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Preface

Integer programming (IP) is a fascinating topic. Indeed, while linear programming (LP), its con-
tinuous analogue, is well understood and extremely efficient LP software packages exist, solving
an integer program can remain a formidable challenge, even for some small size problems. For
instance, the following small (5-variable) |P problem (called the unbounded knapsack problem)

min{213x; — 1928x, — 11111x3 — 2345x4 + 9123xs}
St 12223xq + 12224x5 + 366743 + 61119x4 + 85569x5 = 89643482,
X1,X2,X3,X4,X5 € N,

taken from a list of difficult knapsack problemsin Aardal and Lenstra [2], is not solved even by
hours of computing, using for instance the last version of the efficient software package CPLEX.

However, thisisnot abook on integer programming, asvery good oneson thistopic already exist.
For standard references on the theory and practice of integer programming, the interested reader is
referred to, e.g., Nemhauser and Wolsey [113], Schrijver [121], Wolsey [136], and the more recent
Bertsimas and Weismantel [21]. On the other hand, this book could provide a complement to the
above books as it devel ops a rather unusual viewpoint.

Indeed, one first goal of this book is to analyze and develop some striking analogies between
four problems, all related to an integer program Py (the subscript “d” being for discrete); namely its
associated linear programming problem P, its associated linear integration problem I, and its asso-
ciated linear summation (or linear counting) problem Iy. In fact, while P and Py are the respective
(max, +)-algebraanalogues of | and 14, Py, and |4 are the respective discrete analogues of P and 1.
In addition, the same simple relationship links the value of P with that of | on the one hand, and the
value of P4 with that of 14 on the other hand.

If LP duality is of course well understood (as a specia case of Legendre—Fenchel duality in
convex anaysis), IP duality is much less developed although there is a well-known superadditive
dual associated with Py4. On the other hand, the linear integration and linear counting problems
I and Iy have well-defined respective dual problems I* and I}, although they are not qualified as
such in the literature. Indeed, 1* (resp., 1Y) is obtained from the inverse Laplace transform (resp.,
inverse Z-transform) applied to the Laplace transform (resp., Z-transform) of the value function,
exactly in the same way the LP dual P* is obtained from the Legendre—Fenchel transform applied
to the Legendre—Fenchel transform of the value function. Moreover, recent results by people like
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Barvinok, Brion, and Vergne, and Pukhlikov and Khovanskii have provided nice and elegant exact
formulas for | and l4. One purpose of this book is to show that a careful analysis of these formu-
las permit us to shed some interesting light on the links and analogies between the (continuous)
integration and (discrete) counting programs | and lq.

In addition, in view of connections and analogies among P, Pq, I, and l4 on the one hand, and
duality results already available for P, 1, and 14 on the other, another goal isto provide new insights
and results on duality for integer programming, and to reinterpret some already existing resultsin
light of these new results and anal ogies.

This book isan attempt to reach this goal, and throughout all chapters our investigation is guided
by these analogies, which are not just formal but rest on a rigorous mathematical analysis. We
hope to convince the reader that they are also useful to better understand in particular the difference
between the discrete and continuous cases and reasons why the former is significantly more difficult.
We also hope that some of the material presented here could be introduced in graduate courses
in optimization and operations research, as this new viewpoint makes a link between problems
that after all are not so different when looked at through a distinct lens. Indeed, very often the
discrete and continuous cases are treated separately (as are integration and optimization) and taught
in different courses. The associated research communities are also distinct. On a more practical
side, some duality results presented in the last chapters of the book may also provide new ideas for
generating efficient cuts for integer programs, a crucial issue for improving the powerful software
packages already available, like CPLEX and XPRESS-MP codes.

Finally, let us mention that 1P is also studied in the algebraic geometry research community, and
standard algebraic tools like Grobner basis, Grobner fan, and toric ideals permit us to better under-
stand | P as an arithmetic refinement of LP and to re-interpret some known (algebraic) concepts, like
Gomory relaxations, for example.

The plan of the book is as follows: We first introduce the four related problems P, Py, I, and Iy
in Chapter 1. Next, in Part | we analyze problem | and compare with P in Chapters 2 and 3. In
Part 11, we do the same with I4 and Py in Chapters 4 and 5. Part |11 isthen devoted to various duality
results, including (i) the link between the old concept of Gomory relaxations and exact formula
obtained by Brion, and Brion and Vergne, in Chapters 6 and 7, (ii) a discrete Farkas lemma and a
characterization of the integer hull in Chapters 8 and 9, and (iii) the link with the superadditive dual
in Chapter 10.

Some elementary background on Legendre-Fenchel, Laplace, and Z-transforms, as well as
Cauchy residue theorem in complex analysis, can be found in the Appendix.
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Chapter 2
The Linear Integration Problem |

In thefirst part of the book, we consider the linear integration problem | and establish a comparison
with its (max, +)-algebra analogue, the linear programming (LP) problem P.

2.1 Introduction

In this chapter, we are interested in the linear integration problem | defined in Chapter 1, that is,

~

1:f(y,c) ::/ & do, (2.1
Q(y)
where Q(y) C R" isthe convex polyhedron

Qy) = {xeR"Ax=y, x>0} (2.2

for some given matrix A € R™", and vectorsy € R™, ¢ € R", all with rational entries, and where
do isthe Lebesgue measure on the smallest affine variety that contains Q(y). Whenc =0, A isfull
rank, and Q(y) is compact, we thus obtain the (n — m)-dimensional volume of Q(y). As aready
mentioned, the linear program P is the (max, +)-algebra analogue of problem I in the usual algebra
(4, x), and we will seein the next chapter that the analogy between | and P is not simply formal.

