t) (with g(t) as in (4.21)) is thus the Ehrhart
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polynomial of Ω1(12e3), which reads

g̃(t) = 51t2 +11t +1,

and indeed, 51 is the volume of Ω1(12e3) and the constant term is 1, as it should be.

4.5 An algebraic method

As seen on the previous simple illustrative example, inversion of ̂Fd by the Cauchy residue theorem
can rapidly become tedious. In this section we propose an alternative method, one which avoids
complex integration and is purely algebraic. It is particularly attractive for relatively small values
of n−m. The idea is to provide a decomposition of the generating function ̂Fd into simpler rational
fractions whose inversion is easy to obtain. To avoid handling complex roots of unity, we do not
use residues explicitly, but build up the required decomposition in a recursive manner. Roughly
speaking, we inductively compute real constants Qσ ,β and a fixed positive integer M, all of them

completely independent of y, such that the counting function ̂fd is given by the finite sum

̂fd(y,c) = ∑
Aσ

∑
β∈Zm,‖β‖≤M

Qσ ,β ×
{

ec′σ x if x := A−1
σ [y−β ] ∈ N

m

0 otherwise,

where the first finite sum is computed over all invertible [m×m]-square submatrices Aσ of A. Cru-
cial in our algorithm is an explicit decomposition in closed form (and thus an explicit formula for
̂fd(y,c)) for the case n = m+1, which we then repeatedly use for the general case n > m+1.

Preliminaries. With no loss of generality, we may and will suppose from now on that the matrix
A ∈ Z

m×n has maximal rank.

Definition 4.1. Let p ∈ N satisfy m ≤ p ≤ n, and let η = {η1,η2, . . . ,ηp} ⊂ N be an ordered set
with cardinality |η |= p and 1≤ η1 < η2 < · · ·< ηp ≤ n. Then

(i) η is said to be a basis of order p if the [m× p] submatrix

Aη :=
[

Aη1 |Aη2 | · · · |Aηp

]

has maximal rank, that is, rank(Aη) = m.
(ii) For m≤ p≤ n, let

Jp := {η ⊂ {1, . . . ,n}|η is a basis of order p} (4.22)

be the set of bases of order p.

Notice that Jn = {{1,2, . . . ,n}} because A has maximal rank. Moreover,

Lemma 4.1. Let η be any subset of {1,2, . . . ,n} with cardinality |η |.
(i) If |η |= m then η ∈ Jm if and only if Aη is invertible.

(ii) If |η |= q with m < q≤ n, then η ∈ Jq if and only if there exists a basis σ ∈ Jm such that σ ⊂ η .
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Proof. (i) is immediate because Aη is a square matrix, and Aη is invertible if and only if Aη has
maximal rank.

On the other hand, (ii) also follows from the fact that Aη has maximal rank if and only if Aη
contains a square invertible submatrix. ��

Lemma 4.1 automatically implies Jm �= /0 because the matrix A must contain at least one square
invertible submatrix (we are supposing that A has maximal rank). Besides, Jp �= /0 for m < p ≤ n,
because Jm �= /0.

Finally, given a basis η ∈ Jp for m ≤ p ≤ n, and three vectors z ∈ C
m, c ∈ R

n, and w ∈ Z
m, we

introduce the following notation

cη := (cη1 ,cη2 , . . .cηp)
′,

‖w‖ := max{|w1|, |w2|, . . . , |wm|}.
(4.23)

Definition 4.2. The vector c ∈ R
n is said to be regular if for every basis σ ∈ Jm+1, there exists a

nonzero vector v(σ) ∈ Z
m+1 such that

Aσ v(σ) = 0 and c′σ v(σ) �= 0. (4.24)

Notice that c �= 0 whenever c is regular. Moreover, there are infinitely many vectors v ∈ Z
m+1

such that Aσ v = 0, because rank(Aσ ) = m < n. Thus, the vector c ∈ R
n is regular if and only if

c j− c′π A−1
π A j �= 0 ∀π ∈ Jm, ∀ j �∈ π;

this is the regularity condition defined in Section 2.3 and required in Brion and Vergne’s formula
(4.14)–(4.15).

Let c ∈ R
n be such that c < A′u for some u ∈ R

m, and so the generating function z �→ ̂Fd(z,c) in
(4.10) is well-defined; for convenience, redefine ̂Fd as

̂Fd(z,c) = ∑
y∈Zm

̂fd(y,c)zy (4.25)

=
n

∏
k=1

1

∏n
j=1(1− ec j zA j)

(4.26)

on the domain
|z|A < e−c. (4.27)

A decomposition of the generating function

We will compute the exact value of ̂fd(y,c) by first determining an appropriate expansion of the
generating function in the form
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̂Fd(z,c) = ∑
σ∈Jm

Qσ (z)
∏k∈σ (1− eck zAk)

, (4.28)

where the coefficients Qσ : C
m→C are rational functions with a finite Laurent series

z �→ Qσ (z) = ∑
β∈Zm,‖β‖≤M

Qσ ,β zβ . (4.29)

In (4.29), the strictly positive integer M is fixed and each Qσ ,β is a real constant.

Remark 4.1. The decomposition (4.28) is not unique (at all) and there are several ways to obtain
such a decomposition. For instance, Brion and Vergne [27, §2.3, p. 815] provide an explicit decom-
position of ̂Fd(z,c) into elementary rational fractions of the form

̂Fd(z,c) = ∑
σ∈Jm

∑
g∈G(σ)

1

∏ j∈σ
(

1− γ j(g)(ec j zA j)1/q
)

1

∏k �∈σ δk(g)
, (4.30)

where G(σ) is a certain set of cardinality q, and the coefficients {γ j(g),δk(g)} involve certain roots
of unity. The fact that c is regular ensures that (4.30) is well-defined. Thus, in principle, we could
obtain (4.28) from (4.30), but this would require a highly nontrivial analysis and manipulation of the
coefficients {γ j(g),δk(g)}. In the sequel, we provide an alternative algebraic approach that avoids
manipulating these complex coefficients.

If ̂Fd satisfies (4.28) then we get the following result:

Theorem 4.2. Let A ∈ Z
m×n be of maximal rank, ̂Fd be as in (4.25) with −c < A′u for some

u ∈K, and assume that the generating function ̂Fd satisfies (4.28)–(4.29). Then

̂fd(y,c) = ∑
σ∈Jm

∑
β∈Zm,‖β‖≤M

Qσ ,β Eσ (y−β ), (4.31)

with

Eσ (y−β ) =

{

ec′σ x if x := A−1
σ [y−β ] ∈ N

m,

0 otherwise,
(4.32)

where cσ ∈ R
m is defined in (4.23).

Proof. Recall that zAk = zA1k
1 · · ·zAmk

m . On the other hand, |eck zAk | < 1 for all 1 ≤ k ≤ n. Therefore,
for each σ ∈ Jm, one has the expansion

∏
k∈σ

1
1− eck zAk

= ∏
k∈σ

[

∑
xk∈N

eckxk zAkxk

]

= ∑
x∈Nm

ec′σ x zAσ x.



4.5 An algebraic method 55

Next, suppose that a decomposition (4.28)–(4.29) exists. Then one gets the relationship

̂Fd(z,c) = ∑
σ∈Jm

∑
x∈Nm

Qσ (z)ec′σ x zAσ x

= ∑
σ∈Jm

∑
β∈Zm,‖β‖≤M

∑
x∈Nm

Qσ ,β ec′σ x zβ+Aσ x. (4.33)

Notice that (4.25) and (4.33) are the same. Hence, if we want to obtain the exact value of ̂fd(y,c)
from (4.33), we only have to sum up all the terms whose exponent β + Aσ x is equal to y. That is,
recalling that Aσ is invertible for every σ ∈ Jm (see Lemma 4.1),

̂fd(y,c) = ∑
σ∈Jm

∑
β∈Zm,‖β‖≤M

Qσ ,β ×
{

ec′σ x if x := A−1
σ [y−β ] ∈ N

m,

0 otherwise,

which is exactly (4.31). ��
In view of Theorem 4.2, ̂fd is easily obtained once the rational functions Qσ (z) in the decomposi-

tion (4.28) are available. As already pointed out, the decomposition (4.28)–(4.29) is not unique and
in what followgraph we provide a simple decomposition (4.28) for which the coefficients Qσ are
easily calculated in the case n = m + 1, and a recursive algorithm to provide the Qσ in the general
case n > m+1.
The case n = m+1. Here we completely solve the case n = m + 1, that is, we provide an explicit
expression of ̂fd .
Let sgn : R→Z be the sign function, i.e.,

t �→ sgn(t) :=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 if t > 0,

−1 if t < 0,

0 otherwise.

In addition, we adopt the convention ∑−1
r=0(. . .) is identically equal to zero.

Given a fixed integer q > 0 and for every k = 1, . . . , n, we are going to construct auxiliary
functions Pk : Z

n×C
n→C such that each w �→ Pk(θ ,w) is a rational function of the variable w∈C

n.
Given a vector v ∈ Z

n, we define

P1(v,w) :=
|v1|−1

∑
r=0

wsgn(v1)r
1 ,

P2(v,w) :=
[

wv1
1

]

|v2|−1

∑
r=0

wsgn(v2)r
2 ,

P3(v,w) :=
[

wv1
1 wv2

2

]

|v3|−1

∑
r=0

wsgn(v3)r
3 ,

...
...

Pn(v,w) :=

[

n−1

∏
j=1

w
v j
j

] |vn|−1

∑
r=0

wsgn(vn)r
q . (4.34)
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Obviously, Pk(v,w) = 0 whenever vk = 0. Moreover,

Lemma 4.2. Let v ∈ Z
n and w ∈ C

n. The functions Pk defined in (4.34) satisfy

n

∑
k=1

(

1−wsgn(vk)
k

)

Pk(v,w) = 1−wv. (4.35)

Proof. First, notice that

(

1−wsgn(v1)
1

)

P1(v,w) =
(

1−wsgn(v1)
1

) |v1|−1

∑
r=0

wsgn(v1)r
1 = 1−wv1

1 .

The above equality is obvious when v1 = 0. Similar formulas hold for 2≤ k ≤ n; namely

(

1−wsgn(vk)
k

)

Pk(v,w) =
(

1−wvk
k

)

k−1

∏
j=1

w
v j
j =

k−1

∏
j=1

w
v j
j −

k

∏
j=1

w
v j
j .

Therefore, summing up in (4.35) yields

n

∑
k=1

(

1−wsgn(vk)
k

)

Pk(v,w) = 1−
n

∏
j=1

w
v j
j . ��

Solving for the case n = m+1. We now use Pk to evaluate ̂fd(y,c) when A∈Z
m×(m+1) is a maximal

rank matrix.

Theorem 4.3. Let n = m + 1 be fixed, A ∈ Z
m×n be a maximal rank matrix, and let c be

regular and as in Theorem 4.2. Let v ∈ Z
n be a nonzero vector such that Av = 0 and c′v �= 0

(see Definition 4.2). Define the vector

w := (ec1 zA1 ,ec2zA2 , . . . ,ecn zAn). (4.36)

Then

(i) The generating function ̂Fd(z,c) has the expansion

̂Fd(z,c) =
n

∑
k=1

Qk(z)
∏ j �= jk(1− ec j zA j)

= ∑
σ∈Jm

Qσ (z)
∏ j∈σ (1− ec j zA j)

, (4.37)

where the rational functions z �→ Qk(z) are defined by

Qk(z) :=

⎧

⎪

⎨

⎪

⎩

Pk(v,w)/(1− ec′v) if vk > 0,

−w−1
k Pk(v,w)/(1− ec′v) if vk < 0,

0 otherwise

(4.38)
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for 1 ≤ k ≤ n. Each function Pk in (4.38) is defined as in (4.34). (Notice that Qk = 0
if vk = 0.)

(ii) Given y ∈ Z
m, the function ̂fd(y,c) is directly obtained by application of Theorem 4.2.

Remark 4.2. (a) In the case where n = m + 1 and Ω(y) is compact, a naive way to evaluate
̂fd(y,c) is as follows. Suppose that B := [A1| · · · |Am] is invertible. One may then calculate ρ :=
max{xm+1 |Ax = y, x≥ 0}. Thus, evaluating ̂fd(y,c) reduces to summing up ∑x ec′x over all vectors
x = (x̂,xm+1) ∈N

m+1 such that xm+1 ∈ [0,ρ]∩N and x̂ := B−1[y−Am+1xm+1]. This may work very
well for reasonable values of ρ; but clearly, ρ depends on the magnitude of y. On the other hand,
the computational complexity of evaluation of ̂fd(y,c) via (4.31) does not depend on y. Indeed, the
bound M in (4.31) of Theorem 4.2 does not depend at all on y. Moreover, the method also works if
Ω(y) is not compact.

To illustrate the difference, consider the following trivial example, where n = 2, m = 1, A = [1,1],
and c = [0,a] with a �= 0. The generating function ̂Fd(z,c) is the rational function

̂Fd(z,c) =
1

(1− z)(1− eaz)
.

Setting v = (−1,1) and w = (z,eaz), one obtains

1 = (1− z)Q1(z)+(1− eaz)Q2(z)

= (1− z)
−z−1P1(v,w)

1− ea +(1− eaz)
P2(v,w)
1− ea

= (1− z)
−z−1

1− ea +(1− eaz)
z−1

1− ea ,

an illustration of the Hilbert’s Nullstellensatz applied to the two polynomials z �→ 1− z and z �→
1− eaz, which have no common zero in C.

And so, the generating function ̂Fd(z,c) gets expanded to

̂Fd(z,c) =
−z−1

(1− ea)(1− eaz)
+

z−1

(1− ea)(1− z)
. (4.39)

Finally, using Theorem 4.2, we obtain ̂fd(y,c) in closed form by

̂fd(y,c) =
−ea(y+1)

1− ea +
e0(y+1)

1− ea =
1− e(y+1)a

1− ea . (4.40)

Looking back at (4.29) we may see that M = 1 (which obviously does not depend on y) and
so, evaluating ̂fd(y,c) via (4.31) (i.e., as in (4.40)) is done in two elementary steps, no matter the
magnitude of y. On the other hand, the naive procedure would require y elementary steps.

(b) We have already mentioned that the expansion of the generating function ̂Fd(z,c) is not
unique. In the above trivial example, we also have
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̂Fd(z,c) =
ea

(ea−1)(1− eaz)
− 1

(ea−1)(1− z)
,

which is not the same expansion as (4.39). However, applying Theorem 4.2 again yields the same
formula (4.40) for ̂fd(y,c).

The general case n > m+1. We now consider the case n > m+1 and obtain a decomposition (4.28)
that permits us to compute ̂fd(y,c) by invoking Theorem 4.2. The idea is to use recursively the
results for the case n = m+1 so as to exhibit a decomposition (4.28) in the general case n > m+1
by induction.

Proposition 4.2. Let A ∈ Z
m×n be a maximal rank matrix, c be regular and as in Theorem 4.2.

Suppose that the generating function ̂Fd has the expansion

̂Fd(z,c) = ∑
π∈Jp

Qπ(z)
∏k∈π(1− eck zAk)

, (4.41)

for some integer p with m < p ≤ n, and for some rational functions z �→ Qπ(z), explicitly known,
and with the finite Laurent’s series expansion (4.29). Then, ̂Fd also has the expansion

̂Fd(z,c) = ∑
π̆∈Jp−1

Q∗π̆(z)
∏k∈π̆(1− eck zAk)

, (4.42)

where the rational functions z �→ Q∗π̆(z) are constructed explicitly and have a finite Laurent’s series
expansion (4.29).

Proof. Let π ∈ Jp be a given basis with m < p≤ n and such that Qπ(z) �≡ 0 in (4.41). We are going
to build up simple rational functions z �→ Rπ

η(z), where η ∈ Jp−1, such that the expansion

1

∏ j∈π(1− ec j zA j)
= ∑

η∈Jp−1

Rπ
η(z)

∏ j∈η(1− ec j zA j)
(4.43)

holds. Invoking Lemma 4.1, there exists a basis σ̆ ∈ Jm such that σ̆ ⊂ π . Pick up any index g∈ π \ σ̆ ,
so the basis σ := σ̆ ∪{g} is indeed an element of Jm+1, because of Lemma 4.1 again. Next, since c
is regular, pick up a vector v ∈ Z

m+1 such that Aσ v = 0 and c′σ v �= 0, like in (4.24). The statements
below follow from the same arguments as in the proof of Theorem 4.3(i), so we only sketch the
proof. Define the vector

wσ := (ec1 zA1 ,ec2zA2 , . . . ,ecn zAn) ∈ C
n, (4.44)

and so wσ ∈ C
m+1. One easily deduces that wv

σ = ec′σ v �= 1. Moreover, define the rational
functions

Rπ
k (z) :=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Pk(v,wσ )/(1− ec′σ v) if vk > 0,

−[wσ ]−1
k Pk(v,wσ )/(1− ec′σ v) if vk < 0,

0 otherwise,

(4.45)
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where the functions Pk are defined as in (4.34), for all 1≤ k ≤ m+1. Therefore,

1 =
m+1

∑
k=1

(1− [wσ ]k) Rπ
k (z) =

m+1

∑
k=1

(

1− ecσk zAσk

)

Rπ
k (z).

The latter implies
1

∏ j∈π(1− ec j zA j)
=

q

∑
k=1

Rπ
k (z)

[

∏
j∈π, j �=σk

1

1− ec j zA j

]

. (4.46)

Next, we use the same arguments as in the proof of Theorem 4.3(ii).
With no loss of generality, suppose that the ordered sets σ̆ ⊂ σ ⊂ π are given by

π := {1,2, . . . , p}, σ := σ̆ ∪{p}, and p �∈ σ̆ . (4.47)

Notice that σk ∈ σ̆ for 1≤ k ≤ m, and σm+1 = p. In addition, consider the ordered sets

η(k) = { j ∈ π | j �= σ jk} for k = 1, . . . ,m+1. (4.48)

We next show that each submatrix Aη(k) has maximal rank for every k = 1, . . . ,m + 1 with vk �=
0. Notice that |η(k)| = p− 1 because |π| = p; hence, the set η(k) is indeed an element of Jp−1

precisely when Aη(k) has maximal rank. Now σ̆ ⊂ η(m + 1) because σm+1 = p is contained in
π \ σ̆ . Therefore, since σ̆ ∈ Jm, Lemma 4.1 implies that η(m + 1) in (4.48) is an element of Jp−1,
the square submatrix Aσ̆ is invertible, and Aη(m+1) has maximal rank. On the other hand, the vector
v ∈ Z

m+1 satisfies
0 = Aσ v = Aσ̆ (v1,v2, . . . ,vm)′+Apvm+1,

with v �= 0, and so we may conclude that vm+1 �= 0. We can now express the pth column of A as the
finite sum Ap = ∑m

j=1
−v j
vm+1

Aσ j . Hence, for every 1≤ k ≤ m with vk �= 0, the matrix

Aη(k) =
[

A1| · · · |Aσk−1|Aσk+1| · · · |Ap
]

has maximal rank, because the column Aσk of Aσ(m+1) has been substituted with the linear com-

bination Ap = ∑m
j=1

−v j
vm+1

Aσ j whose coefficient −vk/vm+1 is different from zero. Thus, the set η(k)
defined in (4.48) is an element of Jp−1 for every 1≤ k ≤ m with vk �= 0. Then expansion (4.46) can
be rewritten as

1

∏ j∈π(1− ec j zA j)
= ∑

vk �=0

Rπ
k (z)

∏ j∈η(k)(1− ec j zA j)

= ∑
η∈Jp−1

Rπ
η(z)

∏ j∈η(1− ec j zA j)
,

which is the desired identity (4.43) with
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Rπ
η(z)≡

{

Rπ
k (z) if η = η(k) for some index k with vk �= 0,

0 otherwise.

On the other hand, it is easy to see that all rational functions Rπ
k and Rπ

η have finite Laurent series
(4.29), because each Rπ

k is defined in terms of Pk in (4.45), and each rational function Pk defined in
(4.34) has a finite Laurent series. Finally, combining (4.41) and (4.43) yields

̂Fd(z,c) = ∑
η∈Jp−1

∑
π∈Jp

Rπ
η(z)Qπ(z)

∏k∈η(1− eck zAk)
, (4.49)

so that the decomposition (4.42) holds by setting Q∗η identically equal to the finite sum ∑π∈Jp Rπ
η Qπ

for every η ∈ Jp−1. ��
Notice that the sum in (4.41) runs over the bases of order p, whereas the sum in (4.42) runs

over the bases of order p−1. Hence, repeated applications of Proposition 4.2 yield a decomposition
of the generating function ̂Fd into a sum over the bases of order m, which is the decomposition
described in (4.28)–(4.29). Namely,

Corollary 4.1. Let A ∈ Z
m×n be a maximal rank matrix and c be regular and as in Theorem

4.2. Let ̂fd be as in (4.7) and ̂Fd be its generating function (4.25)–(4.26). Then

(i) ̂Fd(z,c) has the expansion

̂Fd(z,c) = ∑
σ∈Jm

Qσ (z)
∏k∈σ (1− eck zAk)

, (4.50)

for some rational functions z �→Qσ (z), which can be built up explicitly, and with finite Laurent
series (4.29).

(ii) For every y ∈ Z
m, the function ̂fd(y,c) is obtained by direct application of Theorem 4.2.

Proof. Point (i) is proved by induction. Notice that (4.26) can be rewritten as

̂Fd(z,c) = ∑
π∈Jn

1

∏k∈π(1− eck zAk)
,

because Jn = {{1,2, . . . ,n}} and A has maximal rank (see (4.22)). Thus, from Proposition 4.2, (4.42)
holds for p = n−1 as well. And more generally, repeated applications of Proposition 4.2 show that
(4.42) holds for all m≤ p < n. However, (4.50) is precisely (4.42) with p = m.

On the other hand, (ii) follows because in view of our hypothesis on c, z �→ ̂Fd(z,c) is the
generating function of y �→ ̂fd(y,c) and has the decomposition (4.50) required to apply
Theorem 4.2. ��
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An algorithm for the general case n > m+1

Let S[x] be the set of rational functions with finite Laurent series. That is, Q ∈ S[x] if (4.29) holds.
In view of Corollary 4.1, the recursive algorithm for the general case reads as follows:

Algorithm 1 to compute ̂f d(y,c) :
Input: m,n > m+1; γ := ec ∈ R

n,y ∈ Z
m; A ∈ Z

m×n full rank.
Output: ̂fd(y,c) as in (4.31).
Step 0: Initialization. p := n. Jp := {{1,2, . . . ,n}}; π := {1,2, . . . ,n} ∈ Jp; z �→Qπ(z)≡ 1 ∈
S[x].

̂Fd(z,c) = ∑
π∈Jp

Qπ(z)
∏ j∈π(1− ec j zA j)

.

Step 1: While p≥ m+1 proceed as follows:

• For all π ∈ Jp with Qπ �≡ 0,
(a) pick a basis σ̆ ∈ Jm and pick g ∈ π \ σ̆
(b) let σ := σ̆ ∪{g} ∈ Jm+1

(c) let Aσ := [A j] j∈σ ∈ Z
m×(m+1),cσ := [c j] j∈σ ∈ R

m+1

(d) solve(Aσ ,cσ ,y) yielding {Rπ
k }k∈σ ⊂ S[x] so that

1

∏ j∈π(1− ec j zA j)
= ∑

k∈σ

Rπ
k (z)

∏ j∈π\{k}(1− ec j zA j)

(e) let πk := π \{k} ∈ Jp−1 and Qπk := Qπ Rπ
k ∈ S[x] for all k ∈ σ . Then

Qπ(z)
∏ j∈π(1− ec j zA j)

= ∑
k∈σ

Qπk(z)

∏ j∈πk
(1− ec j zA j)

.

• We have now

̂Fd(z,c) = ∑
η∈Jp−1

Qη(z)
∏ j∈η(1− ec j zA j)

, with Qη ∈ S[x], ∀η ∈ Jp−1.

• Set p := p−1.

Step 2: p = m and

̂Fd(z,c) = ∑
π∈Jm

Qπ(z)
∏ j∈π(1− ec j zA j)

, with Qπ ∈ S[x], ∀π ∈ Jm,

that is, ̂Fd(z,c) is in the form (4.28) required to apply Theorem 4.2. Thus, get ̂fd(y,c) from
(4.31) in Theorem 4.2.

In Step 1(d) of the above algorithm, Solve(Aσ ,cσ ,y) is just application of Theorem 4.3 with
A = Aσ and c = cσ .
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Computational complexity

First, observe that the above algorithm computes the coefficients of the polynomials Qσ (z) in the
decomposition (4.28) of ̂Fd(z,c). This computation involves only simple linear algebra operations,
provided that the matrix A ∈ Z

m×n and the vector c ∈ R
n are given. Recall that an important step

in these procedures is to compute a vector v ∈ Z
m+1 such that Aσ v = 0 and c′σ v �= 0. Thus, for

practical implementation, one should directly consider working with a rational vector c ∈Q
n. Next,

one may easily see that in the algorithm, the entries eck can be treated symbolically. Indeed, we need
the numerical value of each eck only at the very final step, i.e., for evaluating ̂fd(y,c) via (4.31) in
Theorem 4.2; see the illustrative example, Example 4.3. Therefore, only at the very final stage, one
needs a good rational approximation of ec j in Q

n to evaluate ̂fd(y,c).
Having said this, the computational complexity is essentially determined by the number of co-

efficients {Qσ ,β} in equation (4.31); or equivalently, by the number of nonzero coefficients of the
polynomials {Qσ (z)} in the decomposition (4.28)–(4.29). Define

Λ := max
σ∈Jm+1

{

min{ ‖v‖| Aσ v = 0, c′σ v �= 0, v ∈ Z
m+1} } . (4.51)

In the case n = m+1, each polynomial Qσ (z) has at most Λ terms. This follows directly from (4.34)
and (4.38).

For n = m + 2, we have at most (m + 1)2 polynomials Qσ (z) in (4.28); and again, each one of
them has at most Λ nonzero coefficients. Therefore, in the general case n > m, we end up with at
most (m+1)n−mΛ terms in (4.31). Thus, the computational complexity is equal to O[(m+1)n−mΛ ],
which makes it particularly attractive for relatively small values of n−m.

As a nice feature of the algorithm, notice that the computational complexity does not depend
on the right-hand side y ∈ Z

m. Moreover, notice that the constant Λ does not change (at all) if we
multiply the vector c∈Q

n for any real r �= 0, because c′σ v �= 0 if and only if rc′σ v �= 0. Hence, we can
also conclude that the computational complexity does not depend on the magnitude of ‖c‖, it only
depends on the ratio between the entries of c. However, as shown in the following simple example,
Λ is exponential in the input size of A. Indeed, if

A =
[

1 a a2

1 a+1 (a+1)2

]

,

then necessarily every solution v ∈ Z
3 of Av = 0 is an integer multiple of the vector (a2 +a,−2a−

1,1), and so Λ = O(a2). Finally, the constant M > 0 in (4.29) and (4.31) depends polynomially
on Λ .

Example 4.3. Consider the following example with n = 6,m = 3, and data

A :=

⎡

⎣

1 1 1 1 0 0
2 1 0 0 1 0
0 2 1 0 0 1

⎤

⎦ , c := (c1, . . . ,c6),

so that ̂F(z,c) is the rational fraction

1

(1− ec1 z1z2
2)(1− ec2 z1z2z2

3)(1− ec3z1z3)(1− ec4z1)(1− ec5 z2)(1− ec6z3)
.
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First Step: Setting π = {1,2, . . . ,6} ∈ J6, choose σ̆ := {4,5,6} and σ := {3,4,5,6}. Let v :=
(−1,1,0,1) ∈ Z

4 and solve Aσ v = 0. We obviously have q = 3, θ = (−1,1,1), w = (ec3 z1z3,ec4 z1,
ec6z3), and so we get

Rπ
1 (z) =

−(ec3z1z3)−1

1− ec4+c6−c3
;Rπ

2 (z) =
(ec3 z1z3)−1

1− ec4+c6−c3
;Rπ

3 (z) =
e(c4−c3)z−1

3

1− ec4+c6−c3
.

Hence
1 = (1− ec3z1z3)Rπ

1 (z)+(1− ec4z1)Rπ
2 (z)+(1− ec6 z3)Rπ

3 (z).

Notice that the term (1−ec3 z1z3)Rπ
1 (z) will annihilate the element 3 in the base π . Moreover, the

terms (· · ·)Rπ
2 (z) and (· · ·)Rπ

3 (z) will also annihilate the respective entries 4 and 6 in the base π , so

̂Fd(z,c) =
Rπ

1 (z)
(1− ec1 z1z2

2)(1− ec2 z1z2z2
3)(1− ec4z1)(1− ec5 z2)(1− ec6z3)

+
Rπ

2 (z)
(1− ec1 z1z2

2)(1− ec2 z1z2z2
3)(1− ec3z1z3)(1− ec5z2)(1− ec6 z3)

+
Rπ

3 (z)
(1− ec1 z1z2

2)(1− ec2 z1z2z2
3)(1− ec3z1z3)(1− ec4z1)(1− ec5 z2)

=
3

∑
j=1

Qη5( j)(z)

∏k∈η5( j)(1− eck zAk)
,

where η5(1) = {1,2,4,5,6}, η5(2) = {1,2,3,5,6}, η5(3) = {1,2,3,4,5}, and Qη5( j)(z) = Rπ
j (z)

for j = 1,2,3.
Second Step: Analyzing η5(1) = {1,2,4,5,6} ∈ J5, choose σ̆ = {4,5,6} and σ := {1,4,5,6}. Let
v := (−1,1,2,0) ∈ Z

4 and solve Aσ v = 0. Then q = 3, θ = (−1,1,2), w = (ec1z1z2
2,e

c4 z1,ec5 z2),
and so we get

Rη5(1)
1 (z) =

−(ec1z1z2
2)
−1

1− e−c1+c4+2c5
, Rη5(1)

2 (z) =
(ec1 z1z2

2)
−1

1− e−c1+c4+2c5
,

and

Rη5(1)
3 (z) =

(ec4−c1z−2
2 )(1+ ec5 z2)

1− e−c1+c4+2c5
.

Analyzing η5(2) = {1,2,3,5,6} ∈ J5, choose σ̆ = {3,5,6} and σ := {2,3,5,6}. Let v :=
(−1,1,1,1) ∈ Z

4 and solve Aσ v = 0. We have that q = 4, θ = v, and W = (ec2 z1z2z2
3,e

c3 z1z3,ec5 z2,
ec6z3), so we get

Rη5(2)
1 (z) =

−(ec2z1z2z2
3)
−1

1− e−c2+c3+c5+c6
, Rη5(2)

2 (z) =
(ec2 z1z2z2

3)
−1

1− e−c2+c3+c5+c6
,

and

Rη5(2)
3 (z) =

ec3−c2z−1
2 z−1

3

1− e−c2+c3+c5+c6
, Rη5(2)

4 (z) =
ec5+c3−c2z−1

3

1− e−c2+c3+c5+c6
.