We describe what we call a dual algorithm for computing the volume of Q(y), i.e., problem
I with ¢ = 0, because it is a standard problem in computational geometry with many interesting
and important applications, and aso because the same algorithm works when ¢ # 0, with ad hoc
and obvious modifications. Also it can be a viable alternative or complement to the various primal
methods briefly presented bel ow.

J.B. Lasserre, Linear and Integer Programming vs Linear Integration and Counting,
Springer Seriesin Operations Research and Financial Engineering, DOI 10.1007/978-0-387-09414-4._2,
(© Springer Sciencet+Business Media, LLC 2009
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Some computational complexity results

Computing the volume vol (22) of a convex polytope Q (or integrating over ) is difficult; its
computational complexity is discussed in, e.g., Bollobas [24] and Dyer and Frieze [46]. Indeed,
any deterministic algorithm with polynomial time complexity that would compute upper and lower
bounds v and v on vol (£2) cannot yield an upper bound g(n) on v/v better than a polynomial in the
dimension n.

A convex body K C R" is a compact convex subset with nonempty interior. A strong separation
oracle answers either x € K or x ¢ K, and in the latter case produces a hyperplane separating x
from K. An agorithm is a sequence of questions to the oracle, with each question depending on the
answers to previous questions. The complexity of the algorithm is the number of questions asked
before upper and lower bounds vol (K) and vol (K) are produced. Let B" ¢ R" be the Euclidean unit
ball of R". If r;B" ¢ K C roB" for some positive numbers ry, o, the algorithm is said to be well
guaranteed. The input size of a convex body satisfying riB" C K C roB" isn+ (r1) 4 (r2), where
(x) isthe number of binary digits of adyadic rational x.

Theorem 2.1. For every polynomial time algorithm for computing the volume of a convex
body K C R" given by a well-guaranteed separation oracle, there is a constant ¢ > 0 such

that
!
val (K) — \logn

N

cannot be guaranteed for n > 2.

However, Lovasz [107] proved that there is a polynomial time algorithm that produces bounds
vol (K) and vol (K) satisfying vol (K)/vol (K) < n"(n + 1)"/2, whereas Elekes [54] proved that
for 0 < &€ < 2 there is no polynomia time agorithm that produces vol (K) and vol (K) with
vol (K) /vol (K) < (2—)".

In contrast with this negative result, and if one accepts randomized algorithms that fail with
small probability, then the situation is much better. Indeed, the celebrated Dyer, Frieze, and Kanan's
probabilistic approximation algorithm [47] computes the volumeto fixed arbitrary relative precision
g, in time polynomial in e~1. The latter algorithm uses approximation schemes based on rapidly
mixing Markov chains and isoperimetric inequalities.

More precisely, following [24], let K ¢ R" with n > 2, and let €, be small positive numbers.
An e-gpproximation of vol (K) isanumber vol (K) such that

(1—¢)vol (K) < vol (K) < (1+¢)vol (K). (2.3)

A fully polynomial randomized approximation scheme (FPRAS) is a randomized algorithm that
runs in time polynomial in the input size of K, e~1, logn 1, and with probability at least 1 — n
produces an e-approximation (2.3) of vol (K). Then the important result of Dyer, Frieze, and Kanan
[47] states that there exists a FPRAS for the volume of a convex body given by a well-guaranteed
membership oracle.
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Exact methods

Basically, methods for exact computation of the volume (triangulations or simplicial decomposi-
tions) can be classified according to whether one has a half-space description

Q={xeR"Ax <y}

or avertex description

P p
Q= {x ER"x= Y Ajx(j),4j >0, 1j < 1}
j=1 =1

of €2, or when both descriptions are available. For instance, Delaunay’striangul ation (see, e.g., [29])
and von Hohenbalken's simplicial decomposition [131] both require the list of vertices, whereas
Lasserre’s algorithm [94] requires a half-space description. On the other hand, Lawrence's [102]
and Brion and Vergne's [27] formulas, as well as Cohen and Hickey’'s triangulation method [34],
require both half-space and vertex descriptions of the polytope. On the other hand, Barvinok’s
agorithm [13] computes the volume by computing the integral of e over Q for asmall c, i.e,
evaluates the Laplace transform of the function x — I (x) at the particular A = c. We call these
approaches primal because they all work directly in the primal space R" of the variables describing
the polytope regardless of whether Q has a vertex or half-space description.

In this chapter, we take adual® approach, that is, we consider problem | as that of evaluating
the value function f (y,0) at some particular y € R™, and to do so, we compute the inverse Laplace
transform of its Laplace transform lf(l,O) at the point y € R™; we call this the dual integration
problem I*. In the present context, as F is available in closed form, computing the inverse Laplace
transform at the point y is simply the evaluation of a complex integral. This method is dual in
nature because contrast to primal methods which work in the primal space R" of the x variables, we
instead work in the space R™ of dual variables A associated with the nontrivial constraints Ax =y.
In summary:

e Triangulations or signed decomposition methods, as well as Barvinok’s algorithm, are primal
methods that work in the space R" of primal variables, regardless of whether 2 has a vertex or
half-space description. The right-hand sidey is fixed.

e Our dual type algorithmworksin C™ asit uses residue techniquesto invert the L aplace transform
F(A,0) : C"—C of thefunction f(-,0) : R"— R, at the particular pointy € R™. Soc = Oisfixed,

~

y varies as the argument of f(-,0), and A variesin the inverse Laplace integral.
2.2 Primal methods

Primal methods for exact volume computation can be divided into two classes:. triangulations and
signed decompositions. A basic result used in all these methods is the exact formula for the volume
of asimplex in R". Let A(xo, .. .,X,) bethe simplex of R" with vertices xo, ..., X, € R". Then

_ |det (X1 — X0, X2 — X0, - - - , Xn — X0) |

vol (A(Xo, ..., Xn)) nl

(2.4)

1 Duality here has nothing to do with duality between the vertex and half-space descriptions of a convex polytope
QCR".
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Triangulations

A triangulation of an n-polytope Q C R" isaset {A;};_; of n-simplices A; C R" such that no two
distinct simplices have an interior point in common. And so,

val (Q) = ivol (Ap),
i=1

with vol (4;) given by (2.4). Hence, most of the work is concentrated in finding a triangulation of
Q. For instance, let Q C R? be the rectangle ABDC in Figure 2.1. With E inside £, one has the
triangulation (AEC), (AEB), (BED), (DCEC) of £2. Among the triangulation methods are Delau-
nay’s triangulation, boundary triangulation, and Cohen and Hickey’s triangulation [34]. While the
first two only require a vertex representation of Q, the latter requires both vertex and half-space
descriptions.

FIGURE 2.1 Triangulation of arectangle

Delaunay’s triangulation is obtained by lifting the polytope Q2 onto the surface of an (n+ 1) —
dimensional convex body, by x — (x, f (x)) for some strictly convex function f : R"—R. The lifted
vertices (v, f(v)) must be in the general position (i.e., their convex hull smplicia). Then, interpret-
ing the facetsin terms of the original vertices yields the desired triangul ation.

Boundary triangulation for simplicial polytopes (i.e., each facet is an (n — 1)-dimensional sim-
plex) links each facet with an interior point as in Figure 2.1 so as to yield the desired triangula-
tions. For general polytopes, a small perturbation yields asimplicial polytope. Cohen and Hickey's
triangulation is an improvement of boundary triangulation as it considers a vertex instead of an
interior point.

Signed decompositions

As another primal method, one may decompose Q into signed n-simplices {A;} whose signed
union is exactly Q. That is, one writes Q = J; g4 with & € {—1,+1}, and where the signed
decomposition {&A;} must satisfy the following requirement for every point x not on the boundary
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of any simplex: If x € Q then x appears in exactly one more positive A;, whereas if x ¢ Q then it
must appear equally often in positive and negative A;. And so, we now have

vol () = iei vol (4j).
i=1

In Figure 2.2 the same rectangle Q2 has the signed decomposition

[+(AB,AC,€), +(ech> BD)? —(AB,E, BD)? _(AC7CDve)]7

C D

FIGURE 2.2 Signed decomposition of arectangle

where a triplet (a,b,c) stands for the unique simplex determined by the intersection of lines a, b,
and c. Filliman’s duality [56] shows that triangulations and signed decompositions arein duality via
the facet—vertex dudlity (i.e., to avertex corresponds a facet and viceversa). Namely, let Q2 C R" be
apolytope with the origin in itsinterior and let T be atriangulation of € such that the origin is not
in the union of hyperplanes defining the triangulation T. Then T induces a sighed decomposition of
the polar

Q°={xeR"{xy) <LVvyeQ}

of ©, in such away that each simplex A(ay, ...,ay) isin T if and only if the unique bounded sim-
plex determined by the corresponding hyperplanes in the polar Q° isin the signed decomposition.
The sign of a simplex in the signed decomposition is determined by its separation parity in the
triangulation.

Among signed decomposition methods, let us cite Lawrence’s decomposition [102], which re-
sults in a simple and elegant formula. With A € R™", let Q := {x € R"|Ax <y} be simple, and
for avertex v of Q, let A, € R™*" be the submatrix of A formed with the rows defining the binding
constraints at v. Let ¢ € R" and g € R be such that ¢/x+ q is not constant along any edge, and let
n' = c/A; ! be well defined. Then

(cx+9)"

Vol () = e A T, 7

(2.5)
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We will seein Section 2.3 that (2.5) is the same as (2.16) obtained from Brion and Vergne's
continuous formula (2.15) (given for €2 described in standard equality form (2.2)).

Alternatively, let voli(n — 1, ;) be the (n — 1)-dimensional volume of the facet ; := QN {x:
(AX)i =vYi}. Then the formula

nvol (Q2) = iﬁvol(n —1,), (2.6)

obtained in Lasserre [94] asjust Euler’'s identity for homogeneous functions (applied to vol (Q2) as
afunction of the right-hand side y), has the well-known equivalent geometric formulation

nvol (Q) = id(o, Hi)vol(n—1,€)
i=1

(where d(O,H;) is the algebraic distance from the origin to the hyperplane Aix = y;), the
n-dimensional anal ogue of the two-dimensional formula (height)(base)/2 for the triangle area. From
this geometric interpretation, (2.6) is also a signed decomposition of £2 when O isoutside 2, and a
triangulation when O isinside Q2. For instance, if E in Figure 2.1 isthe origin and €; is the segment
(CD), theny;/||Ai|| is the distance from E to (CD) and yjvol (1,£2;)/2||Ai|| isjust the classical for-
mula for the area of the triangle ECD. Formula (2.6) permits us to derive a recursive algorithm as
one iterates and one applies again this formulafor the polytope Q;, foral i=1,...,m (see Lasserre
[94]).