Notice that the terms associated Rη5(1)
1 (z), Rη5(1)

2 (z), and Rη5(1)
3 (z) annihilate the respective

tries 1, 4, and 5 in the base η5(1).en
with
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Notice that the terms associated to Rη5(2)
1 (z), Rη5(2)

2 (z), Rη5(2)
3 (z), and Rη5(2)

4 (z) annihilate the re-
spective entries 2, 3, 5, and 6 in the base η5(2).

Analyzing η5(3) = {1,2,3,4,5} ∈ J5, choose σ̆ = {3,4,5} and σ := {2,3,4,5}. Let v :=
(−1,2,−1,1)∈Z

4 and solve Aσ v = 0. We have that q = 4, θ = v, and w = (ec2 z1z2z2
3,e

c3 z1z3,ec4 z1,
ec5z2), so we get

Rη5(3)
1 (z) =

−(ec2 z1z2z2
3)
−1

1− e−c2+2c3−c4+c5
, Rη5(3)

2 (z) =
(ec2z1z2z2

3)
−1(1+ ec3z1z3)

1− e−c2+2c3−c4+c5
,

and

Rη5(3)
3 (z) =

−(ec4z1)−1(e2c3−c2z1z−1
2 )

1− e−c2+2c3−c4+c5
, Rη5(3)

4 (z) =
e2c3−c2−c4z−1

2

1− e−c2+2c3−c4+c5
.

Therefore, we have the following expansion:

̂Fd(z,c) =
Qη5(1)(z)R

η5(1)
1 (z)

(1− ec2z1z2z2
3)(1− ec4 z1)(1− ec5z2)(1− ec6 z3)

+
Qη5(1)(z)R

η5(1)
2 (z)+Qη5(2)(z)R

η5(2)
2 (z)

(1− ec1z1z2
2)(1− ec2 z1z2z2

3)(1− ec5z2)(1− ec6 z3)

+
Qη5(1)(z)R

η5(1)
3 (z)

(1− ec1z1z2
2)(1− ec2 z1z2z2

3)(1− ec4z1)(1− ec6 z3)

+
Qη5(2)(z)R

η5(2)
1 (z)

(1− ec1z1z2
2)(1− ec3 z1z3)(1− ec5 z2)(1− ec6z3)

+
Qη5(2)(z)R

η5(2)
3 (z)

(1− ec1z1z2
2)(1− ec2 z1z2z2

3)(1− ec3z1z3)(1− ec6z3)

+
Qη5(2)(z)R

η5(2)
4 (z)+Qη5(3)(z)R

η5(3)
3 (z)

(1− ec1z1z2
2)(1− ec2 z1z2z2

3)(1− ec3z1z3)(1− ec5z2)

+
Qη5(3)(z)R

η5(3)
1 (z)

(1− ec1z1z2
2)(1− ec3 z1z3)(1− ec4 z1)(1− ec5z2)

+
Qη5(3)(z)R

η5(3)
2 (z)

(1− ec1z1z2
2)(1− ec2 z1z2z2

3)(1− ec4z1)(1− ec5 z2)

+
Qη5(3)(z)R

η5(3)
4 (z)

(1− ec1z1z2
2)(1− ec2 z1z2z2

3)(1− ec3z1z3)(1− ec4z1)

=
9

∑
j=1

Qη4( j)(z)

∏k∈η4( j)(1− eck zAk)
.

Final Step: At this last step we obtain the required decomposition (4.50), that is, we will be able to
express ̂Fd(z,c) as the sum

Notice that the terms associated Rη5(3)
1 (z), Rη5(3)

2 (z), Rη5(3)
3 (z), and Rη5(3)

4 (z) annihilate the
entries 2, 3, 4, and 5 in the base η5(3).

with
respective
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̂Fd(z,c) = ∑
j

Qη3( j)(z)

∏k∈η3( j)(1− eck zAk)
. (4.52)

The exact values of ̂fd(y,c) can then be calculated by direct application of Theorem 4.2. Moreover,

we must make the observation that, out of the potentially
(

6
3

)

= 20 terms, the above sum con-

tains 16 terms. We next conclude this section by providing the term Qη3( j)(z) relative to the basis
η3( j) = {2,5,6} ∈ J3.

Setting η4(1) = {2,4,5,6} ∈ J4, choose σ̆ := {4,5,6} and σ := {2,4,5,6}. Let v := (−1,1,1,2)
∈ Z

4 and solve Aσ v = 0. Then q = 4, θ = v, w = (ec2 z1z2z2
3,e

c4 z1,ec5 z2,ec6 z3), and so we get

Rη4(1)
1 (z) =

−(ec2 z1z2z2
3)
−1

1− e2c6+c5+c4−c2
, Rη4(1)

2 (z) =
(ec2z1z2z2

3)
−1

1− e2c6+c5+c4−c2
,

and

Rη4(1)
3 (z) =

ec4−c2(z2z2
3)
−1

1− e2c6+c5+c4−c2
, Rη4(1)

4 (z) =
(ec4+c5−c2z−2

3 )(1+ ec6z3)
1− e2c6+c5+c4−c2

.

Setting η4(2)= {1,2,5,6}∈ J4, choose σ̆ := {2,5,6} and σ := {1,2,5,6}. Let v := (−1,1,1,−2)
∈ Z

4 and solve Aσ v = 0. Then q = 4, θ = v, w = (ec1 z1z2
2,e

c2z1z2z2
3,e

c5z2,ec6z3), and so we get

Rη4(2)
1 (z) =

−(ec1 z1z2
2)
−1

1− ec2+c5−c1−2c6
, Rη4(2)

2 (z) =
(ec1z1z2

2)
−1

1− ec2+c5−c1−2c6
,

and

Rη4(2)
3 (z) =

ec2−c1z−1
2 z2

3

1− ec2+c5−c1−2c6
,

Rη4(2)
4 (z) =

−(ec6z3)−1(ec2−c1+c5z2
3)(1+(ec6 z3)−1)

1− ec2+c5−c1−2c6
.

Therefore, working on the base η3(1), we obtain the numerator

Qη3(1)(z) = Qη4(1)R
η4(1)
2 +Qη4(2)R

η4(2)
1

=
[

Qη5(1)(z)R
η5(1)
1 (z)

]

Rη4(1)
2 +

[

Qη5(1)(z)R
η5(1)
2 (z)+Qη5(2)(z)R

η5(2)
2 (z)

]

Rη4(2)
1 .

4.6 A simple explicit formula

In this section we are back to primal approaches that work in the space R
n of primal variables

with y ∈ Z
m fixed. We provide an explicit expression of ̂fd(y,c) and an algorithm that involves only

simple (possibly numerous) elementary operations. Again, in contrast to Barvinok’s algorithm, the

Notice that the term associated Rη4(1)
2 annihilates the entry 4 in the base η4(1) = {2,4,5,6},

we are getting the desired base η3(1) = {2,5,6}.

Notice that the term associated Rη4(2)
1 annihilates the entry 1 in the base η4(2) = {1,2,5,6},

we are getting the desired base η3(1) = {2,5,6}.

with
so

with
so
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computational complexity of this primal approach is not polynomial in the input size for fixed
dimension. It uses Brion’s formal series formula (4.5) along with an explicit description of the sup-
porting cones at the vertices of Ω(y). It also has a simple equivalent formulation as a (finite) group
problem. Finally, we exhibit finitely many fixed convex cones of R

n explicitly and exclusively de-
fined from the matrix A, such that for any y ∈ Z

m, ̂fd(y,c) is obtained by a simple formula involving
the evaluation of ∑x ec′x where the summation is over the integral points of those cones only.

With same notation as in Section 4.3, and σ ∈ B(Δ ,γ), let μσ := detAσ , or |Aσ | Zσ :=
{1, . . . ,μσ}, A�σ := [A j] j �∈σ , and let δσ : Z

m→{0,1} be the function

z �→ δσ (z) :=

{

1 if A−1
σ z ∈ Z

m

0 otherwise,

z ∈ Z
m. In what follows one assumes that the convex cone {u ∈R

m : A′u > 0} is nonempty so that
Ω(y) is a polytope for every y ∈ Z

m.

Theorem 4.4. Let c ∈ R
n be regular and let y ∈ γ ∩ Z

m for some chamber γ . Then

̂fd(y,c) = ∑
σ∈B(Δ ,γ)

R1(y,σ ;c)
R2(σ ;c)

, with (4.53)

R1(y,σ ;c) := ec′x(σ) ∑
u∈Z

n−m
σ

δσ (y−A�σ u)eu′(c �σ−πσ A�σ ) (4.54)

and R2(σ ;c) := ∏
k/∈σ

[

1− (

eck−πσ Ak
)μσ

]

. (4.55)

The proof uses Brion’s formula (4.5) and an explicit description of the supporting cone
co(Ω(y), x̂) of Ω(y) at a vertex x̂. Indeed, when y ∈ γ then Ω(y) is simple and at a vertex x(σ)
with associated basis σ ∈B(Δ ,γ):

co(Ω(y),x(σ)) = {(xσ ,x�σ ) ∈ R
n : Aσ xσ +A�σ x�σ = y, x�σ ≥ 0}.

Even if easy, computing R1(·) in (4.54) may become quite expensive when μσ is large, as one
must evaluate μn−m

σ terms (the cardinality of Z
n−m
σ ). However, as detailed below, a more careful

analysis of (4.54) yields some simplifications.

Simplification via group theory

For every basis σ ∈B(Δ ,γ), consider the lattice Λσ :=
⊕

j∈σ A jZ ⊂ Z
m generated by the columns

(A j) j∈σ of A. The finite group

Gσ := Z
m/Λσ = {Ec[0,σ ],Ec[2,σ ], . . . ,Ec[μσ −1,σ ]}
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is commutative with μσ = detAσ or |Aσ | equivalence classes Ec[ j,σ ]. Therefore, Gσ is isomorphic
to a finite Cartesian product of cyclic groups Zηk , i.e.,

Gσ ∼= Zη1 ×Zη2 ×·· ·×Zηs

with μσ = η1η2 . . .ηs. (When μσ = 1 then Gσ is the trivial group {0}.) Notice that the Cartesian
product Zη1×·· ·×Zηs can be seen as Z

s modulo the vector η := (η1,η2, . . . ,ηs)′ ∈N
s. Hence, for

every finite commutative group Gσ , there exists a positive integer sσ ≥ 1, a vector ησ ∈ N
sσ with

positive entries, and a group isomorphism,

gσ : Gσ→Z
sσ mod ησ ,

where gσ (ξ ) mod ησ means evaluating [gσ (ξ )]k mod [ησ ]k for every k = 1, . . . ,sσ . For every
y ∈ Z

m there exists a unique equivalence class Ec[ j(y),σ ] � y that we use to define the group epi-
morphism, ĥσ : Z

m→Z
sσ mod ησ , by

y �→ ĥσ (y) := gσ (Ec[ j(y),σ ]).

The unit element of Gσ is the equivalence class Ec[0,σ ] = {Aσ q | q ∈ Z
m}. Hence ĥσ (y) = 0 iff

y = Aσ q for some q ∈ Z
m. So define δσ : Z

m→{0,1} by

y �→ δσ (y) :=

{

1 if ĥσ (y) = 0,

0 otherwise.

Next, given any matrix B = [B1| · · · |Bt ] ∈ Z
m×t , let

ĥσ (B) := [ĥσ (B1)|ĥσ (B2)| · · · |ĥσ (Bt)] ∈ Z
sσ×t ,

so that ĥσ (y−A�σ u)≡ ĥσ (y)− ĥσ (A�σ )u mod ησ .
Given q ∈ Z

m, μσ A−1
σ q ∈ Z

m but μσ may not be the smallest positive integer with that property.
Therefore, given σ ∈B(Δ ,γ) and k /∈ σ , define νk,σ ≥ 1 to be order of ĥσ (Ak). That is, νk,σ is
the smallest positive integer such that νk,σ ĥσ (Ak) vanishes modulus ησ , or equivalently νk,σ A−1

σ Ak

∈ Z
m. Let

R∗2(σ ;c) := ∏
k/∈σ

[

1− (

eck−πσ Ak
)νk,σ

]

(4.56)

and

R∗1(y,σ ;c) := ec′x(σ) ∑
u∈U�σ

δσ (y−A�σ u)eu′(c �σ−πσ A�σ ) (4.57)

= ec′x(σ) ∑
u∈U�σ

{

eu′(c �σ−πσ A�σ ) : ĥσ (y)≡ ĥσ (A�σ )u mod ησ

}

,

with U�σ ⊂ Z
n−m being the set {u ∈ Z

n−m |0≤ uk ≤ νk,σ −1}.
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Corollary 4.2. Let c ∈ R
n be regular and let y ∈ γ ∩Z

m for some chamber γ . Then

̂fd(y,c) = ∑
σ∈B(Δ ,γ)

R∗1(y,σ ;c)
R∗2(σ ;c)

, (4.58)

with R∗1,R
∗
2 as in (4.56) and (4.57).

So in Corollary 4.2 the evaluation of R1 in Theorem 4.4 is replaced with the simpler finite group
problem of evaluating R∗1 in (4.57).

One may even proceed further. Pick up a minimal representative element in every class Ec[ j,σ ],
i.e., fix

ξ σ
j ∈ Ec[ j,σ ] such that A−1

σ y≥ A−1
σ ξ σ

j ≥ 0 (4.59)

for every y ∈ Ec[ j,σ ] with A−1
σ y ≥ 0. The minimal element ξ σ

j is computed as follows: Let

d ∈ Ec[ j,σ ] be arbitrary and let d∗ ∈ Z
m be such that d∗k := �−(A−1

σ d)k�, k = 1, . . . ,m. Then
ξ σ

j := d +Aσ d∗ satisfies (4.59) and A−1
σ y≥ 0 holds iff

y = ξ σ
j +Aσ q with q ∈ N

m. (4.60)

Theorem 4.5. Let c ∈ R
n be regular, y ∈ Z

m ∩ γ for some given chamber γ , and let ξ j,σ be
as in (4.59). For every basis σ ∈B(Δ ,γ) there is a unique index 0 ≤ j(y) < μσ such that
y ∈ Ec[ j(y),σ ], and

̂fd(y,c) = ∑
σ∈B(Δ ,γ)

R1(ξ σ
j(y),σ ;c)

R2(σ ;c)
ec′σ �A−1

σ y�, (4.61)

with the convention �Aσ
−1y�= (�(Aσ

−1y)k�) ∈ Z
m.

Theorem 4.5 states that in order to compute ̂fd(y,c) for arbitrary values y ∈ Z
m ∩ γ , it suffices

to compute R1(v,σ ;c) (or R∗1(v,σ ;c)) for finitely many explicit values v = ξ σ
j , with σ ∈B(Δ ,γ)

and 0 ≤ j < μσ , and one obtains ̂fd(y,c) via (4.61). In other words, in a chamber γ , one only
needs to consider finitely many fixed convex cones C(Ω(ξ σ

j ),σ) ⊂ R
n, where σ ∈ B(Δ ,γ) and

0 ≤ j < μσ , and compute their associated rational function (4.61). (For the whole space Z
m it

suffices to consider all chambers γ and all cones C(Ω(ξ j,σ ),σ) ⊂ R
n, where σ ∈ B(Δ ,γ) and

0≤ j < μσ .) The counting function ̂fd(y,c) is then obtained as follows.
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Algorithm 2 to compute ̂fd(y,c):

Input: y ∈ Z
m∩ γ, c ∈ R

n.
Output: ρ = ̂fd(y,c).
Set ρ := 0. For every σ ∈B(Δ ,γ)

• compute ξ σ
j(y) := y−Aσ�A−1

σ y� ∈ Z
m.

• read the value R1(ξ σ
j(y),σ ;c)/R2(σ ,c), and update ρ by

ρ := ρ +
R1(ξ σ

j(y)σ ;c)

R2(σ ;c)
ec′σ �A−1

σ y�.

Finally, in view of (4.54)–(4.55), the above algorithm can be symbolic, i.e., w := ec ∈ R
n can be

treated symbolically, and ρ = ̂fd(y,w) becomes a rational fraction of w.

4.7 Notes

Most of the material is from Barvinok [14], Barvinok and Pommersheim [15], Barvinok and Woods
[16], Brion and Vergne [27], and Lasserre and Zeron [98, 99, 100]. The Markov chain Monte
Carlo method for approximate counting and its complexity are nicely discussed in, e.g., Jerrum and
Sinclair [72].

Another algebraic approach that avoids computing residues was also proposed in [98]. It is based
on Hilbert’s Nullstellensatz and as in Section 4.5, it provides a special decomposition of ̂Fd(z,c)
into certain partial fractions. Again, the main work is the computation of the coefficients of the
polynomials involved in this decomposition, which reduces to solving a linear system as bounds on
the degree of the polynomials in this decomposition are available (see, e.g., Seidenberg [122] and
Kollár [82]). However, this approach works only for relatively small values of m. Beck [20] also
uses a partial fraction decomposition approach for counting lattice points in a polytope.

There are also specialized algorithms when the matrix A is unimodular, in which case Brion and
Vergne’s formula (4.14) simplifies significantly. See for instance the works of Baldoni-Silva and
Vergne [11], Baldoni et al. [12], Beck [17], and Beck Diaz, and Robins [19], as well as the software
developed in Cochet’s thesis [33] with several applications, most notably in algebraic geometry. The
unimodular case is also considered in De Loera and Sturmfels [44] using a Gröbner base approach
as well as Barvinok’s algorithm.

The primal approach that uses Barvinok’s algorithm has been implemented in the software pack-
age LattE developed by De Loera et al. [40, 41], available at http://www.math.ucdavis.
edu/∼latte/.

Finally, for details on approximate counting via Markov chain Monte Carlo methods, the inter-
ested reader is referred to, e.g., Dyer et al. [50, 48] and Jerrum and Sinclair [72].



Chapter 5
Relating the Discrete Problems Pd and Id with P

5.1 Introduction

In the respective discrete analogues Pd and Id of (3.1) and (3.2), one replaces the positive cone in
R

n (x≥ 0) by N
n, that is, with A ∈ Z

m×n, b ∈ Z
m, and c ∈ R

m, (3.1) becomes the integer program

Pd : fd(y,c) := max
x
{c′x |Ax = y, x ∈ N

n }, (5.1)

whereas (3.2) becomes a summation over N
n∩Ω(y), i.e.,

Id : ̂fd(y,c) :=
{

∑
x

ec′x |Ax = y, x ∈ N
n
}

. (5.2)

In Chapter 4 we proposed an algorithm to compute ̂fd(y,c). In this chapter we see how Id and its
dual I∗d provide insights into the discrete optimization problem Pd .

We first compare I∗ and I∗d , which are of the same nature, that is, complex integrals that one
can solve by Cauchy’s residue techniques as in Chapter 2 and 4, respectively. However, there are
important differences between I∗ and I∗d that make the latter problem much more difficult to solve.
We next make a comparison between Id and Pd pretty much in the spirit of the comparison that
we already made between I, I∗ and P, P∗ in Section 3.2. The insights provided by I∗d permit us to
define precisely what are the dual variables of Pd and how they are related to the well-known dual
variables of P∗.

Again, the approach we follow is dual to the algebraic methods described in [126, 128] as well
as in [58], where integer programming appears as an arithmetic refinement of linear programming.
In contrast, we work in the range space (⊂ Z

m) of the linear mapping A instead of the primal space

J.B. Lasserre, Linear and Integer Programming vs Linear Integration and Counting,
Springer Series in Operations Research and Financial Engineering, DOI 10.1007/978-0-387-09414-4 5,
c© Springer Science+Business Media, LLC 2009
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Z
n. The variables of interest associated with the constraints Ax = y are the analogues of the usual

dual variables in linear programming, except they are now in C
m rather than in R

m.

5.2 Comparing the dual problems I∗ and I∗d

We saw in Chapter 3 that the dual problem I∗ (3.8) is the inversion process at the point y ∈ R
m of

the Laplace transform ̂F(·,c) of ̂f (·,c), exactly as the dual problem P∗ is the inversion process at
y ∈ R

m of the Legendre–Fenchel transform F(·,c) of f (·,c). In the former the inversion process
is the inverse Laplace transform, whereas in the latter it is again the Legendre–Fenchel transform,
which is involutive for convex functions.

Similarly, the dual problem I∗d in (2.3) is the inversion process at the point y ∈ R
m, of the

Z-transform (or generating function) ̂Fd(·,c) of ̂fd(·,c), i.e., the perfect discrete analogue of I∗,
as the Z-transform is the perfect analogue of the Laplace transform. One has the parallel between
the duality types shown in the following table:

Table 5.1 Parallel duality, . . .

Continuous Laplace Duality Discrete Z-Duality

̂f (y,c) :=
∫

Ax=y;x∈Rn
+

ec′x dσ ̂fd(y,c) := ∑
Ax=y;x∈Nn

ec′x

̂F(λ ,c) :=
∫

Rm
e−λ ′y

̂f (y,c)dy ̂Fd(z,c) := ∑
y∈Zm

z−y
̂fd(y,c)

=
n

∏
k=1

1
(A′λ − c)k

=
n

∏
k=1

1
1− eck z−Ak

with ℜ(A′λ − c) > 0. with |zA|> ec

I∗ :
∫

γ±i∞
ey−em ̂F(λ ,c)dλ I∗d :

∫

|z|=ρ
ey−em ̂Fd(z,c)dz

with A′γ > c with A′ lnρ > c

Observe that both dual problems I∗ and I∗d are of same nature as both reduce to computation of
a complex integral whose integrand is a rational function. In particular, we saw in Chapter 2 and 4,
respectively, how both problems I∗ and I∗d can be solved by Cauchy residue techniques. Notice
also that the respective domains of definition of ̂F and ̂Fd are identical. Indeed, writing z = eλ

with λ ∈ C yields |zA| ≥ 1 ⇔ ℜ(A′λ − c) ≥ 0. However, a quick look at the residue algorithms
(Section 2.4 for I∗ and Section 4.4 for I∗d) reveals immediately that I∗d is much more difficult to
solve than I∗, despite that both integrands, the Laplace transform ̂F and the Z-transform ̂Fd , share
some similarities. Indeed, there is an important difference between I∗ and I∗d . While in I∗ the data
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{A jk} appear as coefficients of the dual variables λk in ̂F(λ ,c), in I∗d they now appear as exponents
of the dual variables zk in ̂Fd(z,c). As an immediate consequence, the rational function ̂Fd(·,c) has
many more poles than ̂F(·,c) (by considering one variable at a time), and in particular, many of
them are complex, whereas ̂F(·,c) has only real poles. As a result, the integration of ̂Fd(z,c) is more
complicated than that of ̂F(λ ,c). This is reflected not only in the residue algorithms of Section 2.4
and Section 4.4, but also in the respective Brion and Vergne’s continuous and discrete formulas
(2.15) and (4.14). However, we will see that the poles of ̂Fd(z,c) are still simply related to those of
̂F(λ ,c).

5.3 A dual comparison of P and Pd

We are now in a position to see how I∗d provides some nice information about the optimal value
fd(b,c) of the discrete optimization problem Pd .

Recall that A ∈ Z
m×n and y ∈ Z

m, which implies in particular that the lattice Λ := A(Zn) is a
sublattice of Z

m (Λ ⊂Z
m). Note that y in (5.1) and (5.2) is necessarily in Λ . Recall also the notation

used in Section 2.3 and Section 4.3.

Theorem 5.1. Let A∈Z
m×n, y∈Z

m and let c∈Z
n be regular with−c in the interior of (Rn

+∩
V )∗. Let y∈ γ∩A(Zn) and let q∈N be the least common multiple (l.c.m.) of {μ(σ)}σ∈B(Δ ,γ).

If Ax = y has no solution x ∈ N
n then fd(y,c) =−∞. Otherwise, if

max
x(σ):σ∈B(Δ ,γ)

[

c′x(σ)+ lim
r→∞

1
r

lnUσ (y,rc)
]

(5.3)

is attained at a unique vertex x(σ) of Ω(y), then

fd(y,c) = max
x(σ):σ∈B(Δ ,γ)

[

c′x(σ)+ lim
r→∞

1
r

lnUσ (y,rc)
]

= max
x(σ):σ∈B(Δ ,γ)

[

c′x(σ)+
1
q
(deg Pσy−deg Qσy)

]

(5.4)

for some real-valued univariate polynomials Pσy, Qσy.
Moreover, the term limr→∞ lnUσ (y,rc)/r or (deg Pσy− deg Qσy)/q in (5.4) is a sum of

certain reduced costs ck−πσ Ak (with k �∈ σ ).

A proof is postponed until Section 5.4. Of course, (5.4) is not easy to evaluate but it shows that
the optimal value fd(y,c) of Pd is strongly related to the various complex poles of ̂Fd(z,c). It is also
interesting to note the crucial role played by the reduced costs (ck−πσ Ak) in linear programming.
Indeed, from the proof of Theorem 5.1, the optimal value fd(y,c) is the value of c′x at some vertex
x(σ) plus a sum of certain reduced costs. Thus, as for the linear program P, the optimal value fd(y,c)
of Pd can be found by inspection of (certain sums of) reduced costs associated with each vertex of
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Ω(y). In fact, when the max in (5.4) is attained at a unique vertex, this vertex is the optimal vertex
σ∗ of the linear program P. We come back to this in more detail in Chapter 6.

We next derive an asymptotic result that relates the respective optimal values fd(y,c) and f (y,c)
of Pd and P.

Corollary 5.1. Let A ∈ Z
m×n, y ∈ Z

m and let c ∈ R
n be regular with −c in the interior of

(Rn
+∩V )∗. Let y ∈ γ ∩Λ and let x∗ ∈Ω(y) be an optimal vertex of P, that is, f (y,c) = c′x∗ =

c′x(σ∗) for σ∗ ∈B(Δ ,γ), the unique optimal basis of P. Then for t ∈ N sufficiently large,

fd(ty,c)− f (ty,c) = lim
r→∞

[

1
r

lnUσ∗(ty,rc)
]

. (5.5)

In particular, for t ∈N sufficiently large, the function t �→ f (ty,c)− fd(ty,c) is periodic (con-
stant) with period μ(σ∗).

A proof is postponed until Section 5.4. Thus, when y ∈ γ ∩Λ is sufficiently large, say y = ty0

with y0 ∈ Λ and t ∈ N, the max in (5.3) is attained at the unique optimal basis σ∗ of the linear
program P (see details in Section 5.4).

From Theorem 5.1 it also follows that for sufficiently large t ∈ N, the optimal value fd(ty,c) is
equal to f (ty,c) plus a certain sum of reduced costs (ck−πσ∗Ak) (with k �∈ σ∗) with respect to the
optimal basis σ∗.

We now provide an alternative formulation of Brion and Vergne’s discrete formula (4.14), one
which explicitly relates dual variables of P and what we also call dual variables of Pd . Recall
that a feasible basis of the linear program P is a basis σ ∈B(Δ) for which A−1

σ y ≥ 0. Thus, let
σ ∈ B(Δ) be a feasible basis of the linear program P, and consider the system of polynomial
equations zAσ = ecσ in C

m (where cσ ∈ R
m is the vector {c j} j∈σ ), i.e.,

z
A1 j
1 · · ·z

Am j
m = ec j , ∀ j ∈ σ . (5.6)

The above system (5.6) has ρ(σ) (= det Aσ ) solutions {z(k)}ρ(σ)
k=1 in the form

z(k) = eλ e2iπθ(k), k = 1, . . . ,ρ(σ) (5.7)

for ρ(σ) vectors {θ(k)} in R
m.

Indeed, writing z = eλ e2iπθ (i.e., the vector {eλ j e2iπθ j}m
j=1 in C

m), and passing to the logarithm
in (5.6), yields

A′σ λ + 2iπ A′σ θ = cσ . (5.8)

Thus, λ ∈ R
m is the unique solution of A′σ λ = cσ , and θ satisfies

A′σ θ ∈ Z
m. (5.9)
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Equivalently, θ belongs to (⊕ j∈σ A jZ)∗, the dual lattice of ⊕ j∈σ A jZ.
Thus, there is a one-to-one correspondence between the ρ(σ) solutions {θ(k)} and the finite

group G′(σ) = (⊕ j∈σ A jZ)∗/Z
m. With s := μ(σ), recall that G(σ) = (⊕ j∈σ A jZ)∗/Λ ∗ and so

G(σ) = {g1, . . . ,gs} is a subgroup of G′(σ). Define the mapping θ : G(σ)→R
m,

g �→ θg := (A′σ )−1g,

so that for every character e2iπy of G(σ), y ∈Λ , we have

e2iπy(g) = e2iπy′θg , y ∈Λ , g ∈ G(σ). (5.10)

and
e2iπA j(g) = e2iπA′jθg = 1, j ∈ σ . (5.11)

So, for every σ ∈B(Δ), denote by {zg}g∈G(σ) these μ(σ)≤ ρ(σ) solutions of (5.7), that is,

zg = eλ e2iπθg ∈ C
m, g ∈ G(σ), (5.12)

with λ = (A′σ )−1cσ , and where eλ ∈ R
m is the vector {eλi}m

i=1.
So, in the linear program P we have a dual vector λ ∈ R

m associated with each basis σ . In
the integer program Pd , with each (same) basis σ are now associated μ(σ) dual (complex) vectors
λ +2iπθg, g∈G(σ). Hence, with a basis σ in linear programming, {λ +2iπθg} are what we call the
dual variables of Pd with respect to the basis σ ; they are obtained from (a) the corresponding dual
variables λ ∈ R

m in linear programming and (b) a periodic correction term 2iπθg ∈ C
m, g ∈ G(σ).

We next introduce what we call the vertex residue function.

Definition 5.1. Let y ∈ Λ and let c ∈ R
n be regular. Let σ ∈B(Δ) be a feasible basis of the linear

program P and for every r ∈ N, let {zgr}g∈G(σ) be as in (5.12), with rc in lieu of c, that is,

zgr = erλ e2iπθg ∈ C
m, g ∈ G(σ), with λ = (A′σ )−1cσ .

The vertex residue function associated with the basis σ of the linear program P is the function
Rσ (zg, ·) : N→R defined by

r �→ Rσ (zg,r) :=
1

μ(σ) ∑
g∈G(σ)

zy
gr

∏ j �∈σ (1− z−Ak
gr erck)

, (5.13)

which is well-defined because when c is regular, |zgr|Ak �= erck for all k �∈ σ .

The name vertex residue is now clear because in the integration (4.12), Rσ (zg,r) is to be in-
terpreted as a generalized Cauchy residue with respect to the μ(σ) poles {zgr} of the generating
function ̂Fd(z,rc).

Recall that from Corollary 5.1 , when y ∈ γ ∩Λ is sufficiently large, say y = ty0 with y0 ∈ Λ
and some large t ∈ N, the max in (5.4) is attained at the unique optimal basis σ∗ of the linear
program P.
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Proposition 5.1. Let c be regular with −c ∈ (Rn
+∩V )∗, and let y ∈ γ ∩Λ be sufficiently large

so that the max in (5.3) is attained at the unique optimal basis σ∗ of the linear program P.
Let {zgr}g∈G(σ∗) be as in Definition 5.1 with σ = σ∗.