Concerning the computational complexity and efficiency of triangulation and signed decompo-
sition methods, the interested reader is referred to Bleler et a. [29]. In their computationa study,
they have observed that triangulation methods behave well for near-simplicial polytopes, whereas
signed decomposition methods behave well for near-simple polytopes. This opposite behavior is
typical for the hypercube and its polar, the cross polytope. Also, Delaunay’s triangulation as well as
Lawrence's formula exhibited serious numerical instability in many examples. The latter is due to
difficultiesin finding a good vector c.

Barvinok’s algorithm

For each vertex v of Q C R" let K, := co(£2,V) be the tangent cone (or supporting cone) of 2 at v,
that is,
co(Q,v) = {x € R"ex+ (1—¢)v € Q,V sufficiently small & > 0}. (27

Then Brion [25] proved that
s(Q) = / e Xdx = D / e Xdx =: D s(Ky).
@ v:vertex of oK v:vertex of o

InBarvinok’salgorithm [13], each coneKy isthe union {J; Kyj of simple cones {Ky;} sothat s(K,) =
2 js(Kyj). Inaddition, let K, be given asthe convex hull of itsextremerays {uy,...,Un} C R". Then
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given ¢ € C™, one can compute s(Ky) in O(n®m (7)) arithmetic operations. Finally, taking c very
small yields an approximation of the volume of Q.

As already mentioned, the above methods are primal as they all work in the primal space R" of pri-
mal variables, regardiess of whether 2 has a vertex or half-space representation. We next consider
a method that works in the dual space R™ of variables associated with the nontrivial constraints
Ax =y inthe description (2.2) of Q(y).

2.3 A dual approach

Lety € R™ and A € R™*" be real-valued matrices and consider the convex polyhedron Q(y) defined
in (2.2). Assume that

{x € R"Ax = 0;c¢'x > 0,x > 0} = {0} (2.8)
That is, infinite linesin Q(y) with ¢’x > 0 are excluded, which makes sense as we want to integrate
% over Q(y).

Remark 2.1. By a special version of Farkas' lemma due to Carver (see, e.g., Schrijver [121, (33),
p. 95]) and adapted to the present context, (2.8) holds if and only if there exists u € R™ such that
Au>c.

The Laplace transform

o~

Consider the function f(-,c) : R™—R defined by
y— f(y,c) ::/ &*do, (2.9)
Q(y)

where do isthe Lebesgue measure on the smallest affine variety that contains (y).
Let F(-,c) : C"—C beitsm-dimensional two-sided Laplace transform, i.e.,

A Ec) ::/ e A f(y,c)dy (2.10)

RM

(see, e.g., [28], and Appendix).

Theorem 2.2. Let Q(y) be the convex polytope in (2.2) and let f and F be as in (2.9) and
(2.10), respectively. Then

1

F(A,C)=m7

R(A'A —c) > 0. (2.12)
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Moreover,

N 1 Y1tieo Ymtico .
_ )
.0 = G /Yl_iw /ym GO (2.12)

where y € R™ satisfies A’y > c.

Proof. Apply the definition (2.10) of F, to obtain

Fay= [ et ] e"'xdcf} dy
RM x>0, Ax=y
_ / alc—A2X) gy
JrY
n °° /
[/ alc—AR)jx] dxi}
=170
_ 1 ithk@a—c) >0
T L WA= '

And (2.12) is obtained by a direct application of the inverse Laplace transform; see [28] and Ap-
pendix. It remains to show that the domain {A € C™ : ®(A’A —c) > 0} isnonempty. However, this
follows from Remark 2.1. O

The dual problem I*

We define the dual problem 1* to be the inversion problem:

= Ya-tiee Y Fiee =
1 Flye) = - /1 / eYME(A,c)dA

Yin—leo Y —leo
1 /Y1+i°° /%n+i°° ely.A) - (2.13)
~ @ Spie S T (WA=C); '

where y € R™ isfixed and satisfies A’y — ¢ > 0. R

We may indeed call 1" adua problem of I asit isthe inversion of the Laplace transform of f,
exactly like P* istheinversion of the Legendre-Fenchel transform of f. It isdefined on the space C™
of variables {1;} associated with the nontrivial constraints Ax = y; notice that we also retrieve the
standard “ingredients’ of the dual optimization problem P*, namely, y'A and A’A — c. Incidentally,
observe that the domain of definition (3.7) of If(-,c) is precisely the interior of the feasible set of
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the dual problem P* in (3.5). We will comment more on this when we compare problemsP and | in
Section 3.2. R

As mentioned earlier, computing f (y,c) at the point y € R™ via (2.12), i.e., by solving the dual
problem I* (2.13), reduces to computing the Laplace inverse of If(/l, c) at the point y. For instance,
this complex integral can be evaluated by repeated application of Cauchy residue theorem. That
is, one computes the integral (2.12) by successive one-dimensional complex integrals with respect
to (w.r.t.) one variable Ay at a time (e.g., starting with A3, 2,,...) and by repeated application of
Cauchy residue theorem. This is possible because the integrand is a rational fraction, and after
application of Cauchy residue theorem at step k w.r.t. A, the output is still arational fraction of the
remaining variables A1, ..., Am; See Section 2.4. It is not difficult to see that the whole procedure
is asummation of partial results, each of them corresponding to a (multipole) vector 2 € RM that
annihilates m terms of n productsin the denominator of theintegrand. Thisisformalized in the nice
formula of Brion and Vergne [27, Proposition 3.3, p. 820], which we describe bel ow.

Brion and Vergne’s continuous formula

~

A remarkable result of Brion and Vergne provides uswith an explicit expression of f (y,c). However,
direct evaluation of this formula may pose some numerical instability, and in Section 4.4 we also
provide aresidue algorithm to evaluate f(y,c) at apointy € R™.

Before stating Brion and Vergne's formula, we first introduce some notation. Write the matrix
AcR™MasA=[A1]...|An] where Aj € R™ denotes the jth column of A for al j=1,...,n. With
A= (A1,...,Ay) letC(A) C R™ be the closed convex cone generated by A.

Asubset o of {1,...,n}iscaled abasis of A if thesequence {Aj}jcs isabasisof R™, and the set
of bases of A isdenoted by #(A). For 6 € %(A) let C(o) bethe cone generated by {A|}jco. With
any y € C(A) associate the intersection of all conesC(o) that contain y. This defines a subdivision
of C(A) into polyhedral cones. The interiors of the maximal cones in this subdivision are called
chambers; see, e.g., Brion and Vergne [27]. For every y € 7, the convex polyhedron Q(y) in (2.2) is
simple. Next, for achamber y (whose closureis denoted by 7), let (A, v) bethe set of bases ¢ such
that y iscontained inC(o), and let u (o) denote the volume of the convex polytope {XjcstjAj |0 <
t; <1} (that is, the determinant of the square matrix [Ajcs]). Observethat fory e yand o € #(A, y)
we havey = ¥ Xj(0)Aj for some xj(o) > 0. Therefore, the vector x(o) € R} with xj(c) =0
whenever j ¢ o is a vertex of the polytope Q(y). In the LP terminology, the bases ¢ € %#(A,7)
correspond to feasible bases of the linear program P. Denote by V the subspace {x € R"| Ax = 0}.
Finally, given o € #(A), let m; € R™ be the row vector that solves n;Aj = cj for al je o. A
vector ¢ € R" issaid to beregular if cj — m;Aj #Oforal o € #(A) and al j € o.

Let c € R" be regular with —c in the interior of the dual cone (R, NV )* (which is the case if
A’u > ¢ for some u € R™). Then, Brion and Vergne's formula [27, Proposition 3.3, p. 820] states
that

elex(0))
Yy eT. (2.14)

fly,c) =
e UG%A,y)N(G)Hkgd(_ck+”cAk)
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Notice that in the linear programming terminology, cx — msAx is hothing less than the so-called
reduced cost of the variable x, w.r.t. the basis {A;j}jcs. Wheny € v, the polytope Q(y) is simple
and we can rewrite (2.14) as

olex(o))
p(o) Mjgo(—Cj+msAj))

f\(yv C) = 2

x(o0): vertex of Q(y)

(2.15)

On the other hand, wheny € 7\ y for several chambers vy, then in the summation (2.14), severa
bases o correspond to the same vertex x(o) of Q(y).

Remarkably, evaluating fA(-,c) at apoint y € R™ reduces to sum up over al vertices x(o) of
Q(y), the quantity e**(©)B;1, where B, is just the product of all reduced costs multiplied by the
determinant of the matrix basis As. However, this formulais correct only when ¢ is regular. So, for

instance, if one wishes to compute the volume f(y,0) of Q(y), i.e., with c = 0, one cannot apply
directly formula (2.15). However, one also has

(Ze.x(o))]" (2.16)

vol (2(y)) = 1(0) Tjgo (Cj — moAj)”

Infact, (2.16) isexactly Lawrence’s formula (2.5) when the polytope 2 (y) isin standard equality
form (2.2). As mentioned already, this formulais not stable numerically, because despite a regular
vector ¢ € R" being generic, in many examples the product in the denominator can be very small
and one ends up adding and subtracting huge numbers; see, e.g., the empirical study in Bueler
eta. [29].

2.4 A residue algorithm for problem I*

o~

We have just seen that evaluating f(-,c) at a point y € R™ reduces to evaluating formula (2.15).
However, this formulais correct only when c is regular. Moreover, even if ¢ isregular it may pose
some numerical difficulties. The same is true for the volume formula (2.16). In this section we
provide a residue algorithm that handles the case where ¢ is not regular; when ¢ = 0 the algorithm
returns the volume of the convex polytope (y).

As computing the volume of a convex polyhedron isabasic problem of interest in computational
geometry, we will specify the algorithm for the case ¢ = 0 and for the inequality case description of
Q(y),i.e, when

Q(y) = {x e R"|Ax <y,x > 0},
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in which case an easy calculation yields

~ 1
F(A,c) = R(A), RA'A - 0. 217

But it will become apparent that the case ¢ # 0 can be handled exactly in the same manner. There-
fore, we wish to evaluate the complex integral

1 Y1 +ieo Yt
vqume(Q(y)):W/n_iw '”/Ym_iw & E(1,0)dA,

with F(y, ) asin (2.17) and wherethereal vector 0 < y € R™ satisfies A’y > 0. To make cal culations
alittle easier, withy € R™ fixed, we restate the problem as that of computing the value h(1) of the
function h : R— R given by

d loo d loo

2 h(z) := f(zy,0) = 1 /y1+ /Ym+ AV E(2,0)dA. (2.18)
(271)™ Jyy—ieo Yn—ieo

Computing the complex integral (2.18) can be done in two ways that are explored below. We do it

directly in Section 2.4 by integrating first w.r.t. 11, thenw.r.t. A2, Az, ...; or indirectly in Section 2.4,

by first computing the one-dimensional Laplace transform H of h and then computing the Laplace

inverse of H.