Then the optimal value of Pd satisfies

fd(y,c) = lim
r→∞

1
r

ln

[

1
μ(σ∗) ∑

g∈G(σ∗)

zy
gr

∏k �∈σ∗(1− z−Ak
gr erck)

]

= lim
r→∞

1
r

lnRσ∗(zg,r), (5.14)

and the optimal value of P satisfies

f (y,c) = lim
r→∞

1
r

ln

[

1
μ(σ∗) ∑

g∈G(σ∗)

|zgr|y
∏k �∈σ∗(1−|zgr|−Ak erck)

]

= lim
r→∞

1
r

ln Rσ∗(|zg|,r). (5.15)

A proof is postponed until Section 5.4. Proposition 5.1 shows that there is indeed a strong rela-
tionship between the integer program Pd and its continuous analogue, the linear program P. Both
optimal values obey exactly the same formula (5.14), but for the continuous version, the complex
vector zg ∈C

m is replaced with the vector |zg|= eλ ∗ ∈R
m of its component moduli, where λ ∗ ∈R

m

is the optimal solution of the LP dual P∗ of P. In summary, when c ∈ R
n is regular and y ∈ γ ∩Λ is

sufficiently large, we have the correspondence displayed in Table 5.2.

Table 5.2 Comparing P and Pd

Linear Program P Integer Program Pd

Unique optimal basis σ∗ Unique optimal basis σ∗

One optimal dual vector μ(σ∗) dual vectors
λ ∗ ∈ R

m zg ∈ C
m, g ∈ G(σ∗)

lnzg = λ ∗+2iπθg

f (y,c) = lim
r→∞

1
r

lnRσ∗ (|zg|,r) fd(y,c) = lim
r→∞

1
r

lnRσ∗ (zg,r)
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5.4 Proofs

Proof of Theorem 5.1

Use (1.3) and (4.14)–(4.15) to obtain

e fd(y,c) = lim
r→∞

[

∑
x(σ):σ∈B(Δ ,γ)

erc′x(σ)

μ(σ)
Uσ (y,rc)

]1/r

= lim
r→∞

[

∑
x(σ):σ∈B(Δ ,γ)

Hσ (y,rc)

]1/r

. (5.16)

Next, from the expression of Uσ (y,c) in (4.15), and with rc in lieu of c, we see that Uσ (y,rc) is a
function of the variable u = er, which in turn implies that Hσ (y,rc) is also a function of u, of the
form

Hσ (y,rc) = (er)c′x(σ) ∑
g∈G(σ)

e2iπy(g)

∑ j

(

δ j(σ ,g,A)× (er)α j(σ ,c)
) , (5.17)

for finitely many coefficients {δ j(σ ,g,A),α j(σ ,c)}. Note that the coefficients α j(σ ,c) are sums of
some reduced costs (ck−πσ Ak) (with k �∈ σ ). In addition, the (complex) coefficients {δ j(σ ,g,A)}
do not depend on y.

Let u := er/q with q be the l.c.m. of {μ(σ)}σ∈B(Δ ,γ). As q(ck−πσ Ak) ∈ Z for all k �∈ σ ,

Hσ (y,rc) = uqc′x(σ)× Pσy(u)
Qσy(u)

(5.18)

for some polynomials Pσy,Qσy ∈R[u]. In view of (5.17), the degree of Pσy and Qσy, which depends
on y but not on the magnitude of y, is uniformly bounded in y. Therefore, as r→ ∞,

Hσ (y,rc) ≈ uqc′x(σ)+deg Pσy−deg Qσy , (5.19)

so that the limit in (5.16), which is given by max
σ

ec′x(σ) lim
r→∞

Uσ (y,rc)1/r (as we have assumed unicity

of the maximizer σ ), is also

max
x(σ):σ∈B(Δ ,γ)

ec′x(σ)+(deg Pσy−deg Qσy)/q.

Therefore, fd(y,c) =−∞ if Ax = y has no solution x ∈ N
n and

fd(y,c) = max
x(σ):σ∈B(Δ ,γ)

[

c′x(σ)+
1
q
(deg Pσy−deg Qσy)

]

(5.20)

otherwise, from which (5.4) follows easily. ��
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Proof of Corollary 5.1

Let t ∈ N and note that f (ty,rc) = tr f (y,c) = trc′x∗ = trc′x(σ∗). As in the proof of Theorem 5.1,
and with ty in lieu of y, we have

̂fd(ty,rc)1/r = etc′x∗
[

Uσ∗(ty,rc)
μ(σ∗)

+ ∑
x(σ)�=x∗:σ∈B(Δ ,γ)

(

erc′x(σ)

erc′x(σ∗)

)t
Uσ (tb,rc)

μ(σ)

]1/r

and from (5.17)–(5.18), setting δσ := c′x∗ − c′x(σ) > 0 and u := er/q,

̂fd(ty,rc)1/r = etc′x∗
[

Uσ∗(ty,rc)
μ(σ∗)

+ ∑
x(σ)�=x∗:σ∈B(Δ ,γ)

u−tqδσ Pσty(u)
Qσty(u)

]1/r

.

Observe that c′x(σ∗)− c′x(σ) > 0 whenever σ �= σ∗ because Ω(y) is simple if y ∈ γ and c
is regular. Indeed, as x∗ is an optimal vertex of the LP problem P, the reduced costs (ck−πσ∗Ak)
(k �∈σ∗) with respect to the optimal basis σ∗ are all nonpositive and, in fact, strictly negative because
c is regular (see Section 2.3). Therefore, the term

∑
vertex x(σ)�=x∗

u−tqδσ Pσty(u)
Qσty(u)

is negligible for t sufficiently large, when compared with Uσ∗(tu,rc). This is because the degrees
of Pσty and Qσty depend on ty but not on the magnitude of ty (see (5.17)–(5.18)), and they are
uniformly bounded in ty. Hence, taking limit as r→∞ yields

e fd(ty,c) = lim
r→∞

[

ertc′x(σ∗)

μ(σ∗)
Uσ∗(ty,rc)

]1/r

= etc′x(σ∗) lim
r→∞

Uσ∗(ty,rc)1/r,

from which (5.5) follows easily.
Finally, the periodicity is coming from the term e2iπty(g) in (4.15) (with ty in lieu of y) for

g ∈ G(σ∗). The period is then the order of G(σ∗), that is, the volume of the convex polytope
{∑ j∈σ∗ t jA j |0≤ t j ≤ 1}, normalized so that volume(Rm/Λ) = 1, i.e., μ(σ). ��

Proof of Proposition 5.1

With Uσ∗(y,c) as in (4.15), one has πσ∗ = (λ ∗)′ and so

e−πσ∗Ak e−2iπAk(g) = e−A′kλ ∗e−2iπA′kθg = z−Ak
g , g ∈ G(σ∗).

Next, using c′x(σ∗) = y′λ ∗,
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ec′x(σ∗)e2iπy(g) = ey′λ ∗e2iπy′θg = zy
g, g ∈ G(σ∗).

Therefore,
1

μ(σ∗)
ec′x(σ)Uσ∗(y,c) =

1
μ(σ∗) ∑

g∈G(σ∗)

zy
g

(1− z−Ak
g eck)

= Rσ∗(zg,1),

and (5.14) follows from (5.4) because, with rc in lieu of c, zg becomes zgr = erλ ∗e2iπθg (only the
modulus changes).

Next, as only the modulus of zg is involved in (5.15), we have |zgr|= erλ ∗ for all g ∈ G(σ∗), so
that

1
μ(σ∗) ∑

g∈G(σ∗)

|zgr|y
∏k �∈σ∗(1−|zgr|−Ak erck)

=
ery′λ ∗

∏k �∈σ∗(1− er(ck−A′kλ ∗))
,

and, as r→∞ ,
ery′λ ∗

∏k �∈σ∗(1− er(ck−A′kλ ∗))
≈ ery′λ ∗ ,

because (ck−A′kλ ∗) < 0 for all k �∈ σ∗. Therefore,

lim
r→∞

1
r

ln

[

ery′λ ∗

∏k �∈σ∗(1− er(ck−A′kλ ∗))

]

= y′λ ∗ = f (y,c),

the desired result. ��

5.5 Notes

Most of the material of this chapter is taken from Lasserre [87, 88]. We have seen that several
duality results can be derived from the generating function ̂Fd of the counting problem Id associated
with the integer program Pd . However, the asymptotic results of Corollary 5.1 had been already
obtained in Gomory [58] via a (primal) algebraic approach. In the next chapter we analyze Brion
and Vergne’s discrete formula and make the link with the Gomory relaxations introduced in the
algebraic approach of Gomory [58].



Chapter 6
Duality and Gomory Relaxations

The last part of the book is mainly concerned with duality results for the integer programming
poblem Pd . We relate the old agebraic concept of Gomory relaxation with results of previous chap-
ters. We also provide some new duality results and relate them to superadditivity.

6.1 Introduction

We pursue our investigation on the integer program Pd in (5.1) from a duality point of view, initiated
in previous chapters. The main goal of this chapter is to provide additional insights into Pd and relate
some results already obtained in Chapter 5 with the so-called Gomory relaxations, an algebraic
approach introduced by Gomory [58] in the late 1960s further studied in Wolsey [133, 134, 136],
and more recently by Gomory et al. [60], Thomas [128], and Sturmfels and Thomas [126] (see also
Aardal et al. [1]).

In particular, we will show that Brion and Vergne’s formula (2.15) is strongly related to Gomory
relaxations. Interestingly, the Gomory relaxations also have a nice interpretation in terms of initial
ideals in the algebraic approaches developed in Sturmfels and Thomas [126] and Thomas [128].

Next, as already mentioned, most duality results available for integer programs have been ob-
tained via the use of superadditive functions as in, e.g., Wolsey [136], and the smaller class
of Chvátal and Gomory functions as in, e.g., Blair and Jeroslow [23] (see also Schrijver [121,
pp. 346–353] and the many references therein). However, Chvátal and Gomory functions are
only defined implicitly from their properties, and the resulting dual problems defined in, e.g.,
[23, 71, 136] are essentially conceptual in nature; rather, Gomory functions are used to generate
cutting planes for the (primal) integer program Pd . For instance, a dual problem of Pd is the opti-
mization problem

min
f∈Γ
{ f (y)| f (A j)≥ c j, j = 1, . . . ,n}, (6.1)

where Γ is the set of all superadditive functions f : R
m (or Z

m)→R, with f (0) = 0 (called price
functions in Wolsey [134]). In principle, this dual problem permits us to retrieve many ingredients
of linear programming (e.g., weak and strong duality and complementarity slackness) and to derive
qualitative postoptimality analysis (see, e.g., Wolsey [134]). However, as already said, the dual

J.B. Lasserre, Linear and Integer Programming vs Linear Integration and Counting,
Springer Series in Operations Research and Financial Engineering, DOI 10.1007/978-0-387-09414-4 6,
c© Springer Science+Business Media, LLC 2009
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problem (6.1) is rather conceptual as the constraint set in (6.1) is not easy to handle, even if it may
reduce to a (huge) linear program. For instance, the characterization of the integer hull of the convex
polyhedron {x ∈ R

n|Ax ≤ y,x ≥ 0} via the functions f ∈ Γ in Wolsey [134, Theor. 6] is mainly of
theoretical nature.

We already mentioned in Chapter 4 that the approach we follow is dual to the algebraic methods
just mentioned. Indeed, recall that the variables of interest associated with the constraints Ax = y are
the analogues of the usual dual variables in linear programming, except they are now in C

m rather
than in R

m. So, if in the primal algebraic approaches described in Sturmfels and Thomas [126] and
Thomas [128], integer programming appears as an arithmetic refinement of linear programming,
in the present dual approach, integer programming appears as a complexification (in C

m) of the
associated LP dual (in R

m). That is, restricting the primal LP (in R
n) to the integers N

n induces
enlarging the dual LP (in R

m) to C
m.

In this Chapter latter statement is clarified and a dual problem P∗d is made explicit. It can be
interpreted as an analogue of the linear program dual P∗ of P in the sense that it is obtained in a
similar fashion, by using an analogue of the Legendre–Fenchel transform in which the dual variables
z are now in C

m. If z is replaced with its vector |z| of component moduli, we retrieve the usual
Legendre–Fenchel transform, and thus, the usual dual P∗.

6.2 Gomory relaxations

With A ∈ Z
m×n, y ∈ Z

m, c ∈ Q
n, consider the integer program Pd in (5.1) and its associated linear

program P, with respective optimal values fd(y,c) and f (y,c).
Let σ be an optimal basis of P, and let A be partitioned into [Aσ |AN ] with Aσ ∈ Z

m×m being the
matrix basis, and AN ∈ Z

m×(n−m). With cσ := {c j} j∈σ , let πσ := cσ A−1
σ ∈ R

m be the dual vector
associated with σ , and let x(σ) = [xσ ,xN ] ∈R

n be an optimal vertex. Consider the integer program:

IPσ (y) :

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

max
x,v ∑k �∈σ (ck−πσ Ak)xk

s.t. Aσ v+∑k �∈σ Ak xk = y,

v ∈ Z
m, xk ∈ N ∀k �∈ σ ,

(6.2)

with optimal value denoted by max IPσ (y). Notice that max IPσ (y)≤ 0 because σ being an optimal
basis makes the reduced costs {ck−πσ Ak}k �∈σ all nonpositive. It is called a relaxation of Pd because
IPσ (y) is obtained from Pd by relaxing the nonnegativity constraints on the variables x j with j ∈ σ .
Therefore,

fd(y,c)≤ c ′x(σ)+max IPσ (y)≤ c ′x(σ), ∀y ∈ Z
m.

Next, the integer program IPσ (y) can be written in the equivalent form:
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⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

max
x ∑k �∈σ (ck−πσ Ak)xk

s.t. ∑k �∈σ (A−1
σ Ak)xk = A−1

σ y (mod1),

xk ∈ N ∀k �∈ σ

(6.3)

a particular instance of the more general group problem

IPG(g0) : max
x∈Ns

{

c ′x |
s

∑
k=1

gk xk = g0 in G

}

, (6.4)

where (G,+) is a finite abelian group, {gk} ⊂G, and gkxk stands for gk + · · ·+gk, xk times. Indeed,
in view of (6.3) take G := Λ/Z

m with Λ being the group A−1
σ (Zm), so that |G|= |Aσ |. That is why

(6.2) (or (6.3)) is called the Gomory (asymptotic) group relaxation. In fact (with the notation a|b
standing for a divides b, when a,b ∈ Z) we have:

Proposition 6.1. Every finite abelian group is isomorphic to the group Zδ1
× ·· ·×Zδp of integer

p-vectors with addition modulo (δ1, . . . ,δp), with δi ∈ Z+ \{0,1} and δ1|δ2| · · · |δn.

See for instance Aardal et al. [1]. Solving the group problem IPG(g0) reduces to solving a longest
path problem in a graph G̃ with |G| nodes. From each node g ∈ G̃ there is an arc g→g + g j with
associated reward c j−πσ A j ≥ 0, and one wishes to find the longest path from 0 to g0 ∈ G̃. This can
be achieved in O((n−m)|G|) operations. In addition, there is an optimal solution x ∈ N

s of (6.4)
such that ∏s

k=1(1+ xk)≤ |G|; see [1, p. 61].
Of course if an optimal solution x∗N = {x∗j} j �∈σ of the group problem (6.3) satisfies x∗σ := A−1

σ y−
A−1

σ ANx∗N ≥ 0 then [x∗σ ,x∗N ] ∈ N
n is an optimal solution of Pd , and the Gomory relaxation (6.2)

is said to be exact. This eventually happens when y is large enough (whence the name Gomory
“asymptotic” group relaxation).

The corner polyhedron CP(σ) associated with Pd is the convex hull

CP(σ) := conv{ xN ∈ Z
n−m
+ | A−1

σ y−A−1
σ ANxN ∈ Z

m } (6.5)

of the feasible set of (6.3). In particular, it contains the convex hull

conv{ xN ∈ Z
n−m
+ | A−1

σ y−A−1
σ ANxN ∈ Z

m
+ }

of the projection on the nonbasic variables of the feasible set of Pd . An important property of CP(σ)
is that its facets are cutting planes of the integer programming problem Pd .

More generally, Gomory considered the feasible set of the group problem IPG(g0) when all ele-
ments g ∈G appear, i.e., the group constraint in (6.4) reads ∑g∈G gxg = g0. Its convex hull P(G,g0)
is called the master polyhedron associated with G and g0 �= 0, and its facet-defining inequalities can
be characterized in terms of subadditive functions; namely, as described in the following:

Proposition 6.2. Let 0 �= g0 ∈ G, and let π ∈ R
|G|
+ with π0 = 0. The inequality ∑g∈G πgxg ≥ 1

is facet-defining for P(G,g0) if and only if
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{

πg1 +πg2 ≥ πg1+g2 ∀g1,g2 ∈ G\{0,g0},
πg +πg0−g = πg0 = 1 ∀g ∈ G\{0}. (6.6)

See, e.g., Gomory et al. [60] or Aardal et al. [1]. In fact, the facets of P(G,g0) are also cutting
planes of corner polyhedra associated with IP(G,g0) in (6.4) when only a subset of G appears in the
group constraint.

Among the many facets, some are likely to be “larger” (hence more important) than others, and
so one would like to detect them without knowing all the facets. This is done by Gomory’s shooting
theorem, which asserts that the facet of P(G,g0) hit by a random direction v is obtained by solving
the linear program that minimizes π ′v over the feasible set (6.6). In addition, knowledge of facets for
corner polyhedra with small group G also permits us to derive cutting planes for integer programs
of any size. This approach is developed in Gomory et al. [60].

6.3 Brion and Vergne’s formula and Gomory relaxations

Consider the counting problem Id (5.2) with value ̂fd(y,c), associated with the integer program Pd .
With the same notation and definitions as in Section 2.3, let Λ = A(Zn) and let c ∈R

n be regular
with −c in the interior of the dual cone (Rn

+ ∩V )∗. For a basis σ , let μ(σ) be the volume of the
convex polytope {∑ j∈σ A jt j,0≤ t j ≤ 1, ∀ j ∈ σ}, normalized so that vol(Rn/Λ) = 1. Recall that for
a chamber γ , and every y ∈Λ ∩ γ , Brion and Vergne’s discrete formula (4.14) reads

̂fd(y,c) = ∑
x(σ):σ∈B(Δ ,γ)

ec ′x(σ)

μ(σ)
Uσ (y,c)

with Uσ (y,c) = ∑
g∈G(σ)

e2iπy(g)
∏k �∈σ (1− e−2iπAk(g)e(ck−πσ Ak))

. (6.7)

In (6.7), G(σ) is the finite abelian group (⊕ j∈σ ZA j)∗/Λ ∗ of order μ(σ) (where Λ ∗ is the dual
lattice of Λ ); see Section 4.3. We next make explicit the term Uσ (y,c) and relate it with Gomory
relaxations.

The optimal value of Pd

We first refine the characterization (6.7). We assume for convenience that c ∈Q
n, but the result still

holds for c ∈ R
n (see Remark 6.1). Let y ∈ Λ . Given a vertex x(σ) of Ω(y), let πσ Aσ = cσ (with

cσ = {c j} j∈σ ), and define
Sσ := {k �∈ σ |Ak �∈ ⊕ j∈σ A jZ} (6.8)

and
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M+
σ := {k �∈ σ |(ck−πσ Ak) > 0},

M−σ := {k �∈ σ |(ck−πσ Ak) < 0}. (6.9)

When c is regular, then M+
σ ,M−σ define a partition of {1, . . . ,n}\σ . Note also that for the (unique)

optimal vertex x(σ∗) of the linear program P, M+
σ∗ = /0. Finally, for every k ∈ Sσ , denote by skσ ∈N

the smallest integer such that skσ Ak ∈ ⊕ j∈σ A jZ.

Lemma 6.1. Let c∈Q
n be regular with−c∈ (Rn

+∩V )∗, and y∈Λ . Let q∈N be large enough
to ensure that qc∈Z

m and q(ck−πσ Ak)∈Z for all σ ∈B(Δ),k �∈ σ , and let u := er/q, r ∈R.
Let Uσ (y,c) be as in (6.7). Then

(i) Uσ (y,rc) can be written as

Uσ (y,rc) =
Pσy

Qσy
(6.10)

for two Laurent polynomials Pσy,Qσy ∈ R[u,u−1]. In addition, the maximal algebraic degree
of Pσy is given by

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

q max∑k∈Sσ
(ck−πσ Ak)xk

s.t. Aσ v+∑k∈Sσ Ak xk = y,

v ∈ Z
m, xk ∈ N, xk < skσ ∀k ∈ Sσ ,

(6.11)

whereas the maximal algebraic degree of Qσy is given by

q ∑
k �∈Sσ

k∈M+
σ

(ck−πσ Ak)+qskσ ∑
k∈Sσ

k∈M+
σ

(ck−πσ Ak). (6.12)

(ii) As a function of the variable u := er/q, and when r→∞,

erc ′x(σ)Uσ (y,rc)≈ uqc′x(σ)+deg Pσy−deg Qσy , (6.13)

where “deg ” denotes the algebraic degree (i.e., the largest power, sign included).

A detailed proof is postponed until Section 6.6.

Remark 6.1. Lemma 6.1 is also valid if c ∈ R
n instead of Q

n. But this time, Pσy and Qσy in (6.10)
are no longer Laurent polynomials.

As a consequence of Lemma 6.1, we get
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Corollary 6.1. Let c be regular with −c ∈ (Rn
+∩V )∗, y ∈ Λ ∩ γ , and let x(σ), σ ∈B(Δ ,γ),

be a vertex of Ω(y). Then with Uσ (y,c) as in (6.7),

c ′x(σ)+ lim
r→∞

1
r

lnUσ (y,rc) = c ′x(σ)+maxIPσ (y), (6.14)

where maxIPσ (y) is the optimal value of the integer program IPσ (y):

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

max
x,v ∑

k∈M+
σ

(ck−πσ Ak)(xk− skσ )+ ∑
k∈M−σ

(ck−πσ Ak)xk

s.t. Aσ v+∑k �∈σ Ak xk = y,

v ∈ Z
m, xk ∈ N, xk < skσ ∀k �∈ σ .

(6.15)

For a proof see Section 6.6.

The link with Gomory relaxations

When σ is the optimal basis σ∗ of the linear program P, the integer program IPσ (y) in Corollary
6.1 reads

IPσ∗(y)

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

max
x,v ∑k �∈σ∗(ck−πσ∗Ak)xk

s.t. Aσ∗ v+∑k �∈σ∗ Ak xk = y,

v ∈ Z
m, xk ∈ N, xk < skσ∗ ∀k �∈ σ∗

(because M+
σ = /0). Observe that all the variables xk, k �∈ Sσ∗ , must be zero because of xk < skσ∗ = 1.

Next, the constraint xk < skσ∗ in IPσ∗(y) can be removed. Indeed, if in a solution (v,x) of IPσ∗(y)
some variable xk can be written pskσ∗ + rk for some p,rk ∈ N with p > 0, then one may replace
xk with x̃k := rk and obtain a better value because (ck−πσ∗Ak) < 0 and pAkskσ∗ = Aσ∗w for some
w ∈ Z

m. Therefore, IPσ∗(y) is nothing else than the Gomory asymptotic group relaxation defined in
(6.3) with σ = σ∗.

Observe that for every basis σ �= σ∗ of the linear program P, maxIPσ (y) < 0 and so,

c ′x(σ)+maxIPσ (y) < c ′x(σ) σ �= σ∗. (6.16)

In addition, with ρσ := ∑k∈M+
σ
(ck−πσ Ak)skσ > 0, one may rewrite (6.15) as
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⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

−ρσ +max
x,v ∑k �∈σ (ck−πσ Ak)xk

s.t. ∑k �∈σ (A−1
σ Ak)xk = A−1

σ y(mod 1),

xk ∈ {0,1, . . . ,skσ −1} ∀k �∈ σ ,

(6.17)

which is a group relaxation problem as defined in (6.3) with a bound constraint xk < skσ on the
variables. Indeed, when the cost coefficient of xk is positive, one needs this bound; otherwise the
relaxation has infinite optimal value because A−1

σ Akskσ ≡ 0 in G = A−1
σ (Zm)/Z

m.
Corollary 6.1 shows how this group relaxation concept naturally arises from a dual point of view

that considers the counting function ̂fd(y,c). Here, and as in Thomas [128], it is defined for an
arbitrary basis σ , and not necessarily for the optimal basis σ∗ of the linear program P, as in Wolsey
[134].

The group relaxations IPσ (y) in (6.15), or equivalently in (6.17), are defined for all feasible bases
σ of the LP problem P associated with Pd , whereas the (extended) group relaxations in Hosten and
Thomas [67] and Thomas [128] are defined with respect to the feasible bases σ of the LP dual P∗
of P. So our former primal group relaxations are bounded because of the constraint xk < skσ for
all k ∈M+

σ , whereas the latter dual group relaxations of Hosten and Thomas are bounded because
(ck−πσ Ak) < 0 for all k �∈ σ , i.e., M+

σ = /0; therefore, and because M+
σ = /0, the latter do not include

the bound constraints xk < skσ , and the cost function does not include the term −(ck−πσ Ak)skσ .
In addition, in the extended dual group relaxations of Hosten and Thomas [67] associated with
a basis σ , one enforces the nonnegativity of xk for some indices k ∈ σ (as in the extended group
relaxations of Wolsey [134] for the optimal basis σ∗). Finally, note that the bound constraint xk < skσ
in (6.15) is not added artificially; it comes from a detailed analysis of the leading term of the rational
fraction Pσy(u)/Qσy(u) in (6.10) as u→∞. In particular, the constant term ∑k∈M+

σ
(ck−πσ Ak)skσ is

the degree of the leading term of Qσy(u); see (6.12) (skσ = 1 if k �∈ Sσ ). This is why, when we look
at the leading power in (6.13), this term appears with a minus sign in (6.15).

One may also define what could be called extended primal group relaxations, that is, primal group
relaxations IPσ (y) in (6.15), with additional nonnegativity constraints on some components of the
vector v. They would be the primal analogues of the extended dual group relaxations of Hosten and
Thomas. Roughly speaking, enforcing nonnegativity conditions on some components of the vector
v in (6.15) amounts to looking at nonleading terms of Pσy(u)/Qσy(u) (see Remark 6.2 below).

Remark 6.2. Let us go back to the definition (6.7) of Uσ (y,c), that is (with u = e1/q), the compact
formula

Uσ (y,c) = ∑
g∈G(σ)

e2iπy(g)

∏k �∈σ (1− e−2iπAk(g)uq(ck−πσ Ak))
. (6.18)

Developing and writing Uσ (y,c) = Pσb(u)/Qσb(u), with Pσy,Qσy ∈ R[u,u−1], the Laurent poly-
nomial Pσy encodes all the values v of the feasible solutions of the group relaxation IPσ (y) in the
powers of its monomials uv and the number of solutions with value v, in the coefficient of uv (see
Section 6.6). So (6.18) is a compact encoding of the group relaxation IPσ (y).

We now obtain
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Theorem 6.1. Let c be regular with −c ∈ (Rn
+ ∩V )∗, and y ∈ Λ ∩ γ . Assume that Ax = y

has a solution x ∈ N
n. If the max in (5.3) is attained at a unique vertex x(σ∗) of Ω(y), then

σ∗ ∈B(Δ ,γ) is an optimal basis of the linear program P, and

fd(y,c) = c ′x(σ∗)+maxIPσ∗(y)

= c ′x(σ∗)+

⎡

⎢

⎣

max∑k �∈σ∗(ck−πσ∗Ak)xk

Aσ v+∑k �∈σ∗ Akxk = y

v ∈ Z
m, xk ∈ N ∀k �∈ σ∗.

(6.19)

Equivalently, the gap between the discrete and continuous optimal values is given by

fd(y,c)− f (y,c) = maxIPσ∗(y). (6.20)

Proof. Let σ∗ ∈B(Δ ,γ) be an optimal basis of the linear program P, with corresponding optimal
solution x(σ∗) ∈R

n
+. Let x∗ be an optimal solution of Pd and let vσ∗ := {x∗j} j∈σ∗ ∈N

m. The vector
(vσ∗ ,{x∗k}k �∈σ∗) ∈ N

n is a feasible solution to IPσ∗(y). Moreover,

n

∑
j=1

c jx
∗
j = c ′x(σ∗)+ ∑

j �∈σ∗
(ck−πσ∗Ak)x∗k . (6.21)

Therefore, if the max in (5.3) is attained at a unique vertex, then by (5.4),

fd(y,c) = max
x(σ): vertex of Ω(y)

[

c ′x(σ)+ lim
r→∞

1
r

lnUσ (y,rc)
]

≥ c ′x(σ∗)+ lim
r→∞

1
r

lnUσ∗(y,rc)

= c ′x(σ∗)+maxIPσ∗(y)
≥ c ′x(σ∗)+ ∑

k �∈σ∗
(ck−πσ∗Ak)x∗k

=
n

∑
j=1

c jx
∗
j = fd(y,c),

and so the max in (5.3) is necessarily attained at σ = σ∗. ��
As noted in Gomory [58], when the group relaxation IPσ∗(y) provides an optimal solution x∗ ∈ N

n

of Pd , then x∗ is obtained from an optimal solution x(σ∗) of the linear program P and a periodic
correction term ∑k �∈σ∗(ck− πσ∗Ak)x∗k . Indeed, for all ỹ := y + Aσ∗v, v ∈ Z

m, the group relaxation
IPσ∗(ỹ) has same optimal value as IPσ∗(y).

We also obtain the following sufficient condition on the data of Pd to ensure that the group
relaxation IPσ∗(y) provides an optimal solution of Pd .
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Corollary 6.2. Let c be regular with −c ∈ (Rn
+∩V )∗, and y ∈Λ ∩ γ . Let x(σ∗) be an optimal

vertex of the linear program P with optimal basis σ∗ ∈B(Δ ,γ). If

c ′x(σ∗)+ ∑
k �∈σ∗

(ck−πσ∗Ak)(skσ∗ −1) > c ′x(σ)− ∑
k �∈σ

k∈M+
σ

(ck−πσ Ak) (6.22)

for every vertex x(σ) of Ω(y), σ ∈B(Δ ,γ), then the “max” in (5.3) is attained at σ = σ∗
and

fd(y,c) = c ′x(σ∗)+maxIPσ∗(y). (6.23)

Proof. The result follows because the left-hand side of (6.22) is a lower bound on IPσ∗(y), whereas
the right-hand side is an upper bound on the optimal value of IPσ (y). ��
Note that for t ∈ N sufficiently large and y := ty, the condition (6.22) is certainly true. So for
sufficiently large t ∈ N, the optimal value of Pd (where Ax = ty) is given by (6.23).

The nondegeneracy property

When the group relaxation IPσ∗(y) does not provide an optimal solution of Pd , Theorem 6.1 states
that necessarily the max in (5.3) is attained at several bases σ . It is not just related to the fact that
at some optimal solution (v,x) of IPσ∗(y), the vector v ∈ Z

m has some negative components. There
is at least another group relaxation with basis σ �= σ∗, and such that c ′x(σ)+ maxIPσ (y) is also
the maximum in (5.3).