The direct method

To better understand the methodology behind the direct method and for illustration purposes, con-
sider the case of a convex polytope €2 (y) with only two (m = 2) nontrivial constraints.

The m = 2 example. Let A € R?*" be such that x = O isthe only solution of {x > 0, Ax < 0} so that
Q(y) is a convex polytope (see Remark 2.1). Moreover, suppose that y; =y, =z and A’ := [a|b]
with a,b € R". For ease of exposition, assume that

e ajbj#0andaj#bjforal j=1,2...,n.
° a,—/bj ;éak/bk for all j,k: 12,....n.
Observe that these assumptions are satisfied with probability equal to oneif we add to every coeffi-

cient aj, bj a perturbation &, randomly generated under a uniform distribution on [0, ], with & very
small. Then

Eo)— 1 {9@(;1)>o

“ake " TTi(ajia+bjAa)’ R(aky +bAz) > 0.

Next, fix y1 and 1> > O such that ajy1 +bjy. > Ofor every j =1,2,...n and compute the integral
(2.18) asfollows. We first evaluate the integral

h(he) = — / o et dA (2.19)
BT om Sy e MIT)_g (@At A2by) '
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using classical Cauchy residue technique. That is, we (a) close the path of integration adding a
semicircle I' of radius R large enough, (b) evaluate the integral using Cauchy residue theorem
(see Appendix), and (c) show that the integral along I" converges to zero when R — oo,

Now, since we are integrating w.r.t. A1 and we want to evaluate h(z) at z = 1, we must add the
semicircle I" on the left side of the integration path {R (A1) = 11} because €1 converges to zero
when R(A;1) — —oo. Therefore, we must consider only the polesof 1 — If(kl, A2) whose real part
is strictly less than y1 (with A, being fixed). Recall that R(—Azbj/aj) = —ybj/aj < 1 whenever
aj>0,foreach j=1,2,...,n, and F(21,A2) has only poles of first order (with A, being fixed).
Then, the evaluation of (2.19) follows easily, and

1 _e(bj/aj)ziz

h(de) = —— 4 .
W) A3 TTj-1b; ajg'objlzn [l (—axbj/aj +by)

Therefore,

1 [rtie gh
— —
i o 7 100
1 Yotieo gh2

i | O
Tl Jyp—ieo )Lz HJ:]_b]

alj] e(l—bj/aj)zlz

L a2
_y b N
220 21 Jipieo A3 1D Tl (Bicaj — b))

These integrals must be evaluated according to whether (1—bj/a;)y is positive or negative, or,
equivalently (as aj > 0), whether a; > bj or a; < bj. Thus, recalling that z > O, each integral is
equal to
e itsresidue at the pole A, = 0 < y2 when a; > bj, and
e zeroif aj < bj because thereis no pole on the right side of {R(A2) = 1y}

That is,
2] _1 (aj—bj)"
"O = e, : (2.20)
n [Hg;lbj bjgéj ajbjIMk.j(bkaj — akbj)

Observe that the formulais not symmetric in the parameters a,b. This is because we have chosen
to integrate first w.r.t. A1; and the set {j|b; < a;} isdifferent from {j|a; < b;}, which would have
been considered had we integrated first w.r.t. A,. In the latter case, we would have obtained

n S b ) - .
' TTj1aj o5, @ibi Tz (@kbj —biaj)

which is (2.20), interchanging a and b. Moreover, moving terms around, we get for free the follow-
ing identity:
4 (aj—bj)" 1 1

- _ , 2.22
S1ajbjTlyj(bkaj —abj)  TT-abj  ITj-13j (222
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The direct method algorithm. The above methodology easily extends to an arbitrary number m
of nontrivial constraints. One evaluates the integral of the right hand side of (2.18) by integrating
first w.r.t. A1, then w.r.t. A, and so on. The resulting a gorithm can be described with atree of depth
m+1(m+1“levels’).

Direct method algorithm: Let 0 < ¢ € R™ be such that A’c > 0.

e Level Oistheroot of the tree.

e Leve 1 isthe integration w.r.t. A; and consists of at most n + 1 nodes associated with
the poles A1 := p}, j=1,...,n+1, of therational function [T; 4; *[Tj(A'A); *, seen as a
function of A1 only. By the assumption on c, there is no pole pjl on the line (A1) = n.
By the Cauchy residue theorem, only the poles at the left side of the integration path
{R(M1) = n}, sy pf, j € I, are selected.

e Level 2 isthe integration w.r.t. A,. After integration w.r.t. A1, each of the poles pjl, j€
I1, generates a rational function of A, As,...,An times an exponential, which, seen as a
function of A, only, hasat most n+ 1 poles p?(j), i =1,...,n+1, j € ly. Thus, level 2 has
at most (n+ 1)2 nodes associated with the poles p?( j). Assuming no pole p?( j) on theline
R(A2) = 72, by the Cauchy residue theorem, only the poles p?(j), (], 1) € I, located on the
correct side of the integration path {3(12) = 12} are selected. By “correct” side we mean
theright side if the coefficient in the exponential is negative, and the |eft side otherwise.

o Level k, k < m, consists of a most (n+ 1) nodes associated with the poles
pX(in,iz, ... ik1), (i1,i2,...,ik_1) € lk_1, s=1,...,n+ 1, of some rationa functions of
Ak, - - -, Am, Seen as functions of A only. Assuming no pole on theline R(Ax) = %, only the
poles Pit(ila i2,...,0k_1), (i1,i2,...,ix) € lk, located on the correct side of the integration
path {R(Ax) = %} are selected. And so on.

The last level m consists of at most (n+ 1)™ nodes and the integration w.r.t. Ay, istrivial as
it amounts to evaluating integrals of the form

b

(2ri)t [ Aa " Heindn,
Yin—ieo

for some coefficients A, o, which yield A(az)"/n! for those o > 0. Summing up over all

nodes of the last level (analogously, all leaves of the tree) provides the desired value.

Computational complexity. Only simple elementary arithmetic operations are needed to compute
the nodes at each level, as in Gauss elimination for solving linear systems. Moreover, finding a
vector y € R™ that satisfies y > 0, A’y > 0, can be done in time polynomial in the input size of the
problem. Therefore, the computational complexity is easily seen to be essentially described by n™.

However, some care must be taken with the choice of the integration paths as we assume that at
each level k thereis no pole on theintegration path {90 (Ax) = %}. Thisissueis discussed later. The
algorithm isillustrated on the following simple example withn =2,m = 3.

Example 2.1. Let e3 = (1,1,1) be the unit vector of R® and let Q(ze3) C R? be the polytope

Q(ze3) :={x¢e Ri\xl—kxz <Z;—2X1+ 2% < 2;2%1 — X2 < 7},
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whose areais 1722 /48.
Chooseyn =3, p=2,and 3 =1sothat y1 > 2y — 23 and 1 > y3 — 29».

) = s | e / P it iathang (1) da,
(2mi)3 i Sppice

with

R 1
PO = ke — 20 + 220 a + 20— )

Integrate first w.r.t. A1; that is, evaluate the residues at the poles A1 = 0, A1 = 24, — 243, and
ll = 13 — 2%2 because0 < z,0 < ", 9{(212 — 213) <M, and 9{(13 — 212) <MN. We obtain

1 Yotieo pyatice
h(Z) = W/ oo i (|2+ |3+ |4) dlzdaea

where
_elA2+23)z
l2(42,43) = 220A3(As— A2) (A3 — 242)
al3la—13)z
la(2,23) = 6AoA3(As — A2)(As — 422/3)’
al2h3-22)2
l4(A2,A3) =

3hoAa(hs — 242) (As — 42/3)

Next, integrate 12(A2, A3) W.r.t. A3. We must consider the poles on the left side of {9R(A3) = 1}, that
is, the pole Az = O because 3t(A2) = 2. Thus, we get —eh /4?L3, and the next integration w.r.t. A,
yields —z2/8.

When integrating 13(12, A3) w.r.t. A3, we have to consider the poles A3 = A2 and Az = 4A,/3 on
the right side of {9R(A3) = 1}; and we get

i
23

2 T8

2l 382125/3‘|

Recall that the path of integration has a negative orientation, so we have to consider the negative
value of residues. The next integration w.r.t. A, yields z2(1— 25/48).

Finally, when integrating l4(22, A3) w.r.t. A3, we must consider only the pole Az = 0, and we get
e 2/ 81.3; the next integration w.r.t. A, yields zero. Hence, adding up the above three partial results
yields

-1 251 1722
2Tt 122 =
h(z) =z [8 +1 48} 28

which isthe desired result.

Multiple poles. In the description of the agorithm we have considered the case in which al the
poles are simple at each step. Thisisindeed the generic case. However, multiple poles may occur at
some of the first m — 1 one-dimensional integrations. For instance, at the kth step (after integration
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w.rt. A1, A2, ..., A1), the integrand could have a denominator that includes one (or several) prod-
uct(s) of the form

(A Ak + -+ - +amAm) X (bkAk + - - -+ bmAm)
with
A _ k+1 _ _ 8m,

B _ Rt _ . _ Bm. 223
be Doyt b (223)

i.e.,, thereisapole of order greater than or equal to 2 w.r.t. A.
This is a pathological case, which happens with probability zero on a sample of problems with
randomly generated data. Moreover, one may handle this situation in one of two ways:

e Directly, by detecting multiple poles and applying an adequate Cauchy residue technique. This
procedure requires some extra work (detection of (2.23) + derivation in Cauchy residue theo-
rem), which is a polynomial in the dimension n. Observe that detection of (2.23) requires some
e-tolerance as it deals with real numbers.

e Indirectly, by preprocessing (perturbing) the nonzero elements of the initial matrix A. Let us
say A(i, j)—A(i, j) + &(i, j) with independent identically distributed (i.i.d.) random variables
{e(i, j)} taking valuesin some interval [—¢, €] for € very small.

While the former technique requires extra work, the latter is straightforward, but only provides
(with probability equal to one) an approximation of the exact volume.

Paths of integration. In choosing the integration paths {R(A) = %}, k=1,...,m, we must deter-
mine a vector 0 < y € R™ such that A’y > 0. However, this may not be enough when we want to
evaluate the integral (2.18) by repeated applications of the Cauchy residue theorem. Indeed, in the
tree description of the algorithm, we have seen that at each level k > 1 of the tree (integration w.r.t
Ak), oneassumes that there is no pole on the integration path {R(Ax) = %}

For instance, had we set 1 = y» = y3 = 1 (instead of 11 = 3, 12 = 2, and y1 = 1) in the above
example, we could not use Cauchy residue theorem to integrate I, or I3 because we would have
the pole A, = Az exactly on the path of integration (recall that R(A2) = R(Az) = 1); fortunately,
this case is pathological as it happens with probability zero in a set of problems with randomly
generated data A € R™ ", and therefore this issue could be ignored in practice. However, for the
sake of mathematical rigor, in addition to the constraints y > 0 and A’y > 0, the vector y € R™ must
satisfy additional constraintsto avoid the above-mentioned pathological problem. We next describe
one way to proceed to ensure that ¢ satisfies these additional constraints.