On the other hand, when the uniqueness property of the max in (5.3) holds, then one may qualify
σ∗ ∈B(Δ ,γ) as the unique optimal basis of the integer program Pd , in the sense that the group
relaxation IPσ∗(y) is the only one to provide this max (and hence, an optimal solution of Pd).
Equivalently, the uniqueness of the max in (5.3) is also the uniqueness of the max in

max
x(σ):σ∈B(Δ ,γ)

{

c ′x(σ)+maxIPσ (y)
}

.

This uniqueness property of the max in (5.3) is the discrete analogue of the linear programming
nondegeneracy property. Indeed, an optimal basis is not unique if the optimal vertex of the dual is
degenerate (that is, there are two different optimal bases of the dual LP with same vertex; observe
that when y ∈ γ then Ω(y) is a simple polyhedron (see Brion and Vergne [27, Prop. p. 818]) and the
nondegeneracy property holds for the primal.

Thus, when y ∈ γ (so that the optimal vertex x∗ ∈ R
n
+ is nondegenerate), and c ∈ R

n is regular,
then σ∗ is the unique optimal basis of the linear program P. As Ak ∈⊕ j∈σ A jR for all k �∈ σ we may
set skσ := 1 for all k �∈ σ , and all σ so that the linear program



92 6 Duality and Gomory Relaxations

LPσ∗(y)

⎧

⎪

⎨

⎪

⎩

max∑ j �∈σ∗ (ck−πσ∗Ak)xk

s.t. Aσ∗v+∑k �∈σ∗ Ak xk = b

v ∈ R, xk ∈ R, 0≤ xk ≤ 1 ∀k �∈ σ∗
(6.24)

is the exact continuous analogue of the group relaxation IPσ∗(y). Its optimal value is zero because
the cost has negative coefficients, and its optimal solution is the optimal solution x∗ ∈R

n
+ of P (take

v = A−1
σ∗ b≥ 0 and x∗k = 0 for all k �∈ σ∗). Thus,

c ′x(σ∗)+maxLPσ∗(y) = c′x(σ∗) = f (y,c),

exactly as (6.19) for P in Theorem 6.1.
Moreover, for a feasible basis σ �= σ∗ of the linear program P, the LP

LPσ (y)

⎧

⎪

⎪

⎨

⎪

⎪

⎩

max∑k∈M+
σ

(ck−πσ Ak)(xk−1)+∑k∈M−σ (ck−πσ Ak)xk

s.t. Aσ v+∑k �∈σ Ak xk = y,

v ∈ R, xk ∈ R, 0≤ xk ≤ 1 ∀k �∈ σ

(6.25)

has also optimal value zero; take xk = 1 (resp., xk = 0) for k ∈ M+
σ (resp., k ∈ M−σ ) because ck−

πσ Ak > 0 (resp., ck−πσ Ak < 0) whenever k ∈M−σ (resp., k ∈M+
σ ). Hence,

c ′x(σ)+maxLPσ (y) = c′x(σ) < f (y,c).

Therefore, uniqueness of the optimal basis σ∗ ∈B(Δ ,γ) (when c is regular, and the optimal vertex
x∗ is nondegenerate) is equivalent to the uniqueness of the max in

max
x(σ):σ∈B(Δ ,γ)

{

c ′x(σ)+maxLPσ (y)
}

(6.26)

(with LPσ (y) as in (6.25)), which is also attained at the unique basis σ∗.
Therefore, it makes sense to state the following.

Definition 6.1. Let c ∈ R
n be regular and y ∈ Λ ∩ γ . The integer program Pd has a unique optimal

basis if the max in (5.3), or, equivalently, the max in

max
x(σ):σ∈B(Δ ,γ)

{

c ′x(σ)+maxIPσ (y)
}

(6.27)

is attained at a unique basis σ∗ ∈B(Δ ,γ) (in which case σ∗ is also an optimal basis of the linear
program P).

Note that, when c is regular and y∈ γ (so that Ω(y) is a simple polyhedron), the linear program P
has a unique optimal basis σ∗ which may not be an optimal basis of the integer program Pd , i.e., the
max in (6.27) is not attained at a unique σ (see Example 6.1). In other words, the nondegeneracy
property for integer programming is a stronger condition than the nondegeneracy property in linear
programming.

To see what happens in the case of multiple maximizers σ in (6.27), consider the following
elementary knapsack example.
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Example 6.1. Let A := [2,7,1] ∈ Z
1×3, c := (5,17,1) ∈ N

3, y := 5 ∈Λ . There is a unique chamber
γ = (0,+∞) and the optimal value fd(y,c) is 11 with optimal solution x∗ = (2,0,1). However, with
σ∗ = {1}, Aσ∗ = [2], the group relaxation

IPσ∗(y)→

⎧

⎪

⎨

⎪

⎩

max(17−35/2)x2 +(1−5/2)x3,

2v+7x2 + x3 = 5,

v ∈ Z, x2,x3 ∈ N, x2,x3 < 2

has optimal value−1/2 at x1 =−1,x2 = 1,x3 = 0. Therefore, c ′x(σ∗)−1/2 = 5×5/2−1/2 = 12.
On the other hand, let σ := {2} with Aσ = [7]. The group relaxation

IPσ (y)→

⎧

⎪

⎪

⎨

⎪

⎪

⎩

max(5−34/7)(x1−7)+(1−17/7)x3,

2x1 +7v+ x3 = 5,

v ∈ Z, x1,x3 ∈ N, x1,x3 < 7

has optimal value −1/7 at x1 = 6,x3 = 0,v = −1, and thus c ′x(σ)− 1/7 = 17× 5/7− 1/7 =

84/7 = 12. In Lemma 6.1(b), as r→∞, we have

ec ′x(σ∗)Uσ∗(y,rc)≈ u12q and ec ′x(σ)Uσ (y,rc)≈−u12q,

and in fact, these two terms have the same coefficient but with opposite signs and thus cancel in the
evaluation of limr→∞ ̂fd(y,rc)1/r in (1.4).

Thus, in this case, limr→∞ ̂fd(y,rc)1/r is not provided by the leading term of erc ′x(σ∗)Uσ∗(y,rc) as
a function of u = er. We need to examine smaller powers of Pσy(u) for all σ .

Had we c2 = 16 instead of c2 = 17, then IPσ∗(y) and IPσ (y) would have −3/2 and −3/7 as
respective optimal values, and with the same optimal solutions as before. Thus, again,

c ′x(σ∗)−3/2 = (25−3)/2 = 11, c′x(σ)−3/7 = (80−3)/7 = 11

have same value 11, which is now the optimal value fd(y,c). But first observe that the optimal
solution x∗ of Pd is also an optimal solution of IPσ∗(y). Moreover, this time

1
μ(σ∗)

erc ′x(σ∗)Uσ∗(y,rc)≈ 2u11q,

because the integer program IPσ∗(y) has two optimal solutions. (See (6.64) in Section 6.6 and (6.68)
in Section 6.6 for the respective coefficients of the leading monomials of Pσy(u) and Qσy(u).)

On the other hand,
1

μ(σ)
erc ′x(σ)Uσ (y,rc)≈−u11q.

Therefore, both c ′x(σ∗)+ maxIPσ∗(y) and c′x(σ)+ maxIPσ (y) provide the optimal value fd(y,c)
in (5.3). In this example, the uniqueness uniqueness property in Definition 6.1 does not hold because
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the max in (6.27) is not attained at a unique σ . However, note that the linear program P has a unique
optimal basis σ∗.

We have seen that the optimal value fd(y,c) may not be provided by the group relaxation IPσ∗(y)
when the max in (6.27) (or (5.3)) is attained at several bases σ ∈B(Δ ,γ) (let Γ be the set of such
bases). This is because, as a function of er/q, the leading monomials of μ(σ)−1ec ′x(σ)Uσ (y,rc), σ ∈
Γ , have coefficients with different signs which permit their possible cancellation in the evaluation
of limr→∞ ̂fd(y,rc) in (1.4). The coefficient of the leading monomial of Pσy is positive (= μ(σ)),
whereas the coefficient of the leading monomial of Qσy is given by (−1)aσ , where aσ = |M+

σ | (see
Section 6.6). Thus, if we list the vertices of the linear program P in decreasing order according to
their value, the second, fourth, . . ., vertices are the only ones capable of a possible cancellation,
because their corresponding leading monomials have a negative coefficient.

6.4 The Knapsack Problem

We here consider the so-called knapsack problem, that is, when m = 1, A ∈ N
1×n = {a j}, c ∈ Q

n,
y ∈ N. In this case, with s := ∑ j a j, the generating function ̂Fd reads

z �→ ̂Fd(z,c) =
1

∏n
j=1(1− ec j z−a j)

=
zs

∏n
j=1(z

a j − ec j)
, (6.28)

which is well-defined provided |z|a j > c j for all j = 1, . . . ,n. After possible multiplication by an
integer, we may and will assume that c ∈ N

n. If c ∈ N
n is regular then, after relabeling if necessary,

we have
c1/a1 > c2/a2 > · · ·> cn/an. (6.29)

So with r ∈ N, letting u := er, the function

̂Fd(z,rc)
z

=
zs−1

∏n
j=1(z

a j −uc j)
(6.30)

may be decomposed with respect to z into simpler rational fractions of the form

̂Fd(z,rc)
z

=
n

∑
j=1

Pj(u,z)
(za j −uc j)

, (6.31)

where Pj(u, ·) ∈ R[z] has degree at most a j−1, and Pj(·,z) is a rational fraction of u. This decom-
position can be obtained by symbolic computation.

Next, write

Pj(u,z) =
a j−1

∑
k=0

Pjk(u)zk j = 1, . . . ,n, (6.32)

where the Pjk(u) are rational fractions of u, and let ρ > rc1/a1. We then have
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̂fd(y,rc) =
n

∑
j=1

a j−1

∑
k=0

Pjk(er)
∫

|z|=ρ

zy+k

(za j − erc j)
dz

=
n

∑
j=1

a j−1

∑
k=0

Pjk(er)
{

erc j(y+k+1−a j)/a j if y+ k +1 = 0(mod a j)
0 otherwise.

(6.33)

Equivalently, letting y = s j(mod a j) for all j = 1, . . . ,n,

̂fd(y,rc) =
n

∑
j=1

Pj(a j−s j−1)(e
r)erc j(y−s j)/a j , (6.34)

so that

fd(y,c) = lim
r→∞

1
r

ln

[

n

∑
j=1

Pj(a j−s j−1)(e
r)erc j(y−s j)/a j

]

, (6.35)

and if the max in (5.3) (or (6.27)) is attained at a unique basis σ∗, then σ∗ = {1}, and

fd(y,c) = c1(y− s1)/a1 + lim
r→∞

1
r

lnP1(a1−s1−1)(e
r). (6.36)

So, if one has computed symbolically the functions Pjk(u), it suffices to read the power of the
leading term of P1(a1−s1−1)(u) as u→∞ to obtain fd(y,c) by (6.36).

Example 6.2. Let us go back to Example 6.1 with A = [2,7,1], c = [5,17,1], and y = 5. The optimal
basis of the continuous knapsack is σ = {1} with Aσ = [2]. Symbolic computation of P1(u,z) gives

P1(u,z) =
u6 +u5

(u3−1)(u−1)
+

u4 +u
(u3−1)(u−1)

z,

and therefore, as s1 = 1,

P10(u) =
u6 +u5

(u3−1)(u−1)
, (6.37)

with leading term u6−4 = u2, so that with y = 5,

c1(y− s1)
a1

+ lim
r→∞

1
r

lnP1(a1−s1−1)(e
r) =

5(5−1)
2

+6−4 = 12.

Similarly, with σ = {2}, Aσ = [7], s2 = 5, the term P2(7−5−1)(u) is

− u14 +u15 +u17 +u18 +u20 +u21 +u23

(u10−1)(u−1)
, (6.38)

with leading term −u23−11 =−u12, so that with y = 5,

c2(y− s2)
a2

+ lim
r→∞

1
r

lnP1(a1−s1−1)(e
r) = 0+23−11 = 12,
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and we retrieve that the max in (6.27) is not unique. Moreover, the two leading terms u12 and −u12

cancel in (6.35). On the other hand, the next leading term in (6.37) is now u5−4 = u, whereas the
next leading term in (6.38) is now −u21−11 = −u10, and the optimal value 11 of P is provided by
10+ the power of the next leading term in (6.37), i.e., 10+1 = 11.

Nesterov’s algorithm for knapsack

From the simple observation that the coefficients of products of polynomials can be computed
efficiently by fast Fourier transform (FFT), Nesterov [114] proposed applying this technique to
generate the first y coefficients of the expansion of ̂Fd(z,rc) for r sufficiently large. Indeed, with
r > n ln(1+ y)−1,

−1+
1
r

ln ̂fd(y,rc) < fd(y,c)≤ 1
r

ln ̂fd(y,rc).

The algorithm consists of two steps. The first step computes the coefficients of the univariate poly-
nomial z �→ p(z) := ̂Fd(z,rc)−1. The second computes the first y+1 coefficients of the expansion of
the rational function z �→ p(z)−1 = ̂Fd(z,rc). And we get this:

Theorem 6.2. With a ∈ N
n,y ∈ N, and c ∈ R

n, consider the unbounded knapsack
problem fd(y,c) := max{c ′x : a ′x = y; x ∈ N

n}. Then fd(y,c) can be computed in
O(‖a‖1 ln(‖a‖1) lnn+ (lnn)2y) operations of exact real arithmetics (where ‖a‖1 = ∑n

i=1 |ai|).

The next interesting question is Can we provide an explicit description of what would be a dual
of the integer program Pd? The purpose of the next section is to present such a dual problem P∗d .

6.5 A dual of Pddd

In this section we provide a formulation of a problem P∗d , a dual of Pd , which is an analogue of the
LP dual P∗ of the linear program P.

Recall that the value function y �→ f (y,c) of the linear program P is concave, and one has the
well-known convex duality result

f (y,c) = inf
λ∈Rm

y ′λ − f ∗(λ ,c), (6.39)

where f ∗(·,c) : R
m→R∪{∞} given by

λ �→ f ∗(λ ,c) := inf
y∈Rm

y ′λ − f (y,c) =

{

0 if A ′λ − c≥ 0

−∞ otherwise

is the Legendre–Fenchel transform of f (·,c) (in the concave case). In addition,
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f (y,c) = inf
λ∈Rm

y ′λ − f ∗(λ ,c) = min
λ∈Rm

{ y ′λ |A′λ ≥ c} (6.40)

and we retrieve in (6.40) the usual dual P∗ of the linear program P. But we can also write (6.39) as

f (y,c) = inf
λ∈Rm

sup
x∈R

n
+

λ ′(y−Ax)+ c ′x, (6.41)

or, equivalently,
e f (y,c) = inf

λ∈Rm
sup

x∈R
n
+

eλ ′(y−Ax)ec ′x. (6.42)

Define now the following optimization problem:

P∗d : γ∗(y) := inf
z∈Cm

sup
x∈Nn

ℜ
(

zy−Ax ec ′x
)

= inf
z∈Cm

f ∗c (z,y), (6.43)

where u �→ ℜ(u) denotes the real part of u ∈ C.
Clearly, the function f ∗c (·,y) : C

m→R,

z �→ f ∗c (z,y) = sup
x∈Nn

ℜ
(

zy−Ax ec ′x
)

= sup
x∈Nn

ℜ

(

zy
n

∏
j=1

(

z−A j ec j
)x j

)

(6.44)

is finite if and only if |zA j | ≥ ec j for all j = 1, . . . ,n, or equivalently, if and only if A ′ ln |z| ≥ c. That
is, ln |z| should be in the feasible set of the dual linear program P∗ in (6.40).

We claim that P∗d is a dual problem of Pd . Indeed, under an appropriate rescaling c→c̃ := αc of
the cost vector c, and a condition on the group G(σ∗) associated with the optimal basis σ∗ of the
linear program P, both problems P∗d and Pd have the same optimal value.

Theorem 6.3. Let y ∈ Λ ∩ γ and c ∈ R
n be regular. Assume that the integer program Pd has

a feasible solution, and the uniqueness property holds (see Definition 6.1). Let σ∗ ∈B(Δ ,γ)
be an optimal basis of the linear program P and let λ ∗ be the corresponding optimal solution
of the dual linear program P∗ in (6.40).

Assume that there exists g∗ ∈ G(σ∗) such that e2iπu(g∗) �= 1 whenever u �∈ ⊕ j∈σ∗A jZ. Let
c̃ := αc with α > 0. If α is sufficiently small, i.e., 0 < α < α for some α ∈ R

+, then

(i) The optimal value fd(y,c) of Pd satisfies

eα fd(y,c) = e fd(y,c̃) = γ∗(y) = inf
z∈Cm

sup
x∈Nn

ℜ
(

zy−Ax ec̃ ′x
)

= inf
z∈Cm

f ∗c̃ (z,y) (6.45)
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(ii) For zg∗ ∈ C
m as in (5.12) (with αλ ∗ in lieu of λ ∗),

eα fd(y,c) = e fd(y,c̃) = γ∗(y) = sup
x∈Nn

ℜ
(

zy−Ax
g∗ ec̃ ′x

)

= f ∗c̃ (zg∗ ,y) (6.46)

For a proof see Section 6.6. The assumption on g∗ in Theorem 6.3 is satisfied in particular when
the group G(σ∗) is cyclic (which for instance is the case for the knapsack problem). In view of the
uniqueness property required to hold in Theorem 6.3, P∗d is also a dual of the Gomory asymptotic
group relaxation IPσ∗(y) in (6.2), as the latter is exact.

Notice that P∗d becomes the usual linear program P∗ of P when z ∈C
m is replaced with |z| ∈R

m.
Indeed, from (6.39), we have

f (y,c) = inf
λ∈Rm

sup
x∈R

n
+

λ ′(y−Ax)+ c′x = inf
λ∈Rm

λ ′y+ sup
x∈R

n
+

(c ′ −A ′λ )x

= inf
λ∈Rm

λ ′y+ sup
x∈Nn

(c ′ −A′λ )x = inf
λ∈Rm

sup
x∈Nn

λ ′(y−Ax)+ c ′x

that is, one may replace the sup over R
m
+ by the sup over N

n. Therefore, (6.42) becomes

e f (y,c) = inf
λ∈Rm

sup
x∈Nn

eλ ′(y−Ax)ec ′x. (6.47)

On the other hand, if in (6.43), we replace z ∈C
m by the vector of its component moduli |z|= eλ ∈

R
m, we obtain

inf
z∈Cm

sup
x∈Nn

ℜ
(

|z|y−Ax ec ′x
)

= inf
λ∈Rm

sup
x∈Nn

eλ ′(y−Ax) ec ′x = e f (y,c). (6.48)

Hence, when the uniqueness property (see Definition 6.1) holds for Pd , Table 5.2 can be completed
by

f (y,c) = inf
z∈Cm

sup
x∈Nn

ℜ
(

|z|y−Ax ec ′x
)

= inf
z∈Cm

f ∗c (|z|,y),

fd(y,c) = inf
z∈Cm

sup
x∈Nn

ℜ
(

zy−Ax ec ′x
)

= inf
z∈Cm

f ∗c (z,y).

Again, as for the vertex residue function (5.13), a complete analogy between P∗d and the dual
linear program P∗ in (6.40) (equivalently (6.47)) is obtained by just a change of z∈C

m with |z| ∈R
m.

(Compare with Table 5.2 in Chapter 5.)
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6.6 Proofs

We first state two results that we use in the proofs of Lemma 6.1, Corollary 6.1, and Theorem 6.3.

Auxiliary result

Let e : R→C be the function x �→ e(x) := e2iπx. First note that for all m ∈ Z, s ∈ N, we have the
identity

s

∑
k=1

e(mk/s) =

{

s if m = 0(mod s)
0 otherwise

(6.49)

But we also have the following result:

Lemma 6.2. Let m∈N and {z j} j=1,...,m ⊂C be the roots of zm−1 = 0. Then for all k = 1, . . . ,m−1

∑
1≤i1<i2···<ik≤m

i1,...,ik �= j

zi1 . . .zik = ∑
1≤i1<i2···<ik≤m

i1,...,ik �= j

e

(

(i1 + · · ·+ ik)
m

)

(6.50)

= (−1)kzk
j = (−1)k e

(

k j
m

)

.

Proof. The proof is by induction. For k = 1 we have

∑
1≤i≤m
i�= j

zi =
m

∑
i=1

zi− z j = 0− z j,

because the z j are roots of zm−1 = 0. Next, assume that (6.50) holds for l = 1, . . . ,k. Then, as the
z j are roots of zm−1 = 0, we have

∑
1≤i1<i2···<ik+1≤m

zi1 . . .zik+1 = 0.

Hence,

∑
1≤i1<i2···<ik+1≤m

i1,...,ik+1 �= j

zi1 . . .zik+1 = ∑
1≤i1<i2···<ik+1≤m

zi1 . . .zik+1 − ∑
1≤i1···ik≤m
i1,...,ik �= j

z jzi1 . . .zik

= 0− z j× ∑
1≤i1···ik≤m
i1,...,ik �= j

zi1 . . .zik

= −z j(−1)kzk
j (by the induction hypothesis)

= (−1)k+1zk+1
j .
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Some properties of the characters of G(σ)

With σ ∈B(Δ), let G(σ) be the group (⊕ j∈σ A jZ)∗/Λ ∗, of order μ(σ) =: s, and write

G(σ) = {g1, . . . ,gs}.

Let y ∈ Λ with y �∈ ⊕ j∈σ A jZ and consider the character e2iπy of G(σ). Then e2iπy(g) =
e(−g ′A−1

σ y) = e(vg/s) for some vg ∈ N,vg < s. That is, the mapping g �→ e2iπy(g) sends the group
G(σ) into a subgroup of the multiplicative group of the s roots of unity. Let sy < s (with s = pysy

for some py ∈N) be the order of this subgroup (which consists of the roots {e( j/sy)}, j = 1, . . . ,sy).
Equivalently, sy is the smallest integer such that ysy ∈ ⊕ j∈σ A jZ. We can define a partition of G(σ)
(which depends on y) into sy equivalence classes {Cy

i }
sy
i=1 of same cardinal py := s/sy by setting

g∼ g ′ ⇔ e2iπy(g) = e2iπy(g ′), g,g ′ ∈ G(σ). (6.51)

We next denote by g̃i a representative of the class Cy
i and by Gy(σ) the set {Cy

1, . . . ,C
y
sy} of equiva-

lence classes. We have the following result:

Lemma 6.3. Let y∈Λ with y �∈ ⊕ j∈σ A jZ and let {Cy
i } be the equivalence classes defined by (6.51).

Then

(i) for all j ∈ N with j < sy, we have

∑
1≤i1<i2,···<i j≤sy

e2iπy(g̃i1 + · · ·+ g̃i j) = 0. (6.52)

(ii) For all q ∈ {1, . . . ,sy} and j < sy,

∑
1≤i1<i2<···<i j≤sy

i1,...,i j �=q

e2iπy(g̃i1 + · · ·+ g̃i j) = (−1) je2iπy j(g̃q). (6.53)

Proof. As e2iπy(g̃i) = e(i/sy) for all i = 1, . . . ,sy, (i) and (ii) follow from Lemma 6.2.

We also have

Lemma 6.4. Let y ∈Λ . Then

∑
g∈G(σ)

e2iπy(g) =

{

μ(σ) i f y ∈ ⊕ j∈σ A jZ

0 otherwise
(6.54)

and

∏
g̃∈Gy(σ)

e2iπy(g̃) = (−1)sy+1. (6.55)

Proof. If y ∈ ⊕ j∈σ A jZ then e2iπy(g) = 1 for all g ∈ G(σ), which yields the first part of (6.54). On
the other hand, if y �∈ ⊕ j∈σ A jZ we proceed as before. Let Gy(σ) be the set of sy equivalence classes
of G(σ) defined in (6.51). We thus have
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∑
g∈G(σ)

e2iπy(g) = py ∑
g̃∈Gy(σ)

e2iπy(g̃) = py

sy

∑
j=1

e( j/sy) = 0,

which proves (6.54). Next,

∏
g̃∈Gy(σ)

e2iπy(g̃) =
sy

∏
j=1

e( j/sy) = (−1)sy+1,

which proves (6.55).

Proof of Lemma 6.1

From (6.7) we have

Uσ (y,rc) = ∑
g∈G(σ)

e2iπy(g)
∏k �∈σ (1− e−2iπAk(g)er(ck−πσ Ak))

, (6.56)

and so letting u := er/q we have

Uσ (y,rc) = ∑
g∈G(σ)

e2iπy(g)
∏k �∈σ (1− e−2iπAk(g)uq(ck−πσ Ak))

. (6.57)

Let Sσ be as in (6.8). As e−2iπAk(g) = 1 whenever Ak ∈ ⊕ j∈σ A jZ,

Uσ (y,rc) =
1

∏k �∈σ∪Sσ
(1−uq(ck−πσ Ak))

∑
g∈G(σ)

e2iπy(g)

∏k∈Sσ
(1− e−2iπAk(g)uq(ck−πσ Ak))

, (6.58)

which, after reduction to same denominator, can be written as

Uσ (y,rc) =
Pσy

Qσy
(6.59)

for two Laurent polynomials Pσy,Qσy ∈ R[u,u−1].

The Laurent polynomial Pσy(u)

Write the finite group
G(σ) := (⊕ j∈σ A jZ)∗/Λ ∗

as G(σ) = {g1, . . . ,gs} with s := μ(σ), and for k ∈ Sσ , consider the character e−2iπAk of the group
G(σ). For k ∈ Sσ , define in G(σ) the equivalence relationship
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g∼ g ′ ⇔ e−2iπAk(g) = e−2iπAk(g ′), g,g ′ ∈ G(σ).

According to ∼, one may partition G(σ) into skσ equivalence classes {Ck
i } of the same cardinality

s/skσ , where skσ ∈ N is the smallest integer for which skσ Ak ∈ ⊕ j∈σ A jZ (see Section 6.6 for more
details). Let Gk(σ) be the set of skσ equivalence classes of G(σ). A representative of the equivalence
class of g ∈ G(σ) is denoted by g̃, so that Gk(σ) := {g̃1, . . . , g̃skσ }. As e−2iπAk(g) = e−2iπAk(g ′) =
e−2iπAk(g̃) if g∼ g ′,

Pσy(u) = ∑
g∈G(σ)

e2iπy(g) ∏
k∈Sσ

[

∏
g̃ ′ �=g̃

(1− e−2iπAk(g̃′)uq(ck−πσ Ak))

]

. (6.60)

Therefore, it follows that Pσy(u) is a sum of monomials of the form uv, v ∈ Z, where

v = q ∑
k∈Sσ

xk(ck−πσ Ak) with xk ∈ N, xk < skσ , k ∈ Sσ . (6.61)

The corresponding coefficient of this monomial uv of Pσy(u) is given by

∑
g∈G(σ)

e2iπy(g) ∏
k �∈σ

Γ (g,k),

with

Γ (g,k) =

⎧

⎨

⎩

(−1)xk ∑e−2iπAk(g̃i1 + · · ·+ g̃ixk
)

s.t. 1≤ i1 < i2 · · ·< ixk ≤ skσ
g̃i1 , . . . , g̃ixk

�= g̃

⎫

⎬

⎭

= e−2iπAkxk(g̃) = e−2iπAkxk(g)

(by Lemma 6.3(b)).
Hence, the coefficient of the monomial uv of Pσy(u) with v as in (6.61) is

∑
g∈G(σ)

e2iπy(g) ∏
k∈Sσ

Γ (g,k) = ∑
g∈G(σ)

e2iπy(g) ∏
k∈Sσ

e−2iπAkxk(g)

= ∑
g∈G(σ)

e2iπ(y−∑k∈Sσ Akxk)(g)

=

{

s if (y−∑k∈Sσ Akxk) ∈ ⊕ j∈σ A jZ,

0 otherwise
(6.62)

(see Lemma 6.4). Consequently, the maximum algebraic degree of Pσy is given by the leading
monomial uv where

v =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

qmax∑k∈Sσ (ck−πσ Ak)xk

s.t. Aσ xσ +∑k∈Sσ Ak xk = y,

xk ∈ N,xk < skσ ∀k ∈ Sσ

xσ ∈ Z
m,

(6.63)
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and the coefficient of the monomial uv of Pσy is

μ(σ)× the number of optimal solutions of (6.63). (6.64)

The Laurent polynomial Qσy(u)

For all k ∈ Sσ , let skσ , Gk(σ) be as defined in Section 6.6. As e−2iπAk(g) is constant in each equiv-
alence class, we may write the Laurent polynomial Qσy as the product Q1

σyQ2
σy of the two Laurent

polynomials
Q1

σy(u) := ∏
k �∈σ∪Sσ

(1−uq(ck−πσ Ak)) (6.65)

and
Q2

σy(u) := ∏
k∈Sσ

∏
g̃∈Gk(σ)

(1− e−2iπAk(g̃)uq(ck−πσ Ak)). (6.66)

With arguments similar to those used for Pσy one may see that Q2
σy is a Laurent polynomial with all

powers of the form uv, v ∈ Z, where

v = q ∑
k∈Sσ

(ck−πσ Ak)xk, xk ∈ N, xk ≤ skσ .

And for the same reasons as for Pσy, the only monomials uv with nonzero coefficient are those for
which

∑
k∈Sσ

Ak xk ∈
⊕

j∈σ
A jZ,

which is the case if xk = skσ . So the maximum algebraic degree of Q2
σy is obtained with xk = skσ for

all k ∈ Sσ with (ck−πσ Ak) > 0, and xk = 0 otherwise. In addition, the coefficient of this monomial
is

∏
k∈Sσ∩M+

σ

[

(−1)skσ ∏
g̃∈Gk(σ)

e−2iπAk(g̃)

]

= ∏
k∈Sσ∩M+

σ

(−1)2skσ +1 = (−1)|Sσ∩M+
σ |,

where we have used Lemma 6.4.
Similarly, the maximum algebraic degree of Q1

σy is given by the sum of q(ck−πσ Ak) over all
k �∈ σ ∪Sσ with ck−πσ Ak > 0. Therefore, the maximum algebraic degree of Qσy is given by

deg Qσy = q ∑
k �∈σ∪Sσ
k∈M+

σ

(ck−πσ Ak)+qskσ ∑
k∈Sσ

k∈M+
σ

(ck−πσ Ak). (6.67)

(In particular, it is zero for the optimal basis σ∗ of the linear program P.) Finally, the coefficient of
this leading monomial of Qσy(u) is given by (−1)aσ where

aσ = |Sσ ∩M+
σ |+

∣

∣{k �∈ σ ∪Sσ ; k ∈M+
σ }

∣

∣ = |M+
σ |. (6.68)

This completes the proof of Lemma 6.1(i).
(ii) (6.13) just identifies the leading term when r→∞.
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Proof of Corollary 6.1

In view of (6.63) and (6.67)

1
q

[deg Pσy−deg Qσy] =− ∑
k �∈Sσ ;k∈M+

σ

(ck−πσ Ak)

+

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

max∑k∈Sσ∩M+
σ
(ck−πσ Ak)(xk− skσ )+∑k∈Sσ∩M−σ

(ck−πσ Ak)xk

s.t. Aσ xσ +∑k∈Sσ Akxk = y,

xσ ∈ Z
m,xk ∈ N, xk < skσ ∀k ∈ Sσ .

(6.69)

Equivalently,

1
q

[deg Pσy−deg Qσy] =
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

max∑k∈M+
σ
(ck−πσ Ak)(xk− skσ )+∑k∈M−σ

(ck−πσ Ak)xk

s.t. Aσ xσ +∑k∈Sσ Ak xk = y,

xσ ∈ Z
m, xk ∈ N, xk < skσ ∀k ∈ Sσ ,

which is the integer program IPσ (y) in Corollary 6.1. This is because in the above integer program,

obviously one should take

• xk = skσ −1 for all k �∈ Sσ , k ∈M+
σ and

• xk = 0 for all k �∈ Sσ , k ∈M−σ ,

which gives (6.69).

Proof of Theorem 6.3

First, notice that when c is replaced with αc (with α > 0), then the optimal solutions of the integer
program Pd and the linear programs P and P∗ are the same, whereas their respective optimal values
are rescaled by α . Next, observe that

fd(y, c̃)≤ lnγ∗(y)≤ f (y, c̃). (6.70)

Indeed,
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inf
z∈Cm

sup
x∈Nn

ℜ
(

zy−Ax ec̃ ′x
)

≤ inf
z∈Rm

sup
x∈R

n
+

ℜ
(

zy−Ax ec̃ ′x
)

≤ inf
λ∈Rm

sup
x∈R

n
+

eλ ′(y−Ax)+c̃ ′x

= e
infλ∈Rm supx∈R

n
+

λ ′(y−Ax)+c̃ ′x

= e f (y,c̃),

which proves lnγ∗(y)≤ f (y, c̃). Next, fix z ∈ C
m arbitrary, and let x∗ be an optimal solution of Pd .

Then, as (y−Ax∗) = 0, we obtain

sup
x∈Nn

ℜ
(

zy−Ax ec̃ ′x
)

≥ ec̃ ′x∗ = e fd(y,c̃),

and so, lnγ∗(y)≥ fd(y, c̃).
Now, let zg be as in (5.12) with σ = σ∗ and αλ ∗ in lieu of λ ∗. Recall that from (5.11), we have

z
−A j
g ec̃ j = 1 ∀ j ∈ σ∗, g ∈ G(σ∗).

Therefore, for all x ∈ N
n,

zy−Ax
g ec̃ ′x = z

y−∑k �∈σ∗ Akxk
g e∑k �∈σ∗ c̃kxk ∏

j∈σ∗

(

z
−A j
g ec̃ j

)x j

= z
y−∑k �∈σ∗ Akxk
g e∑k �∈σ∗ c̃kxk ,

and so,

ℜ(zy−Ax
g ec̃ ′x) = eαy′λ ∗ e∑k �∈σ∗ α(ck−A′kλ ∗)xk × cos

[

2πθ ′g

(

y− ∑
k �∈σ∗

Ak xk

)]

.

From this, we can deduce that

sup
x∈Nn

ℜ(zy−Ax
g ec̃ ′x) = eαy ′λ ∗ sup

xk∈N,k �∈σ∗

[

e∑k �∈σ∗ α(ck−A ′kλ ∗)xk

× cos

[

2πθ ′g

(

y− ∑
k �∈σ∗

Ak xk

)]]

(6.71)

Let x∗ be an optimal solution of the group relaxation IPσ∗(y). We claim that for g = g∗ (with g∗ as
in Theorem 6.3), the sup in (6.71) is attained at x∗ with value the optimal value of Pd . Suppose not.
Then there exists xk ∈ N for all k �∈ σ∗ such that

∑
k �∈σ∗

(ck−A ′kλ ∗)xk > ∑
k �∈σ∗

(ck−A ′kλ ∗)x∗k =: −ρ∗ (6.72)

(with ρ∗ > 0 because ck−A ′kλ ∗ < 0, k �∈ σ∗), and
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cos

[

2πθ ′g∗

(

y− ∑
k �∈σ∗

Ak xk

)]

> e∑k �∈σ∗ α(ck−A ′kλ ∗)(x∗k−xk). (6.73)

In addition, in view of our choice of g∗,

cos

[

2πθ ′g∗

(

y− ∑
k �∈σ∗

Ak xk

)]

< 1

because if cos[2πθ ′g∗(y−∑k �∈σ∗ Ak xk)] = 1 then (y−∑k �∈σ∗ Ak xk) ∈ ⊕ j∈σ∗A jZ, and x would be an
admissible solution of the group relaxation IPσ∗(y), in contradiction with the optimality of x∗.

Now, observe that cos [2πθ ′g∗(y−∑k �∈σ∗ Ak xk)] takes finitely many values (and in fact, at most
μ(σ∗) different values), because (y−∑k �∈σ∗ Ak xk) ∈ Z

m. Thus,

1 > δ := max{ cos(2πθ ′g∗v) |v ∈ Z
m, v �∈ ⊕ j∈σ∗A jZ}.

Moreover, from (6.72)

xk ≤
supk �∈σ∗ ρ∗

(A ′kλ ∗ − ck)
=: β , k �∈ σ∗. (6.74)

Hence,
1 > δ > e∑k �∈σ∗ α(ck−A ′kλ ∗)(x∗k−xk). (6.75)

So, as xk is bounded by β , one obtains a contradiction in (6.75) when α is sufficiently small. This
proves (i) and (ii).

6.7 Notes

In this chapter we have made the link between Brion and Vergne’s discrete formula and Gomory
relaxations introduced by Gomory [58]. Most of the material of Section 6.2 is taken from Aardal
et al. [1] and Gomory et al. [60]. Gomory relaxations can be qualified as a primal approach, as
the relaxed integer program (6.2) is still defined in Z

n as Pd . On the other hand, in practice, the
master polyhedron is mainly used to generate cutting planes for Pd via subadditive functions, a dual
approach. Reinforcements of Gomory relaxations where the nonnegativity constraints are relaxed
only for a subset of the basic variables {x j} j∈σ have been explored in, e.g., Thomas [128] and
Wolsey [133, 135]. Theorem 6.2 as well as more details on the FFT algorithm for the knapsack
problem can be found in Nesterov [114].

As already mentioned, there are other algebraic approaches to the integer program Pd , using
tools like toric ideal, Gröbner fan, and Gröbner basis. For instance, the Conti–Traverso algorithm
[35] finds an optimal solution of Pd by first computing the reduced Gröbner basis Gc of a toric ideal
related to Pd with respect to the cost vector c. Then with v any feasible solution of Pd , one obtains
an optimal solution v∗ of Pd by computing the normal form xv∗ of xv with respect to Gc. For more
details, the interested reader is referred to the survey in Aardal et al. [1]. Interestingly, Gomory
relaxations can also be reinterpreted in terms of those algebraic notions. Details can be found in,
e.g., Hosten and Thomas [67].



Chapter 7
Barvinok’s Counting Algorithm
and Gomory Relaxations

7.1 Introduction

As already mentioned, solving the integer program Pd is still a formidable computational challenge.
For instance, recall that the following small 5-variables integer program (taken from a list of hard
knapsack problems in Aardal and Lenstra [2])

min{213x1−1928x2−11111x3−2345x4 +9123x5}
s.t. 12223x1 +12224x2 +36674x3 +61119x4 +85569x5 = 89643482,

x1,x2,x3,x4,x5 ∈ N (7.1)

is not solved after hours of computing with the last version of the CPLEX software package avail-
able in 2003, probably the best package at this time.

The first integer programming algorithm with polynomial time complexity when the dimension
n is fixed is due to H.W. Lenstra [103] and uses lattice reduction technique along with a rounding
of a convex body. As underlined in Barvinok and Pommersheim [15, p. 21], this rounding can be
quite time consuming. Cook et al. [38] implemented a similar algorithm that uses the generalized
basis reduction technique of Lovász and Scarf [108] and with no rounding of convex bodies.

On the other hand, Barvinok’s counting algorithm described in Section 4.2, coupled with binary
search, permits us to solve Id (i.e., to evaluate ̂fd(y,c)) with polynomial time complexity when the
dimension n is fixed. This algorithm has been successfully implemented in the software package
LattE developed at the Mathematics Department of the University of California at Davis [40, 41].

In this chapter we describe two integer programming algorithms based on Barvinok’s counting
algorithm. The first one is Barvinok’s counting algorithm coupled with a simple binary search and
runs in time polynomial in the input size of the problem. The second has exponential computational
complexity, but was found to be more efficient in some (limited) computational experiments for
solving hard instances of knapsack problems taken from [2]. Finally, we relate Barvinok’s counting
formula with Gomory relaxations of integer programs and provide a simplified procedure for large
values of y.

J.B. Lasserre, Linear and Integer Programming vs Linear Integration and Counting,
Springer Series in Operations Research and Financial Engineering, DOI 10.1007/978-0-387-09414-4 7,
c© Springer Science+Business Media, LLC 2009
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7.2 Solving Pd via Barvinok’s counting algorithm

Recall that the main idea in Barvinok’s counting algorithm is to provide a compact description of
the generating function z �→ g(z) := ∑x∈Ω(y)∩Zn zx in the form

g(z) = {∑zx | x ∈Ω(y)∩Z
n}= ∑

i∈I
εi

zai

∏n
k=1(1− zbik)

, (7.2)

(with εi ∈ {−1,+1}) for some vectors {ai,bik} in Z
n, and some index set I; see Section 4.2.

Solving Pd via Barvinok’s counting algorithm + binary search

Barvinok’s counting algorithm coupled with a standard dichotomy procedure yields an alternative
to Lenstra’s algorithm for integer programming, with no rounding procedure. Namely:

Binary search algorithm:
Input: A ∈ Z

m×n, y ∈ Z
m, c ∈ Z

n.
Output: fd(y,c) := max{c′x : Ax≤ y ; x ∈ Z

n}

1. Let Ω(y) := {x ∈ R
n : Ax≤ y}. Set

b := max{c′x : Ax≤ y ; x ∈ R
n}, a := min{c′x : Ax≤ y ; x ∈ R

n}

and so a≤ fd(y,c)≤ b.
2. Run Barvinok’s counting algorithm to compute q := |Ω(y)∩Z

n|. If q = 0 there is no feasible
integer solution and fd(y,c) =−∞. If q > 0 then go to step 3.

3. While b > a do the following:

• Set u := �(b−a)/2� and compute q := |Ω(y)∩Z
n∩{x : u≤ c′x≤ b}|

• If q > 0 then u≤ fd(y,c)≤ b and repeat with (a,b) := (u,b)
• If q = 0 then a≤ fd(y,c)≤ u and repeat with (a,b) := (a,u−1)
• Return fd(y,c) = b.

Remarkably, the above algorithm finds fd(y,c) in a time that is polynomial in the input size of the
problem. However, in step 3 of this scheme, one must run Barvinok’s algorithm to obtain the com-
pact form (7.2) of the new generating function associated with the (new) polyhedron considered at
each step in the dichotomy, which can also be quite time consuming. We next provide an alternative,
which uses Barvinok’s counting algorithm only once.

Solving Pd via the digging algorithm

We first provide an upper bound ρ∗ on the optimal value of Pd by a simple inspection of Barvinok’s
formula (7.2); in addition, under some (easy to check) condition on the reward vector c, ρ∗ is also
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the optimal value fd(y,c) of Pd . If not, further exploration via the digging algorithm permits us to
retrieve fd(y,c).

Consider the integer program Pd in (5.1) with associated convex polyhedron:

Ω(y) := { x ∈ R
n|Ax = y x≥ 0}. (7.3)

Recall that from the definition of ̂fd(y,c) for problem Id , one has ̂fd(y,c) = g(ec) with g as in (7.2),
and with ec = (ec1 , . . . ,ecn) ∈ R

n. Therefore, with r ∈ N,

̂fd(y,rc) = g(erc) = ∑
i∈I

εi
(er)c′ai

∏n
k=1(1− (er)c′bik)

(7.4)

for some vectors {ai,bik} in Z
n and some index set I (assuming c′bik �= 0 for all i ∈ I, k = 1, . . . ,n).

See Section 4.2.
Next, making the change of variable u := er ∈ R, (7.4) gives

̂fd(y,rc) = g(erc) = ∑
i∈I

εi
uc′ai

∏n
k=1(1−uc′bik)

= ∑
i∈I

εi
uc′ai

Qi(u)
=: h(u) (7.5)

for some functions {Qi} of u. For every i ∈ I, let Γi be the set

Γi := { k ∈ {1, . . . ,n} |c′bik > 0}, ∀ i ∈ I, (7.6)

with cardinality |Γi|, and define the vector vi ∈ Z
n by

vi := ai− ∑
k∈Γi

bik, i ∈ I. (7.7)

If Γi = /0 then we let |Γi|= 0 and vi := ai.

Theorem 7.1. Assume that Pd in (5.1) has a feasible point x ∈ Z
n and a finite optimal value

fd(y,c), and let g and ̂fd be as in (7.4) with c∈R
n such that c′bik �= 0 for all i∈ I, k = 1, . . . ,n.

(i) The optimal value fd(y,c) of the integer program Pd is given by

fd(y,c) = lim
r→∞

1
r

ln ̂fd(y,rc) = lim
r→∞

1
r

lng(erc). (7.8)

(ii) With vi as in (7.7), let S∗ be the set

S∗ := { i ∈ I |c′vi = ρ∗ := max
j∈I

c′v j }. (7.9)

Then ρ∗ ≥ fd(y,c), and

ρ∗ = fd(y,c) if ∑
i∈S∗

εi(−1)|Γi| �= 0. (7.10)
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Proof. (i) With z := erc in the definition of f (z), we have

g(erc) = ̂fd(y,rc) =
{

∑
x

erc′x | x ∈Ω(y)∩Z
n
}

,

and so,

e fd(y,c) = emax{c′x |x∈Ω(y)∩Z
n} = max{ec′x |x ∈Ω(y)∩Z

n}

= lim
r→∞

(

∑
x∈Ω(y)∩Zn

(ec′x)r

)1/r

= lim
r→∞

g(erc)1/r = lim
r→∞

̂fd(y,rc)1/r,

and by continuity of the logarithm,

fd(y,c) = max{c′x |x ∈Ω(y)∩Z
n}= lim

r→∞

1
r

lng(erc) = lim
r→∞

1
r

ln ̂fd(y,rc).

(ii) From (a), one may hope to obtain fd(y,c) by just considering the leading terms (as u→∞) of
the functions uc′ai/Qi(u) in (7.5). If the sum in (7.5) of the leading terms (with same power of u)
does not vanish, then one obtains fd(y,c) by a simple limit argument as u→∞. From (7.4)–(7.5) it
follows that

uc′ai

Qi(u)
≈ uc′ai

αiuρi
=

uc′ai−ρi

αi
, as u→∞,

where αiuρi is the leading term of the function Qi(u) as u→∞. Again, from the definition of Qi, its
leading term αiuρi as u→∞ is obtained with

ρi =

{

∑k∈Γi
c′bik if Γi �= /0

0 otherwise,

and its coefficient αi is 1 if ρi = 0 and (−1)|Γi| otherwise.
Remembering the convention that ∑k∈Γi

c′bik = 0 and (−1)|Γi| = 1 if Γi = /0, we obtain

εi
uc′ai

Qi(u)
≈ εi(−1)|Γi|uc′(ai−∑k∈Γi

bik) as u→∞.

Therefore, with S∗ and ρ∗ as in (7.9), if ∑i∈S∗ εi(−1)|Γi| �= 0 then

h(u)≈ uρ∗ ∑
i∈S∗

εi(−1)|Γi| as u→∞,

so that limu→∞
1
r lng(erc) = ρ∗. This and (7.8) yields fd(y,c) = ρ∗, the desired result. From the

above analysis it easily follows that if ∑i∈S∗ εi(−1)|Γi| = 0 then ρ∗ is only an upper bound on
fd(y,c). ��
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Observe that the vectors ai,{bik} in Barvinok’s formula depend only on the polyhedron Ω(y).
Therefore, (7.10) in Theorem 7.1(b) provides a simple (and easy to check) necessary and suffi-
cient condition on the vector c ∈R

n, to ensure that the optimal value fd(y,c) of Pd is equal to ρ∗ in
(7.9), obtained directly from Barvinok’s formula.

The digging algorithm. The interest of Theorem 7.1 is that the value ρ∗ is obtained by simple

When ∑i∈S∗ εi(−1)|Γi| �= 0 then it also yields the optimal value fd(y,c) of Pd . On the other hand,
if ∑i∈S∗ εi(−1)|Γi| = 0, i.e., the sum of the leading terms of the functions uc′ai/Qi(u) (with same
power of u) vanishes, then one needs to examine the “next” leading terms, which requires a further
and nontrivial analysis of each function uc′ai/Qi(u). This strategy has been implemented in the dig-
ging algorithm of De Loera et al. [42].

Binary search versus the digging algorithm. The digging algorithm and the binary search algo-
rithm are compared in De Loera et al. [42] on a sample of 15 hard knapsack problems with 5 to 10
variables, taken from Aardal and Lenstra [2]. None of them could be solved with the 6.6 version of
the powerful CPLEX software package. For 13 of those 15 difficult knapsack problems, the digging
algorithm provides the optimal value fd(y,c) much faster than the binary search algorithm, despite
the former having exponential time complexity in the input size of Ω(y), whereas the latter has a
polynomial time complexity (in fixed dimension). Notice that the test (7.10) was passed in seven
problems of the list.

7.3 The link with Gomory relaxations

Recall from Section 6.2 that the Gomory relaxation of Pd is defined with respect to an optimal basis
σ∗ of the linear program P associated with Pd . That is, if Aσ∗ ∈ Z

m×m denotes the submatrix of
A associated with σ∗, and πσ∗ ∈ R

m denotes an optimal solution of the LP dual P∗ of P, then the
Gomory relaxation is the integer program:

IPσ∗(y) :

max
x ∑ j �∈σ∗(c j−πσ∗A j)x j

s.t. Aσ∗ xσ∗ +∑ j �∈σ∗ A j x j = y,

xσ∗ ∈ Z
m, x j ∈ N, j �∈ σ∗

(7.11)

with optimal value denoted maxIPσ∗(y). That is, IPσ∗(y) is obtained from Pd by relaxing the non-
negativity constraint on the vector xσ∗ ∈ Z

m.
If IPσ∗(y) has an optimal solution x = (xσ∗ ,{x j}) ∈ Z

m×N
n−m with xσ∗ ≥ 0, then x is an op-

timal solution of Pd , and fd(y,c) = y′πσ∗ + maxIPσ∗(y), i.e., the Gomory relaxation is exact. This
eventually happens when y is sufficiently large. See Section 6.2.

Let y ∈ γ (for some chamber γ) and let Δ be the set of feasible bases {σ} of the linear program
P. Let x(σ) ∈ R

n
+ be the corresponding vertex of Ω(y) in (7.3). For every σ ∈ Δ , let Cσ ⊂ R

n be
the set

inspection of (7.5), which in turn is obtained in the time polynomial in the input size of the polyhedron
Ω(y) when the dimension n is fixed.
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Cσ := {x ∈ R
n| Ax = y, x j ≥ 0, ∀ j �∈ σ}, σ ∈ Δ . (7.12)

Recall that if y∈ γ then Ω(y) is a simple polyhedron and so Cσ is nothing less than the tangent cone
of Ω(y) at the vertex x(σ); see Section 4.2

With g as in (7.2), Brion’s formula (4.5) applied to the polyhedron Ω(y) reads

g(z) = ∑
σ∈Δ

h(Cσ ,z) (7.13)

with
h(Cσ ,z) := {∑zx | x ∈Cσ ∩Z

n }, σ ∈ Δ .

So, evaluating h(Cσ ,z) is summing up zx over Cσ ∩Z
n, the feasible set of the Gomory relaxation

associated with the basis σ . In principle, for fixed z = ec ∈R
n, the Gomory relaxation is defined only

for an optimal basis as it would be unbounded for non optimal bases. However, recall that (7.13) is
a sum of formal series and for each σ ∈ Δ taken separately, z∈C

n is understood as making h(Cσ ,z)
finite; again see Section 4.2.

Then, as the Gomory relaxation IPσ∗(y) provides an upper bound on fd(y,c) (and exactly fd(y,c)
when y is sufficiently large), one may apply Theorem 7.1 to the integer program IPσ∗(y) in (7.11),
instead of Pd in (5.1).

So, when the dimension n is fixed, Barvinok’s counting algorithm produces in a time that is
polynomial in the input size of Cσ∗ , the equivalent compact form of h(Cσ∗ ,z),

h(Cσ∗ ,z) = ∑
i∈Iσ∗

εi
zai

∏n
k=1(1− zbik)

, (7.14)

where the above summation is over the unimodular cones in Barvinok’s decomposition of Cσ∗ into
unimodular cones. There is much less work to do because now, in Brion’s formula (7.13), we have
only considered the term h(Cσ∗ ,z) relative to the optimal basis σ∗ ∈ Δ of the linear program P.

When the condition on c in Theorem 7.1(b) is satisfied, one obtains the optimal value of the
Gomory relaxation IPσ∗(y) (hence the optimal value fd(y,c) of Pd for sufficiently large y) in a time
that is polynomial in the input size of Ω(y) when the dimension n is fixed.

Single cone digging algorithm. The single cone digging algorithm is a variant of the digging algo-
rithm, where Barvinok’s counting algorithm is only used to compute (7.14) instead of (7.2). Much
faster than the original digging algorithm, it failed to provide the optimal value fd(y,c) in only two
out of all the hard knapsack instances considered in [42].

7.4 Notes

Theorem 7.1 and most of the material in this chapter is from Lasserre [92]. Barvinok’s original
counting algorithm relied on Lenstra’s polynomial time algorithm for integer programming [103];
see, e.g., the discussion in Barvinok and Pommersheim [15, p. 21]. Later, Dyer and Kannan [49]
showed that in Barvinok’s original algorithm, one may remove this dependence by using instead
a short vector computation via the LLL algorithm [104]. This is the version implemented in the
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LattE software package [40, 41] with free access at http://www.math.ucdavis.edu/∼latte/
For more details on solving hard knapsack problems (taken from Aardal et al. [2]) and a comparison
between the digging algorithm and Barvinok’s binary search algorithm, which both use the LattE
software, the interested reader is referred to De Loera et al. [42]. It is worth noticing that other
approaches based on lattice basis reduction techniques described in Aardal and Lenstra [2] have
been very successful on hard knapsack problems. See also Eisenbrand [53] for a general integer
programming algorithm with improved polynomial time complexity in fixed dimension.

Finally, let us mention the related work of Hosten and Sturmfels [65] for computing

δ := sup
y∈Δ

f (y,c)− fd(y,c),

the maximal gap between the optimal values of P and Pd , as the right-hand side y of Ax = y ranges
over vectors y ∈ Δ ⊂ Z

m for which fd(y,c) has a finite value. By combining nicely an algebraic
characterization with the use of generating functions (and Barvinok’s algorithm for getting their
compact form efficiently), they prove that one can obtain δ in time polynomial in the input size,
when the dimension n is fixed.



Chapter 8
A Discrete Farkas Lemma

8.1 Introduction

We pursue the comparison between linear and integer programming from a duality point of view,
and in this chapter, we provide a discrete analogue of the celebrated Farkas lemma in linear algebra.

Let A ∈ Z
m×n, y ∈ Z

m and consider the problem of existence of a solution x ∈ N
n of the system

of linear equations
Ax = y, (8.1)

that is, the existence of a nonnegative integral solution of the linear system Ax = y. For m = 1
and A ∈ N

n, one retrieves the (old) Frobenius problem in number theory ((8.1) is also called the
(unbounded) knapsack equation) for which many results have been known for a long time (e.g.,
see Ehrhart [52], Laguerre [85], Netto [115], and Mitrinovic et al. [111, Chapter XIV.21]). For
instance, the function y �→ ̂fd(y,0) that counts the solutions x ∈ N

n of a′x = y is a quasipolynomial
of degree n− 1 (that is, a polynomial of y with periodic coefficients) whose period is the least
common multiple (l.c.m.) of the a j. The so-called Frobenius number is the first integer y0 ∈N such
that there always exists an integral solution whenever y > y0. For more recent results, the interested
reader is referred to Beck et al. [19] and the many references therein.

The celebrated Farkas lemma in linear algebra states that

{x ∈ R
n
+|Ax = y} �= /0⇔ [

u ∈ R
m and A′u≥ 0

]⇒ y′u≥ 0. (8.2)

To the best of our knowledge, there is no explicit discrete analogue of (8.2). Indeed, the (test)
Gomory and Chvátal functions in Blair and Jeroslow [23] (see also Schrijver [121, Corollary 23.4b],
Ryan and Trotter [120]) are defined implicitly and recursively and do not provide a test directly in
terms of the data A,y. In the same vein, the elegant superadditive duality theory developed after the
pioneering work of Gomory [58] in the 1960s states that (8.1) has a nonnegative integral solution
x ∈ Z

n if and only if f (y) ≥ 0 for all superadditive functions f : Zm→R, with f (0) = 0, and such
that f (Aj)≥ 0 for all j = 1, . . . ,n. In Chapter 10, we will interpret the results of this chapter and the
next one, in the light of this superadditive duality.

In this chapter, we provide a discrete analogue of Farkas lemma for (8.1) to have a solution
x ∈ N

n. Namely, when A and y have nonnegative entries, that is, when A ∈ N
m×n, y ∈ N

m, we

J.B. Lasserre, Linear and Integer Programming vs Linear Integration and Counting,
Springer Series in Operations Research and Financial Engineering, DOI 10.1007/978-0-387-09414-4 8,
c© Springer Science+Business Media, LLC 2009
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prove that (8.1) has a solution x ∈ N
n if and only if the polynomial z �→ zy−1 (:= zy1

1 · · ·zym
m −1) in

R[z1, . . . ,zm] can be written as

zy−1 =
n

∑
j=1

Q j(z)(zA j −1) =
n

∑
j=1

Q j(z)(z
A1 j
1 · · ·z

Am j
m −1) (8.3)

for some polynomials {Q j} in R[z1, . . . ,zm] with nonnegative coefficients. In other words,

{x ∈ N
n|Ax = y} �= /0⇔ zy−1 =

n

∑
j=1

Q j(z)(zA j −1), (8.4)

for some polynomials {Q j} in R[z1, . . . ,zm] with nonnegative coefficients. (Of course, the suffi-
ciency part of the equivalence in (8.4) is the hard part of the proof.)

Moreover, we also show that the degree of the Q j in (8.3) is bounded so that checking exis-
tence of an integer solution x ∈ N

n to Ax = y reduces to checking whether some linear system has
a nonnegative real solution, a linear programming problem. This result is also extended to the gen-
eral case A ∈ Z

m×n, y ∈ Z
m, but now the Q j in (8.4) are Laurent polynomials instead of standard

polynomials.
We call (8.4) a Farkas lemma because as (8.2), it states a condition in terms of the dual variables

z associated with the constraints Ax = y. In addition, let z := eλ and notice that the basic terms y′λ
and A′λ in (8.2) also appear in (8.4) via zy, which becomes ey′λ and via zA j , which becomes e(A′λ ) j .
In fact, as in the discrete case, the continuous Farkas lemma (8.2) can be restated in the spirit of
(8.4). Indeed, Ax = y has a nonnegative solution x ∈ R

n if and only if the polynomial λ �→ y′λ can
be written as

λ �→ y′λ =
n

∑
j=1

Q j(λ )(A′jλ )

for some polynomials {Q j} in R[λ1, . . . ,λm] with nonnegative coefficients. This point of view is
developed in Section 8.2

To show (8.4), we use the function ̂fd(y,0) already used in Chapters 4 and 5. Indeed, existence
of a solution x ∈ N

n to (8.1) is equivalent to showing that ̂fd(y,0)≥ 1 and by a detailed analysis of
the complex integral (4.12), we prove that (8.3) is a necessary and sufficient condition on y to have
̂fd(y,0)≥ 1.

8.2 A discrete Farkas lemma

Before proceeding to the general case A ∈ Z
m×n, we first consider the case A ∈ N

m×n where A has
only nonnegative entries.

The case A∈ N
m×n

In this section we assume that A∈N
m×n and so y∈N

m, because otherwise, the set {x ∈N
n |Ax = y}

is obviously empty.
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Theorem 8.1. Let A∈N
m×n, y∈N

m. Then the following two statements (i) and (ii) are equiv-
alent:
(i) The linear system Ax = y has an integral solution x ∈ N

n.
(ii) The real-valued polynomial z �→ zy−1 := zy1

1 · · ·zym
m −1 can be written as

zy−1 =
n

∑
j=1

Q j(z)(zA j −1) (8.5)

for some real-valued polynomials Q j ∈R[z1, . . . ,zm], j = 1, . . . ,n, all of them with nonnegative
coefficients.

In addition, the degree of the Q j in (8.5) is bounded by

y∗ :=
m

∑
j=1

y j−min
k

m

∑
j=1

A jk. (8.6)

Proof. (ii) ⇒ (i). Assume that zy− 1 can be written as in (8.5) for some polynomials {Q j} with
nonnegative coefficients {Q jα}, that is,

Q j(z) = ∑
α∈Nm

Q jα zα = ∑
α∈Nm

Q jα zα1
1 · · ·zαm

m (8.7)

for finitely many nonzero (and nonnegative) coefficients {Q jα}. By Theorem 4.1 the number
̂fd(y,0) of integral solutions x ∈ N

n of the linear system of equations Ax = y is given by

̂fd(y,0) =
1

(2πi)m

∫

|z1|=γ1

· · ·
∫

|zm|=γm

zy−em

∏n
j=1(1− z−Ak)

dz,

where γ ∈ R
m
+ satisfies A′ lnγ > 0. Writing zy−em as z−em(zy−1+1) we obtain

̂fd(y,0) = B1 +B2,

with

B1 =
1

(2πi)m

∫

|z1|=γ1

· · ·
∫

|zm|=γm

z−em

∏n
j=1(1− z−Ak)

dz,

and

B2 :=
1

(2πi)m

∫

|z1|=γ1

· · ·
∫

|zm|=γm

z−em(zy−1)
∏n

j=1(1− z−Ak)
dz
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=
n

∑
j=1

1
(2πi)m

∫

|z1|=γ1

· · ·
∫

|zm|=γm

z−emQ j(z)
∏k �= j(1− z−Ak)

dz

=
n

∑
j=1

∑
α∈Nm

Q jα

(2πi)m

∫

|z1|=γ1

· · ·
∫

|zm|=γm

zA j+α−em

∏k �= j(1− z−Ak)
dz.

From (4.12) in Theorem 4.1 (with y := 0) we recognize in B1 the number of solutions x ∈ N
n of

the linear system of equations Ax = 0, so that B1 = 1. Next, again from (4.12) in Theorem 4.1 (now
with y := A j +α), each term

Cjα :=
Q jα

(2πi)m

∫

|z1|=γ1

· · ·
∫

|zm|=γm

zA j+α−em

∏k �= j(1− z−Ak)
dz

is equal to
Q jα × the number of integral solutions x ∈ N

n−1

of the linear system of equations ̂A( j)x = A j +α , where ̂A( j) is the matrix in N
m×(n−1) obtained from

A by deleting its jth column. As by hypothesis each Q jα is nonnegative, it follows that

B2 =
n

∑
j=1

∑
α∈Nm

Cjα ≥ 0,

so that ̂fd(y,0) = B1 +B2 ≥ 1. In other words, the linear system of equations Ax = y has at least one
solution x ∈ N

n.
(i)⇒ (ii). Let x ∈ N

n be a solution of Ax = y, and write

zy−1 = zA1x1 −1+ zA1x1(zA2x2 −1)+ · · ·+ z∑n−1
j=1 A jx j(zAnxn −1),

and
zA jx j −1 = (zA j −1)

[

1+ zA j + · · ·+ zA j(x j−1)
]

, j = 1, . . . ,n,

if x j > 0, to obtain (8.5) with Q1(z) = 1+ zA1 + · · ·+ zA1(x1−1) if x1 > 0, and

z �→ Q j(z) := z∑ j−1
k=1 Akxk

[

1+ zA j + · · ·+ zA j(x j−1)
]

, j = 2,3, . . . ,n.

We immediately see that each Q j has all its coefficients nonnegative (and even in {0,1}).
Finally, the bound on the degree follows immediately from the proof of (i)⇒ (ii). ��

Discussion

Denote by s(u) :=
(m+u

u

)

the dimension of the vector space of polynomials in m variables, of degree
at most u. In view of Theorem 8.1, given y ∈ N

m (and with y∗ as in (8.6)), checking existence of a
solution x ∈ N

n of the linear system of equations Ax = y reduces to checking whether or not there
exists a nonnegative real solution q to a system of linear equations M q = r, with
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• n× s(y∗) variables q = {q jα}, the nonnegative coefficients of the Q j

• s(y∗+ max
k

∑m
j=1 A jk) equations (M q)i = ri, to identify the terms with same exponent in both

sides of (8.5).

This in turn reduces to solving a linear program with ns(y∗) variables and s(y∗ + maxk ∑ j A jk)
equality constraints. Observe that in view of (8.5), this linear program has a matrix of constraints
M with only 0 and ±1 coefficients. Moreover, M is very sparse as each of its rows contains at
most 2n nonzero entries. In fact, as will be shown and used in the next chapter, M is totally
unimodular.

From the proof of Theorem 8.1, one may even enforce the weights Q j in (8.5) to be polynomials
in Z[z1, . . . ,zm] (instead of R[z1, . . . ,zm]) with nonnegative coefficients (and even with coefficients
in {0,1}). However, (a) above shows that the strength of Theorem 8.1 is precisely to allow Q j ∈
R[z1, . . . ,zm] as it permits us to check feasibility by solving a (continuous) linear program. Enforcing
Q j ∈Z[z1, . . . ,zm] would result in an integer program of size larger than that of the original problem.

Finally, if indeed zy− 1 has the representation (8.4), then whenever λ ∈ R
m satisfies A′λ ≥ 0,

one has (letting z := eλ )

ey′λ −1 =
n

∑
j=1

Q j(eλ1 , . . . ,eλm)
[

e(A′λ ) j −1
]

≥ 0

(because all the Q j have nonnegative coefficients), which implies y′λ ≥ 0. Hence, we retrieve that
y′λ ≥ 0 whenever A′λ ≥ 0, which is to be expected since of course, existence of integral solutions
to (8.1) implies existence of real solutions.

The link with the Gröbner base approach

Theorem 8.1 reduces the issue of existence of a solution x ∈ N
n to a particular ideal membership

problem, that is, Ax = y has an integral solution x∈N
n if and only if the polynomial zy−1 belongs to

the binomial ideal I = 〈zA j−1〉 j=1,...,n ⊂R[z1, . . . ,zm] with the additional condition that the weights
Q j all have nonnegative coefficients.

Interestingly, consider the ideal J⊂R[z1, . . . ,zm,w1, . . . ,wn] generated by the binomials zA j−w j,
j = 1, . . . ,n, and let G := {g j} be a Gröbner basis of J (for some given term ordering). Using the
algebraic approach described in Adams and Loustaunau [4, §2.8], it is known that Ax = y has a
solution x ∈N

n if and only if the monomial zy is reduced (with respect to G) to some monomial wα ,
in which case α ∈ N

n is a feasible solution. That is,

zy = wα + ∑
g j∈G

Hj g j = wα +
n

∑
k=1

Wk(z,w)(zA j −wk), (8.8)

for some polynomials {Hj,Wk} ⊂ R[z1, . . . ,zm,w1, . . . ,wn].
Observe that this is not a Farkas lemma as we do not know in advance α ∈ N

n (we look for it!)
to test whether zy−wα ∈ J. One has to apply Buchberger’s algorithm to (i) find a reduced Gröbner
basis G of J and (ii) reduce zy with respect to G and check whether the final result is a monomial
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wα . Moreover, note that the latter approach uses polynomials in n (primal) variables w and m (dual)
variables z, in contrast with the (only) m dual variables z in Theorem 8.1.

In addition, nothing is said on the sign of the coefficients of the polynomials Wk in (8.8) obtained
after the reduction with respect to G. However, observe that if in (8.8) one makes w j := 1 for all
j = 1, . . . ,n, one obtains

zy−1 =
n

∑
k=1

Wk(z,1, . . . ,1)(zA j −1),

as in (8.5); but we do not know whether the polynomial Wk(z,1, . . . ,1) ∈ R[z] has only nonnegative
coefficients.

The 0-1 case

Suppose we now consider existence of solutions x ∈ {0,1}n instead of x ∈ N
n in the unbounded

case. This is the same as solving (8.1) over x ∈ N
n, with the additional constraints xi ≤ 1 for all

i = 1, . . . ,n. The latter constraints can in turn be replaced by the equality constraints xi +ui = 1 by
adding n additional slack variables ui, also constrained to be in N.

Therefore, with I ∈ N
n×n being the identity matrix, existence of solutions x ∈ {0,1}n to (8.1)

reduces to existence of solutions (x,u) ∈ N
n×N

n for the system
⎡

⎣

A | 0
− −
I | I

⎤

⎦

⎡

⎣

x
−
u

⎤

⎦ =

⎡

⎣

y
−
en

⎤

⎦ (8.9)

with en = (1, . . . ,1) ∈ N
n. As the matrix of the above linear system only has entries in N, we are in

a position to apply Theorem 8.1, that is,

Corollary 8.1. Let A∈N
m×n, y∈N

m. The following two statements (i) and (ii) are equivalent:

(i) The linear system Ax = y has an integral solution x ∈ {0,1}n.
(ii) The polynomial (z,w) �→ zyw1 · · ·wn−1 ∈ R[z,w] can be written as

zyw1 · · ·wn−1 =
n

∑
j=1

Q j(z,w)(zA j w j−1)+
n

∑
j=1

Pj(w)(w j−1) (8.10)

for some polynomials Q j ∈ R[z,w],Pj ∈ R[w], all with nonnegative coefficients.
In addition, the degree of the polynomials Q j in (8.10) is bounded by y∗ = y + n−

mink ∑m
j=1 A jk, and that of Pj by n.
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The special form of the weights Q j,Pj in (8.10) is due to the fact that if (x,u) ∈ N
n×N

n is a
solution of (8.9) then

zyw1 · · ·wn−1 =
[

(zA1 w1)x1(zA2w2)x2 · · ·(zAn wn)xn −1
]

wu1
1 · · ·wun

n

+wu1
1 · · ·wun

n −1

= wu1
1 · · ·wun

n

n

∑
j=1

Q̃ j(z)(zA j w j−1)+wu1
1 · · ·wun

n −1

=
n

∑
j=1

Q j(z,w)(zA j w j−1)+
n

∑
j=1

Pj(w)(w j−1).

The discrete Farkas lemma in the 0-1 case is considerably more complicated than for the unbounded
case. Indeed, even if y is bounded by ∑ j A j, one still has to search for n polynomials Q j of degree at
most y+n−1−mink ∑ j A jk in 2n variables, and n polynomials Pj in n variables of degree at most

n. (Recall that a polynomial in n variables and of degree at most d has
(n+d

d

)

coefficients.)

Back to the continuous case

The classical (continuous) Farkas lemma in (8.2) can also be restated as an ideal membership prob-
lem, with special weights. Namely,

Proposition 8.1. Let A ∈ Z
m×n. The following two statements are equivalent:

(i) The linear system Ax = y has a nonnegative solution x ∈ R
n.

(ii) The (linear) polynomial λ �→ y′λ ∈ R[λ ] (= R[λ1, . . . ,λm]) can be written as

y′λ =
n

∑
j=1

Q j(λ )(A′jλ ), (8.11)

for some polynomials {Q j}n
j=1 ⊂R[λ ], all with nonnegative coefficients (denoted Q j # 0, for

all j = 1, . . . ,n).

Proof. Suppose Ax = y for some x ∈ R
n
+. Then multiplying both sides with λ yields

y′λ = 〈Ax,λ 〉= 〈x,A′λ 〉=
n

∑
j=1

x j (A′λ ) j,

and so, (8.11) holds with Q j(λ )≡ x j ≥ 0, for all j = 1, . . . ,n. Conversely, assume that (8.11) holds
for some polynomials {Q j} ⊂ R[λ ], all with nonnegative coefficients. Write
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λ �→ Q(λ ) = Q0 + ∑
0�=α∈Nm

Qα λ α ,

with {Qα} ⊂ R
n
+ for all α ∈ N

n. Substituting in (8.11) yields,

y′λ = 〈Q0,A′λ 〉+ ∑
0�=α∈Nn

〈Qα λ α ,A′λ 〉, ∀λ ∈ R
m.

Identifying terms of same degree in the above identity yields y = AQ0 = Ax with x = Q0 ≥
0 ∈ R

n. ��
Clearly, Proposition 8.1 is the continuous analogue of Theorem 8.1 and (8.11) states that the linear
polynomial y′λ is in the ideal generated by the linear polynomials {A′jλ}, with nonnegative weights
{Q j} ⊂ R[λ ].

From the proof of Proposition 8.1, from any solution {Q j}n
j=1 ⊂ R[λ ] of (8.11) with Q j # 0 for

all j = 1, . . . ,n, one obtains a solution of Ax = y by taking x j := Q j(0) for all j = 1, . . . ,n. In fact,
Q j must be a constant polynomial (≡ x j ≥ 0) for all j = 1, . . . ,n. (Evaluate all partial derivatives at
λ = 0 in both sides of (8.11) and use the fact that Ax = 0 with x≥ 0 yields x = 0.)

Finally, it is worth noticing that the continuous version (8.11) coincides with the first-order de-
velopment of the discrete version (8.5). Indeed, expanding z = eλ in series in both sides of (8.5),
and identifying linear terms, yields (8.11) for some polynomials Q j # 0, j = 1, . . . ,n, in R[λ ].

A comparison between the continuous and discrete Farkas lemma is summarized in Table 8.1,
where conv(Ω(y)∩Z

n) denotes the integer hull of the convex polyhedron Ω(y), and 1n ∈ R
n de-

notes the vector of all ones.

Table 8.1 Comparing continuous and discrete Farkas lemma

Ω(y) = {x ∈ R
n
+|Ax = y} conv(Ω(y)∩Z

n)

x ∈Ω(y) x ∈ conv(Ω(y)∩Z
n)

⇔ x = Q(0, . . . ,0) with ⇔ x = Q(1, . . . ,1) with

Q ∈ R[λ1, . . . ,λm]n Q ∈ R[eλ1 , . . . ,eλm ]n

y′λ = 〈Q,A′λ 〉, ey′λ −1 = 〈Q,eA′λ −1n〉,
Q# 0 Q# 0

Hence existence of a nonnegative solution x ∈ R
n
+ (resp., x ∈ Z

n
+) to a linear system Ax = y is

the same as existence of a nonnegative solution 0 $ Q ∈ R[λ ] (resp., 0 $ Q ∈ R[z]) to an abstract
knapsack equation y = ∑n

j=1 a j Q j in the polynomial ring R[λ ] (resp., R[z]) and where

• y is the polynomial λ �→ y′λ (resp., z �→ zy−1)
• a j is the polynomial λ �→ (A′λ ) j (resp., z �→ zA j −1), j = 1, . . . ,n.

The general case

In this section we consider the more general case where A ∈ Z
m×n (so that A may have negative en-

tries) and the convex polyhedron Ω(y) = {x ∈R
n| Ax = y; x≥ 0} is compact. The above arguments
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cannot be repeated because of the occurrence of negative powers. However, let α ∈ N
n,β ∈ N be

such that
̂A jk := A jk +αk ≥ 0, ŷ j := y j +β ≥ 0, k = 1, . . . ,n, j = 1, . . . ,m. (8.12)

Moreover, as Ω(y) is compact,

max
x∈Nn

{

n

∑
j=1

α jx j|Ax = y

}

≤ max
x∈Rn;x≥0

{

n

∑
j=1

α jx j|Ax = y

}

=: ρ∗(α) < ∞. (8.13)

Observe that given α ∈ N
n, the scalar ρ∗(α) is easily calculated by solving a linear program. In

(8.12) choose β ≥ ρ∗(α), and let ̂A ∈ N
m×n, ŷ ∈ N

m be as in (8.12). Then existence of integral
solutions x ∈ N

n for Ax = y is equivalent to existence of integral solutions (x,u) ∈ N
n×N for the

system of linear equations

Q :

{

̂Ax+uem = ŷ

∑n
j=1 α jx j +u = β .

(8.14)

Indeed, if Ax = y with x ∈ N
n then

Ax+ em

n

∑
j=1

α j x j− em

n

∑
j=1

α j x j = y+(β −β )em,

or equivalently,

̂Ax+

(

β −
n

∑
j=1

α jx j

)

em = ŷ,

and thus, as β ≥ ρ∗(α)≥∑n
j=1 α jx j (see (8.13)), we see that (x,u) with β −∑n

j=1 α jx j =: u ∈N is

a solution of (8.14). Conversely, let (x,u) ∈ N
n×N be a solution of (8.14). Using the definitions of

̂A and ŷ,

Ax+ em

n

∑
j=1

α jx j +uem = y+βem,
n

∑
j=1

α jx j +u = β ,

and so, Ax = y. The system of linear equations (8.14) can be put in the form

B

[

x
u

]

=

[

ŷ

β

]

with B :=

⎡

⎣

̂A | em

− −
α ′ | 1

⎤

⎦ , (8.15)

and as B has only entries in N, we are back to the case analyzed in Section 8.2.

Theorem 8.2. Let A∈Z
m×n, y∈Z

m and assume that Ω(y) is compact. Let ̂A∈N
m×n, ŷ∈N

m,
α ∈ N

n, and β ∈ N be as in (8.12) with β ≥ ρ∗(α) (see (8.13)). Then the following two
statements (i) and (ii) are equivalent:
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(i) The system of linear equations Ax = y has an integral solution x ∈ N
n.

(ii) The polynomial (z,w) �→ zy(zw)β −1 ∈ R[z1, . . . ,zm,w] can be written as

zy(zw)β −1 = Q0(z,w)(zw−1)+
n

∑
j=1

Q j(z,w)(zA j(zw)α j −1) (8.16)

for some real-valued polynomials {Q j}n
j=0 in R[z1, . . . ,zm,w], all with nonnegative coeffi-

cients.
In addition, the degree of the Qj in (8.16) is bounded by

(m+1)β +
m

∑
j=1

y j−min

{

m+1, min
k=1,...,n

[

(m+1)αk +
m

∑
j=1

A jk

]}

.

Proof. Apply Theorem 8.1 to the equivalent form (8.15) of the system Q in (8.14), where B and
(ŷ,β ) have only entries in N, and use the definition (8.12) of (ŷ,β ) and ̂A. ��

We finally obtain the general form with Laurent polynomials instead of usual polynomials. Let ŷ
and ̂A be as in (8.12) and let

t := sup
k=1,...,m

ŷk

min j=1,...,n ̂Ak j

, y∗ := mt sup
k=1,...,m

n

∑
j=1
|Ak j|. (8.17)

Corollary 8.2. Let A ∈ Z
m×n, y ∈ Z

m be such that Ω(y) is compact. Then the two statements
(i) and (ii) below are equivalent:

(i) The system of linear equations Ax = y has an integral solution x ∈ N
n.

(ii) The Laurent polynomial z �→ zy−1 ∈ R[z,z−1] can be written as

zy−1 =
n

∑
j=1

Q j(z)(zA j −1) (8.18)

for some Laurent polynomials {Q j}n
j=1 ⊂ R[z,z−1], all with nonnegative coefficients.

In addition, the degree of the Q j in (8.18) is bounded by y∗ in (8.17).

Proof. The proof mimics that of Theorem 8.1. The only difference is in the proof of (ii) → (i),
where instead of (8.7) we now have

Q j(z) = ∑
α∈Zm

Q jα zα = ∑
α∈Zm

Q jα zα1
1 · · ·zαm

m
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for finitely many nonzero coefficients {Q jα}. That is, the summation is over α ∈ Z
m instead of

α ∈ N
m.

Finally, concerning the degree bound y∗, observe that from (8.14), for any feasible solution x ∈
Ω(y)∩Z

n, we have x j ≤ ŷk/̂Ak j for all k = 1, . . . ,m, and all j = 1, . . . ,n. Therefore, x j ≤ t for all
j = 1, . . . ,n, with t as in (8.17). The bound y∗ is easily obtained from the form of the Q j in the part
(i)⇒ (ii) of the proof of Theorem 8.1. ��

8.3 A discrete theorem of the alternative

Theorem 8.1 states a discrete Farkas lemma in terms of some polynomial being or not being a
member of a certain binomial ideal defined from the data A,y; see (8.5). Also, we have seen in
Table 8.1 that the continuous standard Farkas lemma (8.2) can be rephrased in similar terms. In
this section, we provide an equivalent formulation of Theorem 8.1 in the form of a theorem of the
alternative, very much as is done for the continuous case (8.2).

As for Theorem 8.1, consider the case where A is nonnegative, that is, A ∈ N
m×n and y ∈ N

m,
since the general case A ∈ Z

m×n, y ∈ Z
m reduces to the former case. In Theorem 8.1, checking

whether (8.5) holds reduces to checking whether the polynomial z �→ f (z) := zy− 1 is identical to
the polynomial z �→ h(z) := ∑n

j=1 Q j(z)(zA j−1) for some polynomials (Q j)⊂R[z1, . . . ,zm], all with
nonnegative coefficients. There are several ways of expressing that f and h are identical.

For instance, one may evaluate both f and h at sufficiently many given points {z(i)} ⊂ R
n and

state that f (z(i)) = h(z(i)) for all i. This yields a system of linear equations {Sq = s, q≥ 0} that the
nonnegative vector q of coefficients of (Q j)⊂ R[z] must satisfy.

Another possibility is to state that all partial derivatives of f and h agree when evaluated at some
particular point z = z∗, i.e.,

∂ |α| f
∂ α1 z1 · · ·∂ αm zm

∣

∣

∣

∣

∣

z=z∗
=

∂ |α|h
∂ α1z1 · · ·∂ αmzm

∣

∣

∣

∣

∣

z=z∗
, α ∈ N

m. (8.19)

This yields another system of linear equations that q ≥ 0 must also satisfy. In fact, the system of
linear equations {Mq = r, q≥ 0} alluded to in the discussion that follows Theorem 8.1 is obtained
from (8.19) with evaluation at z∗ = 0. What if we do the same but now with evaluation at the point
z∗ = 1?

Let b ∈ N
m with b > A j for all j = 1, . . . ,n, be fixed, arbitrary, and let y ∈ N

m with y ≤ b.
Let q = (q j) where q j is the nonnegative vector of coefficients of the polynomial Q j ∈R[z] in (8.5).
From Theorem 8.1, for every j = 1, . . . ,n, the total degree of Q j is at most (∑m

k=1 yk)−min j ∑m
k=1 Ak j.

In fact, more precisely, one may choose Q j with monomials zα such that α +A j ≤ y. Next, let

M(b) q = s, q≥ 0 (8.20)

for some appropriate matrix M(b), be the linear system obtained from (8.19) with y ≤ b, α �= 0,
and z∗ = 1, and with the additional constraint f (0) = h(0) (i.e., 1 = ∑n

j=1 Q j(0)); because 1 being a
common root of f and h, the case α = 0 in (8.19) yields no information. Hence, the right-hand side
vector s(y) = (sα(y)) of (8.20) satisfies s0(y) = 1, and
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sα(y) =
∂ |α|zy

∂ α1z1 · · ·∂ αmzm

∣

∣

∣

∣

∣

z=1

= ∏
{ j:α j>0}

α j

∏
k=1

(y j− k +1) (8.21)

for every 0 �= α ≤ b.
Notice that y �→ sα(y) is a polynomial in y of degree at most |α|. Next, let C(b) be the convex

cone:
C(b) := {u : uTM(b) ≥ 0}. (8.22)

Theorem 8.3. Let A ∈N
m×n, b ∈N

m, and with y ∈N
m, y≤ b, let sα ∈R[y] be as in (8.21) for

every α ≤ b. Then the following two statements (i) and (ii) are equivalent:

(i) The linear system Ax = y has an integral solution x ∈ N
n.

(ii) The linear system
{uT M(b) ≥ 0; u′ s(y) < 0} (8.23)

has no real solution u.
Equivalently,

[{x : Ax = y,y ∈ N
m} �= /0 ] ⇐⇒ [uT M(b) ≥ 0 ⇒ u′ s(y)≥ 0]. (8.24)

Equivalently again, let (u(k))rb
k=1 be a set of generators of the convex cone C(b) defined in

(8.22). Then

[{x : Ax = y,y ∈ N
m} �= /0]⇐⇒ u(k)′ s(y)≥ 0, k = 1, . . . ,rb. (8.25)

Proof. By Theorem 8.1, the linear system Ax = y has an integral solution x ∈ N
n if and only if

(8.5) holds, which in turn is equivalent to stating that the linear system M(b)q = s has a nonnegative
solution q. The standard Farkas lemma (8.2) applied to the latter yields (8.23) and the equivalent
forms (8.24)–(8.25). ��

Notice that we here obtain a theorem of the alternative in the spirit of the classical (8.2) for the
continuous case. The difference between (8.2) and (8.25) is that in (8.25), y ∈N

m must satisfy a set
of polynomial inequalities instead of linear inequalities.

Example 8.1. Consider the knapsack equation 2x1 + 5x2 = 3, x1,x2 ∈ N, i.e., with y = 3 and A =
[2,5]∈N

1×2. Let b = 6. Let q = (q1,q2) with q1 = (q10, . . . ,q14) and q2 = (q20,q21). Let us consider
the system of linear equations M(b)q = s. One has 1 = q10 +q20, and with 0 < α ≤ b one obtains

y = 2
4

∑
k=0

q1k +5(q20 +q21)

y(y−1) = 2
4

∑
k=0

q1k +4
4

∑
k=0

kq1k +20(q20 +q21)+10q21
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y(y−1)(y−2) = 6
4

∑
k=0

k(k−1)q1k +6
4

∑
k=0

kq1k +60(q20 +q21)+60q21

y(y−1)(y−2)(y−3) = 8
4

∑
k=0

k(k−1)(k−2)q1k +12
4

∑
k=0

k(k−1)q1k

+120(q20 +q21)+240q21

y(y−1)(y−2)(y−3)(y−4) = 240q14 +120q13 +480q14

+600q21 +120(q20 +q21)

y(y−1)(y−2)(y−3)(y−4)(y−5) = 720q14 +720q21.

With y = 1, the second constraint yields q jk = 0 for all j,k, in contradiction with 1 = q10 + q20.
A dual certificate of this contradiction can be obtained with u ∈ R

7 being such that u0 = 0,
u1 =−1,u2 =−1/9, and uk = 0, k = 3, . . . ,6. Indeed, one has M(b) u≥ 0 and at the point y = 1, the
polynomial y �→ u2y2 +(u1−u2)y is negative (= u1 < 0). By Theorem 8.3, Ax = 1 has no integral
solution x ∈ N

n.
With y = 3, the fourth constraint yields q20 = q21 = 0 and q1k = 0, for k ≥ 2. On the other

hand, the second constraint yields 6 = 6q11 while the first constraint yields 6 = 2q10 + 6q11, in
contradiction with 1 = q10 +q20.

On the other hand, with y = 4, the fifth constraint yields q13 = q14 = q20 = q21 = 0, and so, the
fourth constraint yields q12 = 1. Then the third constraint yields q11 = 0, while q10 = 1, and the
second constraint yields 12 = 2q10 +10q12.

Finally, with y = 5, the solution q jk = 0 (except q20 = 1), and with y = 2 the solution q jk = 0
(except q10 = 1) are obviously feasible.

8.4 The knapsack equation

We now consider two particular cases of importance, the unbounded and 0-1 knapsack equations.

The unbounded knapsack equation. The (unbounded) knapsack (or Frobenius) equation is a par-
ticular case where A′ = a ∈ N

n,y ∈ N, that is, m = 1, and one considers the equation

a′x :=
n

∑
j=1

a jx j = y. (8.26)

Therefore, as a direct consequence of Theorem 8.1, we obtain the next result.

Corollary 8.3. Let (a,y) ∈ N
n×N. The following two statements (i) and (ii) are equivalent:

(i) The knapsack equation a′x = y has a solution x ∈ N
n.

(ii) The univariate polynomial z �→ zy−1 in R[z] can be written as
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zy−1 =
n

∑
j=1

Q j(z)(za j −1) (8.27)

for some polynomials Q j ∈ R[z] with nonnegative coefficients.
In addition, the degree of the Q j in (8.27) is bounded by y∗ := y−mink ak.

From the discussion after Theorem 8.1, and in the present context of the knapsack equation,
given y ∈ N one may test existence of a solution x ∈ N

n for (8.26) by solving a linear program with

• ∑k(y+1−ak) variables (the unknown coefficients of the Q j in (8.27));
• (y + 1) equality constraints, e.g., the linear constraints obtained from (8.19) in the previous

section,

as illustrated in Example 8.1.

A particular case of importance. It is well known that if the a j are relatively prime there are
several explicit upper bounds for the Frobenius number y0 such that (8.26) always has a solution
x ∈ N

n whenever y > y0. For instance as mentioned in Beck et al. [19], and with a1 < a2 · · · < an,
Erdös and Graham [55] provide the bound 2an�a1/n� − a1, whereas Selmer [123] provides the
bound 2an−1�an/n�−an.

Therefore, if the a j are relatively prime, to check whether (8.26) has a solution x ∈N
n it suffices

to consider only those y less than (for instance) Selmer’s bound 2an−1�an/n�− an. In this case, in
view of Corollary 8.3, one has to solve a linear program with at most

• 2an−1�an/n�+1−an constraints;
• n(2an−1�an/n�+1−an−a1) variables.

The 0-1 knapsack equation. The 0-1 knapsack equation is the same as (8.26) except that now we
search for solutions x ∈ {0,1}n instead of x ∈ N

n in the unbounded case. It is a particular example
of the 0-1 case analyzed in (8.2), and so Corollary 8.1 takes the particular form:

Corollary 8.4. Let (a,y) ∈ N
n×N. The following two statements (i) and (ii) are equivalent:

(i) The 0-1 knapsack equation a′x = y has a solution x ∈ {0,1}n.
(ii) The polynomial (z,w) �→ zyw1 · · ·wn−1 ∈ R[z,w] can be written as

zyw1 · · ·wn−1 =
n

∑
j=1

Q j(z,w)(za j w j−1)+
n

∑
j=1

Pj(w)(w j−1) (8.28)

for some polynomials Q j ∈ R[z,w] and Pj ∈ R[w], all with nonnegative coefficients.
In addition, the degree of the polynomials Q j in (8.28) is bounded by y∗ = y + n− 1−mink ak

and that of Pj by n.
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8.5 Notes

Most of the material in this chapter is taken from Lasserre [90]. An alternative proof of Theorem
8.1 is provided in the next chapter and does not invoke the generating function approach. Let us
mention the work of Ryan [118, 119] and Ryan and Trotter [120], who developed a general abstract
Weyl–Minkowski duality. In particular, they show that given A∈Z

m×n, the integral monoid S := {y :
y = Ax,x ∈ Z

n
+} ⊂ Z

m generated by the columns of A is finitely constrained by Chvátal functions,
i.e., S := {y ∈ Z

m : f j(y)≥ 0, j = 1, . . . ,r} for some r Chvátal functions { f j}.



Chapter 9
The Integer Hull of a Convex Rational Polytope

9.1 Introduction

Let A ∈ Z
m×n, y ∈ Z

m, c ∈ R
n and consider the integer program Pd in (5.1) where the convex

polyhedron Ω(y) = {x∈R
n |Ax = y, x≥ 0} is compact. If P := conv(Ω(y)∩Z

n) denotes the integer
hull of Ω(y), then solving Pd is equivalent to solving the linear program max{c′x |x ∈ P}.

However in general, finding the integer hull of a convex polyhedron is a difficult problem. As
mentioned in Wolsey [134, p. 15], and to the best of our knowledge, no explicit (or “simple”) char-
acterization (or description) has been provided so far. For instance, its characterization via super-
additive functions (e.g., as in Wolsey [134]) is mainly of theoretical nature. In the general cutting
plane methods originated by Gomory and Chvátal in the early 1960s and some of the lift-and-
project methods described in, e.g., Laurent [101], one obtains P as the final iterate of a finite nested
sequence P0 ⊇ P′ ⊇ P′′ ⊇ · · · ⊇ P of polyhedra. However, in all those procedures, there is no explicit
description directly in terms of the initial data A,y. On the other hand, for specific polytopes Ω(y),
one is often able to provide some strong valid inequalities in explicit form, but very rarely all of
them (as for the matching polytope of a graph). For more details the interested reader is referred to
Cornuejols and Li [37], Jeroslow [71], Laurent [101], Nemhauser and Wolsey [113], Schrijver [121,
§23], and Wolsey [134, §8,9], and the many references therein.

In this chapter we first show that the integer program Pd in (5.1) is equivalent to a linear program
in the explicit form

max
q∈Rs
{ ĉ ′q|M q = r, q≥ 0}. (9.1)

By “explicit” we mean that the data M,r, ĉ of the linear program (9.1) are constructed explicitly and
easily from the initial data A,y,c. In fact, no calculation is needed and M,r have all their entries
in {0,±1}. In addition M is very sparse and totally unimodular. There is a simple linear relation
x = E q linking x and q (for some appropriate matrix E), but q is not a lifting of x, as in the lift-and-
project procedures described in Laurent [101]. It is more appropriate to say that q is a disaggregation
of x, as will become clear in the sequel.

We next provide a structural result on the integer hull P of the convex rational polytope Ω(y),
in the sense that we obtain an explicit algebraic characterization of the defining hyperplanes of P in

J.B. Lasserre, Linear and Integer Programming vs Linear Integration and Counting,
Springer Series in Operations Research and Financial Engineering, DOI 10.1007/978-0-387-09414-4 9,
c© Springer Science+Business Media, LLC 2009
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terms of generators of a convex cone C, which is itself described directly from the initial data A (via
the matrix M in (9.1)), and with no calculation.

Of course, in view of the potentially large size of M, in general one cannot expect to get all
generators of C. However, this structural result on the characterization of P may be helpful in either
deriving strong valid inequalities or validating some candidate inequalities, at least for some specific
polytopes Ω(y).

9.2 The integer hull

Denote by em ∈ R
m the vector with all entries equal to 1. By Theorem 8.1, and with same notation

as in Chapter 8, if A ∈ N
m×n, y ∈ N

m, the linear system Ax = y has a solution x ∈ N
n if and only if

the binomial zy−1 can be written as

zy−1 =
n

∑
j=1

Q j(z)(zA j −1) (9.2)

for some polynomials {Q j} ⊂R[z1, . . . ,zm], all with nonnegative coefficients. Let {q jα} denote the
vector of coefficients of the polynomial Q j (in the usual basis of monomials) for all j = 1, . . . ,n.

From the discussion that follows Theorem 8.1, checking existence of an integral solution x ∈
N

n for the linear system Ax = y is equivalent to checking whether there exists a nonnegative real
solution q for the associated linear system

Mq = r; q≥ 0 (9.3)

for some matrix M ∈ Z
p×ns and vector r ∈ Z

p, with

• s := ∑n
j=1 s j variables {q jα}, the nonnegative coefficients q j = {qα j} ∈ R

s j of the polynomials
Q j, j = 1, . . . ,n.

• p linear constraints that state that the two polynomials in both sides of (9.2) are identical. For
instance, the constraints (8.19) with z∗ = 0, which state that their coefficients are equal.

From the proof of Theorem 8.1, each polynomial Q j ∈R[z] in (9.2) may be restricted to contain only
those monomials zα with α ≤ y−A j, j = 1, . . . ,n. Therefore, we only need to identify terms zα of
same power in both sides of (9.2), with α ≤ y. That makes p = card ∏n

j=1{0, . . . ,y j}= ∏ j(1+ y j)
constraints.

In addition, in view of (8.5), the matrix of constraints M ∈ Z
p×s, which has only 0 and ±1

coefficients, is easily deduced from A with no calculation (and is very sparse). The same is true for
r ∈ Z

p which has only two nonzero entries (equal to −1 and 1). Next, with M,r as in (9.3), let

Δ := {q ∈ R
s | M q = r; q≥ 0} (9.4)

be the convex polyhedron of feasible solutions q ∈ R
s of (9.3).

For each j = 1, . . . ,n, define the row vector es j := (1, . . . ,1) ∈R
s j and let E ∈N

n×s be the block
diagonal matrix, with diagonal block {es j}, that is,
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E :=

⎡

⎣

es1 0 · · · 0
0 es2 0 · · ·
0 . . . 0 esn

⎤

⎦ . (9.5)

Theorem 9.1. Let A ∈ N
m×n,y ∈ N

m, and let Δ be the convex polyhedron defined in (9.4).

(i) If q ∈ Δ then x := E q ∈ Ω(y). In particular, if q ∈ Δ ∩Z
s then x ∈Ω(y)∩Z

n.
(ii) Let x ∈Ω(y)∩Z

n. Then x = E q for some q ∈ Δ ∩Z
s.

(iii) The matrix M is totally unimodular.
(iv) If q is a vertex of Δ �= /0, then x = E q ∈Ω(y)∩Z

n.

Proof. (i) With q ∈ Δ , let {Q j}n
j=1 ⊂ R[z1, . . . ,zm] be the set of polynomials (with vector of non-

negative coefficients q) that satisfy (9.2). Taking the derivative of both sides of (9.2) with respect
to z j, at the point z = (1, . . . ,1), yields

yk =
n

∑
j=1

Q j(1, . . . ,1)Ak j =
n

∑
j=1

Ak jx j, j = 1, . . . ,n,

with x j := Q j(1, . . . ,1) for all j = 1, . . . ,n. Next, use the facts that (a) all the Q j have nonnega-
tive coefficients {q jα} and (b) Q j(1, . . . ,1) = ∑α∈Nm q jα = (Eq) j for all j = 1, . . . ,n, to obtain
x := Eq ∈ Ω(y). Moreover, if q ∈ Δ ∩Z

s then obviously x ∈ Ω(y)∩Z
n because E has integral

entries.
(ii) Let x ∈Ω(y)∩Z

n so that x ∈ N
n and Ax = y; write

zy−1 = zA1x1 −1+ zA1x1(zA2x2 −1)+ · · ·+ z∑n−1
j=1 A jx j(zAnxn −1),

and write
zA jx j −1 = (zA j −1)

[

1+ zA j + · · ·+ zA j(x j−1)
]

, j = 1, . . . ,n,

whenever x j > 0, to obtain (9.2) with Q j ≡ 0 if x j = 0,

Q1(z) = 1+ zA1 + · · ·+ zA1(x1−1) if x1 > 0,

and
Q j(z) := z∑ j−1

k=1 Akxk

[

1+ zA j + · · ·+ zA j(x j−1)
]

, j = 2,3, . . . ,n

if x j > 0. We immediately see that each Q j has all its coefficients {q jα} nonnegative (and
even in {0,1}). Moreover, Q j(1, . . . ,1) = x j for all j = 1, . . . ,n, or equivalently, x = Eq with
q ∈ Δ ∩Z

s.
(iii) That M is totally unimodular follows from the fact that M is a network matrix, that is, a ma-

trix with {0,±1} entries and with exactly two nonzero entries 1 and −1 in each column (see
Schrijver [121, p. 274]). Indeed, from the identity (9.2), and the definition of M, each row of
M is associated with a monomial zα , with α ≤ y. Thus, consider a particular column of M
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associated with the variable qkα (the coefficient of the monomial zα of the polynomial Qk in
(9.2), and so with α +Ak ≤ y). From (9.2), the variable qkα is only involved

• in row (or equation) α associated with the monomial zα (with −1 coefficient) and
• in row (or, equation) α +Ak (≤ y) associated with the monomial zα+Ak (with +1 coefficient).

(iv) The right-hand side r in the definition of Δ is integral. Therefore, as M is totally unimodular,
each vertex of Δ is integral (whenever Δ �= /0). Therefore, if q is a vertex of Δ , one has q ∈
Δ ∩Z

s and from (i), x := E q ∈Ω(y)∩Z
n. ��

From Theorem 9.1(b) and its proof, one sees that q is a disaggregation of x ∈ N
n. Indeed, if we

write q = (q1, . . . ,qn) then each q j has exactly x j nontrivial entries, all equal to 1. So q is not a
lifting of x as in the lift-and-project procedures described in Laurent [101]. In the latter, x is part of
the vector q in the augmented space and is obtained by projection of q, whereas in Theorem 9.1, q
is rather a disaggregation of x.

An equivalent linear program

Consider the integer program Pd in (5.1), and for every c ∈ R
n let ĉ ∈ R

s be defined as

ĉ ′ = (ĉ1
′, . . . , ĉn

′) with ĉ j = c j(1, . . . ,1)′ ∈ R
s j ∀ j = 1, . . . ,n. (9.6)

Equivalently, ĉ ′ = c′E with E as in (9.5). It also follows that ĉ ′ q = c′x whenever x = E q. As a
consequence of Theorem 9.1 we obtain

Corollary 9.1. Let A ∈ N
m×n, y ∈ N

m, c ∈ R
n.

(i) The integer program
Pd : max

x
{ c′x|Ax = y, x ∈ N

n } (9.7)

has same optimal value fd(y,c) as the linear program

Q : max
q∈Rs
{ ĉ ′ q|M q = r, q≥ 0} (9.8)

(including the case −∞).
(ii) In addition, let q∗ ∈ R

s be a vertex of Δ in (9.4), optimal solution of the linear program
Q. Then x∗ := E q∗ ∈ N

n and x∗ is an optimal solution of the integer program Pd.

Proof. Let fd(y,c) and maxQ denote the respective optimal values of Pd and Q. First consider the
case −∞. Then fd(y,c) =−∞ only if Ω(y)∩Z

n = /0. But then Δ = /0 as well, which in turn implies
maxQ =−∞. Indeed, by Theorem 8.1, if Ω(y)∩Z

n = /0, i.e., if Ax = y has no solution x ∈N
n, then

one cannot find polynomials {Q j} ⊂ R[z1, . . . ,zm] with nonnegative coefficients that satisfy (9.2).
Therefore, from its definition, Δ �= /0 would yield a contradiction.
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Conversely, if Δ = /0 (so that maxQ =−∞) then by definition of Δ , one cannot find polynomials
{Q j} ⊂ R[z1, . . . ,zm] with nonnegative coefficients that satisfy (9.2). Therefore, by Theorem 8.1,
Ax = y has no solution x ∈ N

n, which in turn implies fd(y,c) =−∞, i.e., Ω(y)∩Z
n = /0.

In the case when fd(y,c) >−∞, we necessarily have fd(y,c) < ∞ because the convex polyhedron
Ω(y) is compact. Next, consider a feasible solution q ∈ Δ of Q. From Theorem 9.1(i) x := Eq ∈
Ω(y). Therefore, as x is bounded then so is Eq, which, in view of the definition (9.5) of E, also
implies that q is bounded. Hence Δ is compact, which in turn implies that the optimal value of Q is
finite and attained at some vertex q∗ of Δ .

Now, let x∗ ∈ N
n be an optimal solution of Pd . By Theorem 9.1(ii) there exists some q ∈ Δ

with Eq = x∗. From the definition (9.6) of ĉ, ĉ ′q = c′E q = c′x∗, which implies maxQ ≥ fd(y,c).
On the other hand, let q∗ ∈ Δ be a vertex of Δ , optimal solution of Q. By Theorem 9.1(iv), x :=
E q∗ ∈ Ω(y)∩Z

n, that is, x ∈ N
n is a feasible solution of Pd . Again, from the definition (9.6) of ĉ,

c′x = c′E q∗ = ĉ ′ q∗, which, in view of fd(y,c) ≤ maxQ, implies fd(y,c) = maxQ, and x ∈ N
n is

an optimal solution of Pd . This completes the proof of (i) and (ii). ��
Remark 9.1. On the dimension of M ∈ Z

p×s. Let a := ∑m
j=1 y j. From the definitions of p and s, one

has p ≤ (m+a
m

)

= p(m), and s ≤ n
(m+a

m

)

= np(m), where m �→ p(m) is a polynomial of degree a.
Moreover, all the entries of M,r are 0,±1. Therefore, for the class M (A,y) of problems Pd where
A ∈ N

m×n and y is bounded, then so is a, and one may solve Pd in a time that is polynomial in the
problem size, because it suffices to solve the linear program Q, which has less than p(m) constraints
and np(m) variables. One may consider this result a dual counterpart of the known result which
states that integer programs are solvable in time polynomial in the input size when the dimension n
is fixed.

The integer hull

We are now interested in describing the integer hull P of Ω(y), i.e., the convex hull of Ω(y)∩Z
n.

Theorem 9.2. Let A ∈ N
m×n,y ∈ N

m, and let E ∈ N
n×s,M ∈ Z

p×s,r ∈ Z
p be as in (9.5) and

(9.3), respectively.
Let {(uk,vk)}tk=1⊂R

n×p be a (finite) set of generators of the convex cone C⊂R
n×p defined

by
C := { (u,v) ∈ R

n×p| E ′u+M′v≥ 0}. (9.9)

The integer hull P of Ω(y) is the convex polyhedron defined by

〈uk,x〉+ 〈vk,r〉 ≥ 0 ∀k = 1, . . . , t, (9.10)

or, equivalently,
P := {x ∈ R

n|Ux≥ u}, (9.11)

where the matrix U ∈ R
t×n has row vectors {uk}, and the vector u ∈ R

t has coordinates
uk = 〈−vk,r〉, k = 1, . . . , t.
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Proof. Given x ∈ R
n, consider the following linear system:

⎧

⎪

⎨

⎪

⎩

Eq = x

Mq = r

q≥ 0

(9.12)

where M,E are defined in (9.3) and (9.5), respectively. Invoking the continuous Farkas lemma (8.2),
the system (9.12) has a solution q ∈ R

s if and only if (9.10) holds.
Therefore, let x ∈ R

n satisfy Ux ≥ u with U,u as in (9.11). By the Farkas lemma, the system
(9.12) has a solution q ∈ R

s, that is, M q = r,q≥ 0 and x = E q. As q ∈ Δ and Δ is compact, q is a
convex combination ∑k γk q̂ k of the vertices {q̂ k} of Δ . By Theorem 9.1(iv), for each vertex q̂ k of
Δ , one has x̂ k := E q̂ k ∈Ω(y)∩Z

n. Therefore,

x = E q = ∑
k

γk E q̂ k = ∑
k

γk x̂ k, (9.13)

that is, x is a convex combination of points x̂ k ∈Ω(y)∩Z
n, i.e., x∈ P; hence {x∈R

n |Ux≥ u}⊆ P.
Conversely, let x ∈ P, i.e., x ∈ R

n is a convex combination ∑k γk x̂ k of points x̂ k ∈ Ω(y)∩Z
n.

By Theorem 9.1(ii), for each k, x̂ k = E qk for some vector qk ∈ Δ ∩Z
s. Therefore, as each (x̂ k,qk)

satisfies (9.12), then so does their convex combination (x,q) := ∑k γk(x̂ k,qk). By the Farkas lemma
again, we must have Ux≥ u, and so, P⊆ {x ∈ R

n |Ux≥ u}, which completes the proof. ��
Observe that the convex cone C in (9.9) of Theorem 9.2 is defined explicitly in terms of the

initial data A, and with no calculation. Indeed, the matrix M in (9.3) is easily obtained from A
and E is explicitly given in (9.5). Thus, the interest of Theorem 9.2 is that we obtain an algebraic
characterization (9.11) of P via the generators of a cone C simply related to A.

From the proof of Theorem 9.2, every element (u,v) of the cone C produces a valid inequality
for P1, and clearly, all strong valid inequalities can be obtained from any set of generators of C.

Next suppose that for some a∈R
n, w∈R, we want to test whether a′x≥w is a valid inequality. If

there is some v∈R
p such that M′v≥−E ′a and w≤−v′r, then indeed, a′x≥w is a valid inequality.

In fact w can be improved to w̃ with

w̃ := max
v
{−v′r|M′v≥−E ′a}.

The general case A ∈ Z
m×n

In this section we consider the case where A ∈ Z
m×n, that is, A may have negative entries. We will

assume that the convex polyhedron Ω(y)⊂ R
n is compact.

We proceed as in Section 8.2. So let ̂A∈N
m×n, ŷ∈N

m be as in (8.12) with β ≥ ρ∗(α) and ρ∗(α)
as in (8.13). The feasible solutions x ∈N

n of Ax = y, i.e., the points of Ω(y)∩Z
n, are in one-to-one

correspondence with the solutions (x,u) ∈ ̂Ω(y)∩Z
n+1 where ̂Ω(y)⊂R

n+1 is the convex polytope

̂Ω(y) :=
{

(x,u) ∈ R
n+1 |B

[

x
u

]

= (ŷ,β ), x,u ≥ 0

}

, (9.14)
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with

B :=

⎡

⎣

̂A | em

− −
α ′ | 1

⎤

⎦ .

(See Section 8.2.) As B ∈N
(m+1)×(n+1), we are back to the case analyzed in Theorem 9.1. In partic-

ular, the integer program Pd : max{c′x |Ax = y, x ∈ N
n} is equivalent to the integer program

̂Pd : max

{

c′x|B
[

x
u

]

=
[

ŷ
β

]

, (x,u) ∈ N
n×N

}

. (9.15)

Hence, Theorem 8.1, Theorem 9.1, Corollary 9.1, and Theorem 9.2 are still valid with B ∈
N

(m+1)×(n+1) in lieu of A ∈ N
m×n, (ŷ,β ) ∈ N

m×N in lieu of y ∈ N
m, and ̂Ω(y) ⊂ R

n+1 in lieu
of Ω(y)⊂ R

n.
So again, as in previous sections, the polytope ̂Δ associated with ̂Ω(y) is explicitly defined from

the initial data A, because ̂A is simply defined from A and α , and so, the matrices ̂M and ̂E are easily
obtained from A and α .

In turn, as the convex cone ̂C in Theorem 9.2 is also defined explicitly from ̂A via ̂M, one also
obtains a simple characterization of the integer hull ̂P of ̂Ω(y) via the generators of ̂C.

If we are now back to the initial data A,y, then P, is easily obtained from ̂P. Indeed, by Theo-
rem 9.2, let

̂P = {(x,u) ∈ R
n+1|〈wk,x〉+δ ku≥ ρk, k = 1, . . . , t},

for some family {(wk,δ k)}tk=1 ⊂R
n×R of generators of ̂C. Then from (9.14), u = β −α ′x and so,

P = {x ∈ R
n|〈wk−δ kα,x〉 ≥ ρk−βδ k, k = 1, . . . , t}.

0-1 programs. Making the extension to 0-1 programs

max
x
{ c′x|Ax = y, x ∈ {0,1}n}

is straightforward: Consider the equivalent integer program

max
x,u
{ c′x|Ax = y, x j +u j = 1, ∀ j = 1, . . . ,n, (x,u) ∈ N

n×N
n},

which is an integer program in the form Pd in (5.1). However, the resulting linear equivalent program
Q of Corollary 9.1 is now more complicated. For instance, if A ∈ N

m×n, then q ∈ R
2s and s is now

the dimension of the vector space of polynomials in 2n variables and of degree at most n+∑ j y j.

9.3 Notes

Most of the material in this chapter is from Lasserre [91]. Theorem 9.2 provides an explicit algebraic
characterization of the integer hull P of the convex polytope Ω(y)⊂ R

n via generators of a polyhe-
dral convex cone described explicitly in terms of A. Of course, and as expected, this convex cone is
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in a space of large dimension (exponential in the problem input size). However, this structural result
shows that all strong valid inequalities can be obtained in this manner. Therefore, this result may
be helpful in deriving strong valid inequalities, or in validating some candidate inequalities, at least
for some specific polytopes Ω(y).

As already mentioned, there is also an explicit abstract description of the convex hull P in terms
of superadditive functions. Namely,

P =

{

x ∈ R
n

n

∑
j=1

f (A j)x j ≤ f (y), ∀ f ∈ F, x≥ 0

}

,

where F is the set of all superadditive functions f : Z
m→R, with f (0) = 0; see, e.g., Wolsey [134]. In

addition, Wolsey has also proposed a superadditive equivalent linear program to Pd . Namely, there
exists a finite set {Fk}r

k=1 of superadditive functions Fk : Z
m→R such that the following program

max

{

c′x : Ax = y,
n

∑
j=1

Fk(A j)x j ≤ Fk(y), k = 1, . . . ,r, x≥ 0

}

has the following properties:

• It has a feasible solution if and only if Pd has a feasible solution.
• It is unbounded if and only if Pd is unbounded.
• It has an optimal extreme point solution that is integral, and any such solution is optimal for P.

In the same vein, there exists a finite set {Gk}s
k=1 of superadditive functions Gk : Z

m→R such
that the convex polyhedron

{

Ax = y,
n

∑
j=1

Gk(A j)x j ≤ Gk(y), x≥ 0

}

,

called the y-hull in Wolsey [135], is the convex hull of optimal solutions of Pd for all y.
In the next chapter we will see that results of the present chapter can be interpreted in the su-

peradditive duality developed in, e.g., Johnson [74], Wolsey [133, 134], and the many references
therein.



Chapter 10
Duality and Superadditive Functions

10.1 Introduction

In this chapter, we still consider the integer program Pd in (5.1) and relate results obtained in
Chapters 8 and 9 with the so-called superadditive dual of Pd introduced in the late 1960s. Namely,
related to Pd is the optimization problem

min
f∈Γ
{ f (y) | f (Aj) ≥ c j, j = 1, . . . ,n}, (10.1)

where Γ is the set of (extented) real-valued functions f on Z
m that are superadditive and such that

f (0) = 0. The problem (10.1) is the so-called superadditive dual of Pd ; see, e.g., Wolsey [134] (who
considers the case {Ax≤ y, x≥ 0}). The reason (10.1) is a dual of Pd is clear almost immediately.

First, one may easily check that the value function fd(·,c) : Z
m→R∪{−∞} associated with Pd

is superadditive and satisfies fd(0,c) = 0 and fd(A j,c)≥ c j for all j = 1, . . . ,n (assuming that x = 0
is the only nonnegative solution of Ax = 0). Next, if f ∈Γ is a feasible solution of (10.1) and x∈N

n

satisfies Ax = y, then, by superadditivity of f ,

f (y) = f

(

n

∑
j=1

A jx j

)

≥
n

∑
j=1

f (A jx j)≥
n

∑
j=1

f (A j)x j ≥
n

∑
j=1

c jx j = c′x.

In other words, every feasible pair of solutions ( f ,x) of (10.1) and Pd satisfies c′x ≥ f (y), that is,
the weak duality property holds. In addition, strong duality follows from fd(y,c) = maxPd , and so
fd(y,c) is an optimal solution of (10.1).

Except for the recent algorithmic work of Klabjan [80, 81], the dual problem (10.1) has re-
mained rather conceptual in nature. However, one still retrieves several concepts already available
in standard LP duality (see [134, p. 175] for the case {Ax ≤ y, x ≥ 0 }). More important, the fun-
damental and basic Gomory (fractional) cuts for integer programs have an interpretation in terms
of superadditive functions f in (10.1). Therefore, besides its theoretical interest, any insight on the
dual problem (10.1) is of potential interest as it could provide useful information for deriving effi-
cient cuts in solving any procedure for Pd . Moreover, problem (10.1) (which is nonlinear) can be

J.B. Lasserre, Linear and Integer Programming vs Linear Integration and Counting,
Springer Series in Operations Research and Financial Engineering, DOI 10.1007/978-0-387-09414-4 10,
c© Springer Science+Business Media, LLC 2009
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transformed into an equivalent finite LP. For instance, when A ∈ N
m×n, y ∈ N

m, introducing the
variables {π(α)} with α ∈ N

m and α ≤ y, (10.1) is equivalent to
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

minπ π(y)
s.t. π(β +α)−π(α)≥ π(β ), 0≤ α +β ≤ y

π(A j)≥ c j, j = 1, . . . ,n

π(0) = 0.

(10.2)

The first set of constraints simply states that π is a superadditive function, whereas the second set
of constraints is just that of (10.1); see also Wolsey [134, §2] for the inequality case.

How is the abstract dual (10.1) related to our results of Chapters 8 and 9? In Chapter 9, we
have obtained a linear programming problem Q in (9.8) equivalent to Pd and which also yields a
simple characterization of the integer hull P of the convex polytope Ω(y); see Corollary 9.1 and
Theorem 9.2. It turns out that from every feasible solution of the LP dual Q∗ of Q, one may easily
construct a feasible solution π of (10.2). In fact, Q∗ is a simplified version of (10.2) in which we
only have the constraints π(A j +α)−π(α)≥ c j for all α +A j ≤ y, and all j. The latter can in turn
be interpreted as a longest path problem in a finite graph. We do not need to look for superadditive
functions π as in (10.2), but from a feasible solution π of Q∗, one may easily build up a superadditive
function fπ feasible for (10.2). In particular, it shows that in the superadditive dual (10.1) of Pd , one
may restricted to the class of superadditive functions π coming from the representation (8.5) of the
binomial zy−1 in Theorem 8.1.

10.2 Preliminaries

As in Chapter 9 we may restrict ourselves to the case where A ∈ Z
m×n has nonnegative entries,

i.e., A ∈ N
m×n, and transpose results to the general case by the same simple transformation already

shown in Section 8.2.

The superadditive dual of P

Let A∈N
m×n, y∈N

m, and let Pd be the integer program (5.1) with optimal value fd(y,c) : Z
m→R∪

{−∞} (with fd(y,c) :=−∞ whenever Ω(y)∩Z
n = /0).

It follows that fd(0,c) = 0 (as A ∈ N
m×n) and fd(·,c) is superadditive. Indeed, if fd(y,c) >−∞

and fd(y′,c) >−∞ then we immediately have fd(y+y′,c)≥ fd(y,c)+ fd(y′,c). If fd(y,c) =−∞ or
fd(y′,c) =−∞ (or both), then fd(y+ y′,c)≥−∞ = fd(y,c)+ fd(y′,c).

Next, consider the abstract dual problem (10.1) where Γ is the set of functions f : N
m→R∪

{−∞} such that f (0) = 0 and f is superadditive. Let f ∈ Γ be an arbitrary feasible solution, and let
x ∈ N

n be such that Ax = y. Then,

f (y) = f

(

n

∑
j=1

A j x j

)

≥
n

∑
j=1

f (A j x j)≥
n

∑
j=1

f (A j)x j ≥
n

∑
j=1

c j x j = c′x

(where both inequalities follow from the superadditivity of f ), and so, f (y)≥ c′x, that is, the weak
duality property holds. Strong duality holds with fd(y,c) = c′x∗ for any optimal solution x∗ ∈ N

n
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of Pd . Next, if Ax = y has no solution x ∈ N
n, then fd(y,c) = −∞, in which case we also have

fd(y,c) = maxPd .
As already mentioned, the dual problem (10.1) is rather conceptual, as the set Γ is very large and

not practical. For instance, Γ contains the value function y �→ fd(y,c) which is a bit too much of a
requirement if one wishes to solve Pd for a single value y of the right-hand side. To make a parallel
with linear programming, one may also define the dual of the linear program P in (3.1) to be (10.1),
replacing now Γ with the set Γ ′ of concave functions f : R

n→R∪{−∞}. The (large) set Γ ′ would
also contain the value function y �→ f (y,c) associated with P. However, by considering the subclass
of linear functions of Γ ′, one obtains the usual (and tractable) LP dual P∗ of P.

Similarly, the maximal valid inequalities that define the integer hull P of the convex polyhedron
Ω(y) (see Chapter 9) can also be obtained from Chvátal–Gomory cuts formed from linear combina-
tions and rounding of the facet inequalities that describe Ω(y). They are obtained from a subclass of
superadditive functions that satisfy the constraints of (10.1); see, e.g., Nemhauser and Wolsey [113].
In Section 10.3 we also provide a characterization of P in terms of a finite family of superadditive
functions.

A class of superadditive functions

Let D ⊂ N
m be a finite set such that

0 ∈D and α ∈D ⇒ β ∈D ∀β ≤ α, (10.3)

and let Δ be the set of functions π : N
m→R∪{+∞} such that

π ∈ Δ if π(0) = 0 and π(α) = +∞ only if α �∈D . (10.4)

Next, given π ∈ Δ let fπ : N
m→R∪{+∞} be defined as

x �→ fπ(x) :=

{

infα+x∈D{π(α + x)−π(α)} if x ∈D

+∞ otherwise.
(10.5)

Observe that fπ ∈ Δ whenever π ∈ Δ , that is,

fπ(0) = 0 and fπ(x) = +∞ only if x �∈D .

Indeed, if x ∈D then from (10.5) fπ(x)≤ π(x)−π(0) < +∞.

Proposition 10.1. For every π ∈ Δ

(i) fπ ≤ π , and fπ is superadditive;
(ii) if π ∈ Δ is superadditive, then π = fπ .
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Proof. (i) fπ(0) = 0 follows from the definition (10.5) of fπ . Let π ∈ Δ so that π(0) = 0. If x �∈D
then fπ(x) = π(x) = +∞. If x∈D then fπ(x) = infα+x∈D{π(α +x)−π(α)} ≤ π(x)−π(0) = π(x).
Next, let x,y ∈ N

m be fixed, arbitrary. First consider the case where x+ y ∈D , so that x,y ∈D .

fπ(x+ y) = inf
α+x+y∈D

{π(α + x+ y)−π(α)}
= inf

α+x+y∈D
{[π(α + x+ y)−π(α + x)]+ [π(α + x)−π(α)]}

≥ inf
α+x+y∈D

{π(α + x+ y)−π(α + x)} + inf
α+x∈D

{π(α + x)−π(α)}
= fπ(y)+ fπ(x),

where we have used that α + x+ y ∈D implies α + x ∈D (see (10.3)).
If x+y �∈D , then from (10.5), fπ(x+y) = +∞ and in this case one also has fπ(x+y)≥ fπ(x)+

fπ(y).
(ii) From (i) we have fπ ≤ π . On the other hand, if π ∈ Δ is superadditive,

π(α + x)−π(α) ≥ π(x) ∀α ∈ N
m.

Therefore, if x ∈D then

fπ(x) = inf
α+x∈D

{π(α + x)−π(α)} ≥ π(x),

whereas fπ(x) = +∞ = π(x) if x �∈D . Combining this with fπ ≤ π yields the desired conclusion. ��

10.3 Duality and superadditivity

With the integer program Pd in (5.1), we assume that A ∈ N
m×n,y ∈ N

m. The general case with
A ∈ Z

m×n (and when Ω(y) = {x ∈ R
n |Ax = y; x≥ 0} is compact) follows by reducing to the case

A ∈N
m×n after a slight modification of the initial problem (introducing an additional constraint and

an additional variable); see Section 9.2.

The link with superadditivity

From Corollary 9.1, recall that the linear program Q in (9.8) is equivalent to Pd . To relate Q with
superadditive functions, we proceed as follows.

Let D ⊂ N
m be the set

D :=
m

∏
j=1
{0,1, . . . ,y j}= {α ∈ N

m | α ≤ y}. (10.6)

In view of the simple form of the matrix M defined in Section 9.2, the LP dual Q∗ of Q in (9.8) is
easy to state. Namely, it is the linear program
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Q∗ :

{

minγ γ(y)− γ(0)
s.t. γ(α +A j)− γ(α)≥ c j, α +A j ∈D , j = 1, . . . ,n.

(10.7)

Clearly, by the change of variable π(α) := γ(α)− γ(0), α ∈D , (10.7) is equivalent to the LP

P∗d :

⎧

⎪

⎨

⎪

⎩

minπ π(y)
s.t. π(α +A j)−π(α)≥ c j,α +A j ∈D , j = 1, . . . ,n

π(0) = 0.

(10.8)

with optimal value denoted minP∗d . Now, extend π to N
m by π(α) = +∞ whenever α �∈ D . Then,

with Δ as in (10.4), the linear program P∗d is equivalent to the optimization problem

{

ρ1 := minπ∈Δ π(y)
s.t. π(α +A j)−π(α)≥ c j,α +A j ∈D , j = 1, . . . ,n,

(10.9)

that is, minP∗d = ρ1.

Theorem 10.1. Let A ∈N
m×n, y ∈N

m, c ∈R
n, and let D be as in (10.6). Let P∗d be the linear

program defined in (10.8). Consider the optimization problem
{

ρ2 := infπ∈Δ fπ(y)
s.t. fπ(A j)≥ c j, j = 1, . . . ,n.

(10.10)

where fπ : N
m→R is the superadditive function defined in (10.5) for every π ∈ Δ . If Pd is

solvable, i.e., if fd(y,c) >−∞, then

fd(y,c) = minP∗d = ρ2 = fπ∗(y) for some π∗ ∈ Δ . (10.11)

Proof. First, by Corollary 9.1, maxQ = fd(y,c), and by LP duality, maxQ = minQ∗ = minP∗d .
Thus, if fd(y,c) >−∞,

fd(y,c) = maxQ = minP∗d = ρ1.

Next, one proves that ρ1 ≥ ρ2. Indeed, let π ∈ Δ be an optimal solution of (10.9). From its definition
(10.5), fπ is an admissible solution of (10.10) because for all j = 1, . . . ,n,

fπ(A j) = inf
α+A j∈D

π(α +A j)−π(α)≥ c j.

In addition, from Proposition 10.1, π ≥ fπ and so, ρ1 = π(y) ≥ fπ(y) ≥ ρ2. Now, let x ∈ N
n be a

feasible solution for Pd , i.e., Ax = y, and with π ∈ Δ , let fπ be a feasible solution in (10.10). Then
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fπ(y) = fπ

(

n

∑
j=1

A j x j

)

≥
n

∑
j=1

fπ(A j x j) (by superadditivity)

≥
n

∑
j=1

fπ(A j)x j (by superadditivity)

≥
n

∑
j=1

c j x j = c′x.

This proves that ρ2 ≥ fd(y,c) = ρ1, and so ρ2 = fd(y,c). ��
Thus, a dual problem of Pd may have either the superadditive formulation (10.10) or the equiv-

alent LP formulation P∗d in (10.8). We further discuss the interpretation of the linear program P∗d in
Section 10.3.

Characterizing the integer hull via superadditivity

We now obtain a characterization of the integer hull P of the convex polytope Ω(y) via superadditive
functions.

Let M,r, and E be as defined in (9.2) and recall from Chapter 9 that the integer hull P of Ω(y) is
defined by

P = { x ∈ R
n| x′uk + r′vk ≥ 0, (uk,vk) ∈G}, (10.12)

where G ⊂ R
n ×R

p is a (finite) set of generators of the convex polyhedral cone C ⊂ R
n ×R

p,
defined by

C = {(u,v) ∈ R
n×R

p | M′ v+E ′u ≥ 0} (10.13)

(see Theorem 9.2). From the definition of p, a vector v∈R
p may be viewed as a function π : D→R,

with D as in (10.6), and can be extended to N
m by setting π(x) = +∞ if x �∈ D . Therefore, with a

vector v∈R
p (∼ π) obtained from a generator (u,v)∈G, we may and will associate a superadditive

function fπ as in (10.5).

Theorem 10.2. Let A ∈ N
m×n,y ∈ N

m, D be as in (10.6), and let M,r, and E be as in (9.2).
Let G⊂R

n×R
p be a set of generators of the convex cone defined in (10.13). Then the integer

hull P of the convex polytope Ω(y) is defined by

P =

{

x ∈ R
n |

n

∑
j=1

fπ(A j)x j ≤ fπ(y), (u,π) ∈G

}

(10.14)

where fπ is the superadditive function obtained from π in (10.5) and u j = − fπ(A j) for all
j = 1, . . . ,n.
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Proof. In view of the definition of M,r, and E, C in (10.13) is the convex cone

{(u,π) ∈ R
n×R

p | π(α +A j)−π(α)+u j ≥ 0, α +A j ∈D , j = 1, . . . ,n},

where the vector π ∈ R
p is viewed as a function π : D→R, with D as in (10.6). Therefore, every

generator (u,π) ∈G satisfies

−u j = min
α+A j∈D

{π(α +A j)−π(α)}, j = 1, . . . ,n.

Extend π : N
m→R∪{+∞} by π(x) = +∞ if x �∈D . Then, equivalently

−u j = min
α∈D
{π(α +A j)−π(α)}= fπ(A j), j = 1, . . . ,n,

where fπ is the superadditive function obtained from π in (10.5). Also recall that from the definitions
of D and fπ , one has π(y)−π(0) = fπ(y); indeed, since y + α �∈ D whenever α �= 0, π(y + α)−
π(α) = +∞ > π(y)− π(0). Therefore, as π ′r = π(y)− π(0) = fπ(y), and u j = − fπ(A j) for all
j = 1, . . . ,n, we finally obtain

P =

{

x ∈ R
n |

n

∑
j=1

fπ(A j)x j ≤ fπ(y), (u,π) ∈G

}

,

which is (10.14). ��
So, as in Nemhauser and Wolsey [113], the integer hull P is characterized in (10.14) via a finite

family of superadditive functions. However, the superadditive functions in (10.14) are not obtained
from linear combinations and rounding of the hyperplanes that define Ω(y), but rather from the set
of generators G of the convex cone (10.13).

Discussion

Observe that in contrast with the LP (10.2), the linear program P∗d in (10.8) does not optimize over
the superadditive functions π ∈ Δ , with Δ as in (10.4). In general, the constraints in (10.8) do not
define a superadditive function π . But the function fπ obtained from π in (10.5) is superadditive
and satisfies the constraints of the abstract dual (10.1).

Finally, note that the linear program P∗d is simpler than (10.2). This is because the constraints
of (10.2) state that π : D→R is superadditive, with π(0) = 0 and π(A j) ≥ c j for all j = 1, . . . ,n.
So both linear programs (10.2) and P∗d have the same number of variables. On the other hand, with
s := ∏m

j=1(y j +1), the LP (10.2) has O(s2) constraints in contrast with O(ns) constraints for P∗d .
Finally, P∗d has an obvious interpretation as a large order problem in a graph G whose set of nodes

is simply D ; a pair (v,v′)∈D×D defines an arc of G if and only if v′= v+A j for some j = 1, . . . ,n,
in which case its associated length is c j. The goal is then to find the longest path between the nodes
0 and y.
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Example 10.1. Let A := [2, 3]∈N
1×2 and y := 5 so that Ax = y has only one solution x∗ = (1,1). Let

the cost vector be c = [c1,c2], and D := {0,1, . . . ,5}. The dual problem P∗d reads (with π(0) = 0)

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

minπ π(5)

s.t. π(2)≥ c1, π(3) ≥ c2

π(3)−π(1)≥ c1, π(4)−π(1) ≥ c2

π(5)−π(3)≥ c1, π(5)−π(2) ≥ c2

π(4)−π(2)≥ c1,

with optimal value fd(5,c) = π(5) = c1 + c2, and optimal solution

π(1) = c2− c1, π(2) = c1, π(3) = c2, π(4) = max{2c1,2c2− c1}.

The superadditive function fπ : N
2→R defined in (10.5) (with π(x) = +∞ if x > 5) satisfies fπ(5) =

c1 + c2. For y = 1 the system Ax = y has no solution and the LP dual P∗d reads minπ {π(1) |π(0) =
0}=−∞, as α +A j �∈D for every α ∈D = {0,1}. This is consistent with fd(1,c) =−∞.

We now summarize the main results of this chapter in Table 10.1 which compares the continuous
and discrete optimization problems P and Pd , in the case of a nonnegative constraint matrix A ∈
N

m×n (and so, with D as in (10.6)).

Table 10.1 Problems P,Pd and their respective duals

Primal Linear Program P Primal Integer Program Pd

P :
max c′x
s.t. Ax = y

x≥ 0, x ∈ R
n

Pd :
max c′x
s.t. Ax = y

x≥ 0, x ∈ Z
n

dual P∗ dual P∗d

P∗ :
minλ∈Rm y′λ
s.t. A′λ ≥ c.

P∗d :

minπ∈Δ π(y)
s.t. π(α +A j)−π(α) ≥ c j,
α +A j ∈D ; j = 1, . . . ,n,
π(0) = 0.

polytope Ω(y) integer hull P = co(Ω(y)∩Z
n)

Ω(y) :
∑n

j=1 A jx j = y
x≥ 0

P :
n

∑
j=1

fπ (A j)x j ≤ fπ (y),(u,π) ∈G
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In Table 10.1, one may also use the superadditive formulation (10.10), instead of P∗d . However,
we have chosen the LP formulation P∗d in (10.8) to better highlight the difference with the LP dual
P∗ of P. Notice that if π is taken to be linear in P∗d , i.e., π(α) = π ′α for all α ∈D (for some vector
π ∈ R

m), then one retrieves exactly the LP dual P∗ of P.

10.4 Notes

The superadditive dual (10.1) dates back to the pioneering algebraic approach of Gomory [58]
and later was further investigated and extended to mixed integer programs by several researchers,
including Araoz [8], Blair [22], Blair and Jeroslow [23], Burdet and Johnson [30], Jeroslow [69,
71, 70], Johnson [74, 73], Klabjan [80, 81], Ryan [118, 119], Ryan and Trotter [120], Shapiro [124,
125], Tind and Wolsey [129], and Wolsey [133, 134, 135]. The earliest works were concerned with
subadditive functions on finite groups, coming from an analysis of the group problem introduced
in Gomory [58] (a relaxation of the original integer problem). The subaditive dual in Jeroslow [69]
follows from a shortest path representation of integer programs (see also Shapiro [124]). It is then
defined with subadditive functions on Q

m, following the same reasoning as in Section 10.1, or in
Wolsey [134], using the properties of the value function.

If in the abstract dual (10.1), one replaces superadditivity by additivity, then one retrieves the
usual LP dual of the LP associated with Pd by dropping the integrality constraints. However, it is
worth noting that the true abstract dual analogue of (10.1) for linear programs is obtained when
one replaces superadditivity with concavity. Indeed, the value function of the LP associated with
Pd is concave (and even piecewise linear), not linear, and the same reasoning as in Section 10.1
applies. However, LP duality shows that (for a fixed right-hand side y) one may be restricted to
linear functionals and obtain a much simpler dual. But of course, the (concave) value function (for
all values of y) cannot be a solution of the LP dual.



Appendix
Legendre–Fenchel, Laplace, Cramer, and Z

We briefly introduce some notions that are used extensively in the book. For a vector x ∈R
n, denote

by x′ its transpose and write without difference either c′x or 〈c,x〉 for the scalar product of x and c.
An extended real-valued function f : R

n→R∪{−∞,+∞} is said to be lower semicontinuous
(l.s.c.) at x ∈ R

n if
liminf

y→x
f (y) ≥ f (x).

Equivalently, the epigraph epi f of f , defined by

epi f := {(x,r) ∈ R
n×R : f (x) ≤ r},

is a closed subset of R
n+1.

Given an extended real-valued function f , there is a greatest l.s.c. function majorized by f , which
is called the lower semicontinuous hull of f .

An extended real-valued function f : R
n→R∪{−∞,+∞} is said to be convex if epi f is a convex

set. When f (x) �=−∞ for all x ∈ R
n then f is convex if and only if

f (αx+(1−α)y) ≤ α f (x)+(1−α) f (y), α ∈ [0,1], x,y ∈ R
n.

The (effective) domain dom f ⊂R
n of f is the set of points where f is not +∞. A convex function

is said to be proper if dom f �= /0 and f (x) >−∞ for all x ∈ R
n.

The closure cl f of a proper convex function f is its lower semicontinuous hull, and a proper
convex function f is said to be closed if cl f = f .

Given an extended real-valued function f , let cl(conv f ) denote the greatest closed convex func-
tion majorized by f . It is the supremum of the collection of all affine functions on R

n majorized
by f .

A.1 The Legendre–Fenchel transform

Let f : R
n→R∪{−∞,+∞} be given, and define f ∗ : R

n→R∪{−∞,+∞} to be

 Transforms
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λ �→ f ∗(λ ) := sup
x
〈λ ,x〉− f (x), λ ∈ R

n. (A.1)

The function f ∗ is the Legendre–Fenchel conjugate F [ f ] of f ; it is convex and l.s.c. Notice that
since f ∗ describes the affine functions majorized by f , f ∗ is the same as (cl(conv f ))∗.

Proposition A.1. Let f be convex. The conjugate f ∗ = F [ f ] is a closed convex function, proper if
and only if f is proper. Moreover, (cl f )∗ = f ∗ and f ∗∗ = f .

So the conjugacy f→ f ∗ induces a one-to-one mapping between closed proper convex functions. In
particular, it is worth noticing that the conjugate of the (convex) quadratic f = 1

2 x′Qx (with Q( 0)
is the quadratic f ∗ = 1

2 λ ′Q−1λ .

The Fenchel–Young inequality states that

f (x)+ f ∗(λ ) ≥ 〈x,λ 〉, ∀x, λ ∈ R
n,

and Fenchel–Young equality holds at (x,λ ) if and only if λ ∈ ∂ f (x) and x ∈ ∂ f ∗(λ ), where ∂ f (x)
denotes the subgradient of f at x.

An important property of the Legendre–Fenchel transform is to transform inf-convolutions into
sums, and conversely, sums into inf-convolutions. That is, denoting f �g the inf-convolution of two
convex l.s.c. functions f ,g as

x �→ f �g(x) := inf
y
{ f (y)+g(x− y)},

one has

F [ f �g] = F [ f ]+F [g], F [ f +g] = F [ f ]�F [g].

Example A.1. Let x �→ f (x) = 1
2 x′Qx for some real-valued symmetric positive definite matrix Q ∈

R
n×n. Then f ∗(λ ) = 1

2 λ ′Q−1λ .

Example A.2. Let A ∈ R
m×n, c ∈ R

n, and consider the linear program

P : min
x
{ 〈c,x〉 |Ax = y ; x≥ 0}, y ∈ R

m. (A.2)

Define f (·,c) : R
m→R∪{−∞,+∞} to be the value function associated with P, i.e.,

y �→ f (y,c) := min
x
{ 〈c,x〉 |Ax = y, x≥ 0}, y ∈ R

m, (A.3)

with the usual convention f (y,c) = +∞ if Ω(y)(:= {x ∈ R
n |Ax = y ; x≥ 0}) = /0.
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It is straightforward to check that f is convex, and in fact, convex and piecewise linear. Its
conjugate f ∗ reads

f ∗(λ ,c) = sup
y∈Rm
〈λ ,y〉− f (y,c)

= sup
y∈Rm
{〈λ ,y〉+ sup

x
{−c′x |Ax = y, x≥ 0}}

= sup
x≥0
〈A′λ − c,x〉

=

{

0 if A′λ − c ≤ 0

+∞ otherwise

Next, we obtain

f ∗∗(y,c) = sup
λ∈Rm

〈λ ,y〉− f ∗(λ ,c) = sup
y∈Rm
{ 〈λ ,y〉 |A′λ ≤ c}.

One recognizes in f ∗∗(·,c) the value function of the dual linear program P∗, and so f (·,c) = f ∗∗(·,c)
as in Proposition A.1. Next, observe that f ∗(·,c) =− ln IΩ∗(c), where IΩ∗(c) is the indicator function
of

Ω ∗(c) := {λ ∈ R
m |A′λ ≤ c}, (A.4)

the feasible set of the dual linear program P∗. Next, from its definition we also have − f (y,c) =
F [− ln IΩ(y)](−c). Therefore, we also obtain

(− f (y, ·))∗(−γ) = F [F [− ln IΩ(y)] ](γ) =− ln IΩ(y)(γ), γ ∈ R
n,

and so, for every λ ∈ R
m,γ ∈ R

n,

( f (·,c))∗(λ ) =− ln IΩ∗(c)(λ ) and (− f (y, ·))∗(−γ) =− ln IΩ(y)(γ).

A.2 Laplace transform

Before introducing the Laplace transform, we first recall the celebrated Cauchy residue theorem, a
basic and fundamental result in complex analysis.

Cauchy residue theorem

Let G⊂ C be an open set and f : C→C a given function. Then f is differentiable at a ∈ G if

lim
h→0

f (a+h)− f (a)
h

exists. If f is differentiable at each point of G then f is differentiable on G.
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A function f : G→C is analytic if is continuously differentiable. One must recall that differen-
tiability in C is a much stronger requirement than in R. This can be realized when one sees that an
analytic function is infinitely differentiable and can be expanded in a power series at each point of
its domain!

If γ : [0,1] :→C is a closed rectifiable curve and a �∈ γ , then

n(γ;a) :=
∫

γ
(z−a)−1 dz ∈ N

is called the index of γ with respect to a. If G⊂ C is an open set and n(γ,w) = 0 for all w ∈ C\G,
then γ is said to be homologous to zero, denoted γ ≈ 0.

Let f have an isolated singularity at z = a, and let

f (z) =
∞

∑
n=−∞

an (z−a)n

be its Laurent series expansion about z = a. Then the residue of f at z = a, denoted Res( f ;a), is
just the coefficient a−1. So Res( f ,a) = a−1.

We now come to a fundamental result in complex analysis.

Theorem A.1 (Cauchy Residue Theorem). Let f be analytic on G, except for the isolated singu-
larities a1, . . . ,am ∈ G. If γ is a closed rectifiable curve in G that does not pass through any of the
points ak, k = 1, . . . ,m, and if γ ≈ 0 in G then

1
2πi

∫

γ
f dz =

m

∑
k=1

n(γ,ak)Res( f ,ak).

In particular, if G is a disc with boundary circle C, and all the singularities are inside the disc, then

1
2πi

∫

C
f dz =

m

∑
k=1

Res( f ,ak).

The Laplace transform

The Laplace transform is a powerful technique which plays an important role in probability theory
and in many applications. In particular, it is used in signal processing for analyzing linear time-
invariant dynamical systems and solving linear ordinary differential equations where one reduces
the initial problem to that of solving algebraic equations. In such physical systems it is interpreted
as a transformation from the time domain to the frequency domain.

We start with the one-dimensional case. Let f : R→R be given, and such that

f = 0 on (−∞,0) and | f (x)| ≤ eax ∀x≥ x0,

for some a > 0. Then its one-sided Laplace transform L1[ f ] : C→C is defined by
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λ �→ L1[ f ](λ ) :=
∫ ∞

0
e−λx f (x)dx, λ ∈ D , (A.5)

where D ⊂ C is the domain where the above integral is well-defined. The right-hand side of (A.5)
is called the Laplace integral of f , and typically D = {λ ∈ C : ℜ(λ ) > s} for some s ∈ R.

The inverse Laplace transform L −1
1 [ f ] is given by

x �→ L −1
1 [ f ](x) :=

1
2πi

∫ γ+i∞

γ−i∞
eλx f (λ )dλ , (A.6)

where f : C→C is analytic in the right half-plane ℜ(λ ) > γ .
The above integral is called the Bromwich integral, and in many cases of interest this integral is

also the same as

L −1
1 [ f ](x) =

1
2πi

∫

C
eλx f (λ )dλ , x≥ 0, (A.7)

where C is a closed contour of integration in C, such that all singularities of f lie inside the contour.
Then by using Cauchy residue theorem (Theorem A.1),

L −1
1 [ f ](x) = sum of residues of eλx f (x) at the poles of f . (A.8)

If f : [0,∞)→R is of bounded variation in a neighborhood of x0 ≥ 0, and if its Laplace integral
converges absolutely on ℜ(λ ) = c, then

L −1
1 [L1[ f ]] =

⎧

⎪

⎨

⎪

⎩

0 if x < 0,

f (0+)/2 if x = 0,

( f (x+)+ f (x−))/2 if x > 0,

where f (x+) = limy↓x f (y), and f (x−) = limy↑x f (y). And so if f is continuous, L −1
1 [L1[ f ]] = f .

For f : R→R, its two-sided (or bilateral) Laplace transform is given by

L [ f ](λ ) :=
∫ ∞

−∞
e−λx f (x)dx, λ ∈D , (A.9)

with D ⊂ C being the domain where (A.9) makes sense. Its inverse is also given by the complex
integral (A.6). Introducing the Heavyside step function

x �→ u(x) :=

⎧

⎪

⎨

⎪

⎩

0, x < 0,

1/2, x = 0,

1, x > 0,

one may recover L1[ f ] from L [ f ] by L1[ f ] = L [u f ]. The converse is also true. Indeed, defining
f̃ by f̃ (x) = f (−x), one has
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L [ f ](λ ) = L1[ f ](λ )+L1[ f̃ ](−λ ).

As the Legendre–Fenchel transform maps quadratics into quadratics, the Laplace transform maps
Gaussian densities into Gaussian. Indeed

L

[

e−x2/2σ
√

2πσ

]

= eλ 2σ/2.

There is an obvious extension to the multivariate case. For a given function f : R
m→R, its bilateral

Laplace transform L [ f ] : C
m→C reads

λ �→ L [ f ](λ ) :=
∫

Rm
e〈λ ,x〉 f (x)dx, λ ∈D ,

where D ⊂ C
m is the set of λ ∈ C

m such that the above integral is well-defined. With x ∈ R
m, to

recover f (x) from the knowledge of h := L [ f ], one uses the inverse Laplace transform, also given
by

f (x) = L −1[h](x) :=
1

(2πi)m

∫ γ1+i∞

γ1−i∞
· · ·

∫ γm+i∞

γm−i∞
e〈λ ,x〉 h(λ )dλ1 · · ·dλm,

where γ = (γ1, . . . ,γm) ∈ R
m, {γ1±∞}× · · ·×{γm±∞} ⊂D , and h is analytic on ℜ(λ ) > γ .

One important property of the Laplace transform is to map convolutions into products. That is,
denoting the convolution of f and g by

x �→ f � g(x) :=
∫

Rn
f (x− y)g(y)dy,

one has

L [ f � g] = L [ f ]+L [g].

Finally, observe that

eF [− f ](−λ ) = sup
x

e−〈λ ,x〉+ f (x) =
∫ ⊕

e−〈λ ,x〉 e f (x),

where
∫ ⊕ is the “integral” operator in the (max,+)-algebra (recall that the “sup” operator is the ⊕

(addition) in the (max,+)-algebra, i.e., max[a,b] = a⊕b. Formally, one has

expF [− f ] = L [exp f ] in (max,+).



A.3 The Z-transform 155

In other words, the Legendre–Fenchel and Laplace transforms are indeed the same transform inter-
preted in the (max,+)- and (+,×)-algebras, respectively.

The Cramer transform

The Cramer transform makes the link between the Legendre–Fenchel and Laplace transforms and is
a useful tool to transform concepts from the usual (+,×)-algebra to the (max,+)-algebra. We have
just seen that the Laplace and Legendre–Fenchel transforms are formal analogues in the respective
(+,×)- and (max,+)-algebras.

One may observe that the logarithmic Laplace transform ln L [ f ] of any nonnegative function
f : R

n→ [0,+∞] is convex and l.s.c. Therefore, it is appropriate to define its Legendre–Fenchel
transform.

Given a function f : R
n→[0,+∞)∪{+∞}, its Cramer transform C [ f ] is given by

f �→ C [ f ] := F [ ln L [ f ] ]. (A.10)

In other words, C = F [ ln L ] is the Legendre–Fenchel transform applied to the logarithm of
the Laplace transform. As the ln L [ f ] is convex and l.s.c., one has C [ f ]∗ = ln L [ f ]. As one may
expect, since the Legendre–Fenchel transform maps quadratics into quadratics, and the Laplace
transform maps Gaussians into Gaussians, the one-dimensional Cramer transform maps Gaussians
into corresponding quadratics, i.e.,

C

[

1√
2πσ2

e(x−m)2/2σ2
]

(z) =
(z−m)2

2σ2 .

Next, as the logarithmic Laplace transform maps convolutions into sums, i.e.,

lnL [ f � g] = ln L [ f ]+L [g],

the Cramer transform maps convolutions into inf-convolutions, i.e.,

C [ f � g] = C [ f ]�C [g]. (A.11)

A.3 The Z-transform

Just as one important application of the Laplace transform is to analyze continuous-time linear dy-
namical systems, one main application of the Z-transform is to analyze discrete-time linear dynam-
ical systems. It converts a discrete-time domain signal (a sequence of real numbers) into a complex
frequency domain representation.
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The (bilateral) Z-transform Z [ f ] of an infinite sequence f = { f (n)}∞−∞ is defined by

z �→ Z [ f ](z) :=
∞

∑
n=−∞

f (n)z−n, z ∈D , (A.12)

where D ⊂C is the set of complex z∈C such that the above series converges. As already mentioned,
the bilateral Z-transform Z [ f ] is the obvious discrete analogue of the bilateral Laplace transform
L [ f ]. Similarly, the unilateral Z-transform is defined as in (A.12), but with f (n) = 0 for all n < 0
and is also the discrete analogue of the unilateral Laplace transform. Uniqueness of the Z-transform
makes sense only if the domain D is specified.

In (A.12), the series converges in a ring of the form 0 ≤ r1 < z < r2 ≤ ∞ where the radii r1 and
r2 depend on the behavior of f at ±∞. If f (n) = 0 for all n < 0 (resp., n > 0) then r2 = +∞ (resp.,
r1 = 0).

If z = r eiθ then Z [ f ] evaluated at r = 1 is the Fourier transform

∞

∑
n=−∞

f (n)e−inθ

of the sequence f . If h := Z [ f ] is given by an algebraic expression and its domain of analyticity
D ⊂ C is known, then its inverse Z-transform Z −1[h] is obtained by

f (n) = Z −1[h](n) =
∫

C
h(z)zn−1 dz, n ∈ Z, (A.13)

where C is a closed contour in D surrounding the origin. Indeed, by the Cauchy residue theorem,

∫

C
zk zn−1 dz =

{

1 if k =−n

0 otherwise,

and so, replacing h in (A.13) with its expansion (A.12) yields the result.
The inverse Z-transform (A.13) is the obvious discrete analogue of the inverse Laplace transform

(A.7).
There is a straightforward extension to the multivariate case. Let f = { f (α)} be an infinite

sequence indexed with α ∈ Z
m. Then, its Z-transform Z [ f ] is now given by

z �→ Z [ f ](z) := ∑
α∈Zm

f (α)z−α , z ∈D , (A.14)
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where zα is the usual notation for

zα = zα1
1 · · ·zαm

m , α ∈ Z
m,

and D ⊂C
m is the set of z ∈C

m such that the series in (A.14) converges. To recover f (α) from the
knowledge of h := Z [ f ], one uses the multivariate inverse transform Z −1 given by

f (α) = Z −1[h](α) =
1

(2πi)m

∫

C1

· · ·
∫

Cm

h(z)zα−e dz1 · · ·dzm,

with α ∈ Z
m, zα−e = zα1−1

1 · · ·zαm−1
m , and where C1×·· ·×Cm ⊂D , and each Cj is a closed contour

in D encircling the origin.

A.4 Notes

For more details and applications on Laplace, Legendre–Fenchel, and Cramer transforms, as well
as the links between them, the interested reader is referred to Bacelli et al. [10], Brychkov et al.
[28], Burgeth and Weickert [31], and Litvinov and Maslov [106], and many references therein.
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Glossary

N— set of natural numbers

Z— set of integers

Q— set of rational numbers

R— set of real numbers

C— set of complex numbers

A— matrix in R
m×n, or Z

m×n, or N
m×n

A j— column j of matrix A

ℜ(z)— real part of z ∈ C, or vector of real parts of z ∈ C
n

|z|— modulus of z ∈ C, or vector of moduli of z ∈ C
n

Ω(y)— convex polyhedron {x ∈ R
n |Ax = y,x≥ 0}

conv(Ω(y)∩Z
n)— integer hull of Ω(y)

P— linear program max{c′x |x ∈Ω(y)}
P∗— LP dual of P

Pd— integer program max{c′x |x ∈Ω(y)∩Z
n}

P∗d— dual problem of Pd

I— integration program
∫

Ω(y) ec′x dσ

I∗— dual of I (a complex integral)

Id— summation program ∑x∈Ω(y)∩Zn ec′x

I∗d— dual of Id (a complex integral)

f (y,c), fd(y,c)— respective optimal values of P and Pd

̂f (y,c), ̂fd(y,c)— respective values of I and Id
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F(λ ,c)— Fenchel transform: λ �→ infy∈Rm λ ′y− f (y,c) (as f (·,c) is concave)

̂F(λ ,c)— Laplace transform: λ �→ ∫

Rm eλ ′y f (y,c)dy

̂Fd(z,c)— Z-transform: z �→ ∑y∈Zm z−y fd(y,c)

lnz— logarithm (Neperian) of z ∈ C

R[z1, . . . ,zm]— ring of polynomials in m variables, with coefficients in R

zα : with z ∈ C
m,α ∈ Z

m: Laurent monomial zα1
1 · · ·zαm

m

zA j : with z ∈ C
m,A j ∈ Z

m: Laurent monomial z
A1 j
1 · · ·z

Am j
m

⊕— depending on the underlying algebra, stands for either the usual addition a⊕ b = a + b or
a⊕b = max[a,b]

Δ— is R
n (resp., Z

n) in the continuous (resp., discrete) context
∫ ⊕— depending on Δ and the underlying algebra, stands for

∫

or ∑ or max



Index

(max,+)-algebra, 3

abelian group, 47
algorithm

associated transform, 27
Barvinok’s counting, 5, 42
binary search, 108
digging, 108, 111
integer programming, 107
Nesterov, 96
simplex, 32
single cone digging, 112

barrier function
exponential, 33
logarithmic, 33

Cauchy residue technique, 20, 71
Cauchy Residue theorem, 17, 28, 35
cone

dual, 34
tangent, 44
unimodular, 44

cutting planes, 83

decomposition
Lawrence, 13
signed, 11
simplicial, 11

direct method, 19
dual, 1, 96

LP, 76
superadditive, viii, 139

dual variables, 75
duality, 1

discrete, 72
Filliman’s, 13

Laplace, 72
Legendre-Fenchel, vii, 31
strong, 2, 139
weak, 2, 139

Farkas lemma, viii, 115
continuous, 115, 121
discrete, 116

formula
Brion and Vergne’s continuous, 11, 17
Brion and Vergne’s discrete, 4, 74
Brion’s, 43
Lawrence, 11

FPRAS, 10
Frobenius

number, 115
problem, 115

function
generating, 44
price, 83
subadditive, 85
superadditive, 1, 83, 131, 139, 141

funtion
generating, 47

Gomory, 83
Gröbner basis, viii
group character, 47, 100
group problem, 85

hull
convex, 85
integer, viii, 131, 135, 144

ideal, 119
binomial, 119

ideal membership problem, 119, 121
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integration linear, 2
IP, vii, 1

knapsack
equation, 41, 127
problem, 94

LattE, 42
lattice, 47

dual, 47
Laurent polynomial, 124
linear counting, 2, 3, 41
linear integration, 2, 3, 9
LP, 36

Maslov, 3

nondegeneracy property, 91

polyhedron, 9
corner, 85
master, 85
simple, 92

polytope
simple, 18
simplicial, 12

primal, 11
primal methods, 11
program

0-1, 137
integer, vii, 1, 2, 76, 131
linear, 2, 3, 32, 74, 76

Programming
Integer, vii, 2

Linear, vii, 1, 2, 18
Pukhlikov and Khovanski, viii

reduced costs, 4, 18, 73
regular, 17, 74, 76
relaxation

(extended) group, 89
Gomory, viii, 5, 83, 84, 111
Gomory (asymptotic) group, 85
group, 89

residue algorithm, 18

sublattice, 47
superadditivity, 142

totally unimodular, 119, 133
transform

Z-, vii, viii, 72, 156
associated, 25
Cramer, 34, 155
inverse Laplace, 4, 11
Laplace, vii, viii, 15, 72, 152
Legendre–Fenchel, 150
Legendre-Fenchel, vii, viii, 31
two-sided Laplace, 32

triangulation, 11
boundary, 12
Cohen and Hickey’s, 11
Delaunay, 11

valid inequality, 136
valuation, 43
vertex residue, 75
volume, 9, 10
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