We have described the algorithm as a tree of depth m (level i being the integration w.r.t. 4;),
where each node has at most n -+ 1 descendants (one descendant for each pole on the correct side of
the integration path {3 (i) = % }). The volumeis then the summation of all partial results obtained
at each leaf of the tree (that is, each node of level m). We next describe how to “perturb” on-line
the initial vector c € R™ if at some level k of the algorithm there is a pole on the corresponding
integration path {R(A) = % }-

Step 1. Integration w.rt. A;. Choose a rea vector y := (yi,...,%%) > 0 such that A’y > 0
and integrate (2.18) along the line R(A;1) = yll. From the Cauchy residue theorem, this is done
by selecting the (at most n+ 1) poles A1 := pjl, j € 11, located on the left side of the integra-

tion path {R(A1) = 71 }. Each pole pj,j = 1,...,n+1 (with p} := 0) is a linear combination
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[51 )Lg+ +ﬂ /lm with real coefﬁments{ﬁJk }, because A is a real-valued matrix. Observe that
by theinitial ch0|ce of v,

51::_ m|n |yl Zﬂjkyl\>0

Step 2. Integration w.r.t. A». For each of the poles pJ— , ] € 11, selected at step 1, and after in-
tegration w.rt. A1, we now have to consider a rational function of A, with at most n+ 1 poles

do = pf(j) =2t 3[3|k (DM, i=1,....,n+11If

0 = m|n m|n
i€

.....

|k

then integrate w.r.t. A, onthelineR(A;) = OtherW|se if 6 =0weset yz = yz + & and yz = yk
for all k # 2, by choosing &, > 0 small enough to ensure that

@ A7 >0

(b) & _mm m|n
i€

.....

|k

© , mac |ﬂ12 82\ <o

The condition (a) isbasic whereas (b) ensures that there is no pole on the integration path {R(12) =
¥2}. Moreover, what has been done in step 1 remains valid because from (c), ¥2 — Xp_, B ,<k1>7k2 has
the same signas v — Y0, B j(kl) Y% and, therefore, none of the poles p{ has crossed the integration
path {R(41) = yi = ¥2}, that is, the set 1, is unchanged.

Now integrate w.r.t. A, on the line %R (Az) = 2, which is done via the Cauchy residue theorem
by selecting the (at most (n + 1)2) poles p?(j), (j,i) € I, located at the left or the right of the line
R(A2) = 12, depending on the sign of the coefficient of the argument in the exponential.

Step 3. Integration w.r.t. A3. Likewise, for each of the poles p?(j), (j,i) € I, selected at step 2, we
now have to consider arational function of A3 with at most n+ 1 poles p3(j, i) := ka=4ﬁs(|f)(j, i)k,
s=1,...,n+11If

83:= min _min 3)(j,i)y|f >0

(I)elzs=1,...,

then integrate w.r.t. A3 on the line R(A3) yz Otherwise, if &3 =0, set 13 == 2 +egand 1 1= 1
for all k £ 3 by choosing e3 > 0 small enough to ensure that

(@ Ay¥¥>0

(0) &= min _min % - Zﬁsk D%
(© mgxl méx Iﬁ.s (i )ss| <5z
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As in previous steps, condition (a) is basic. The condition (b) ensures that there is no pole on
the integration path {R(A3) = ¥3}. Condition (c) (resp., (d)) ensures that none of the poles p?(j)
considered at step 2 (resp., none of the poles pjl considered at step 1) has crossed the line R(A;) =
Y3 = 73 (resp., theline R (A1) = % = 7). That is, both sets 11 and I, are unchanged.

Next, integrate w.r.t. A3 on theline R(43) = 13, which is done by selecting the (at most (n+1)3)
poles ps(j,i), (j,i,s) € I3, located at the left or right of the line {R(As) = 3}, depending on the
sign of the argument in the exponential. And so on.

Remark 2.2. (i) It is important to notice that g and yl‘j play no (numerical) role in the integration
itself. They are only used to (1) ensure the absence of a pole on the integration path {R(A) = yﬂ(‘}
and (2) locate the poles on the left or the right of the integration path. Their numerical value (which
can be very small) has no influence on the computation.

(it) If one ignores the perturbation technique for the generic case, then a depth-first search of the
tree requires apolynomial storage space, whereas an exponential amount of memory is needed with
the perturbation technique.

The associated transform algorithm

We now describe an aternative to the direct method, one that permits us (a) to avoid evauating
integrals of exponential functions in (2.18) and (b) to avoid making the on-line changes of the
integration paths described earlier for handling possible (pathological) poles on the integration path.

Recall that we want to compute (2.18) wherey # 0 and y > O arereal vectorsin R™ with A’y > 0.

Itis easy to deduce from (2.1) that f(y,0) = O whenever y < 0, so we may suppose without loss of
generality that yn > 0; we make the following simple change of variables as well. Let p = (1,y)

andd = (7,y), S0 Ap = (p_ZTgllyjlj)/ym and

Y1-tiee nogtioe [pde
h(z)zi/l T U eZdep} dA1...dAm 1,

@ri)" Jyiee  Spaie [Jaoieo
where
3 le PN
G(A,- - Am-1,P) = —F [ A, A1, —— Y, 124 (2.24)
Ym Ym {21 Ym
We can rewrite h(z) asfollows:
he) = == 7 @H(p)d 22
@ =55 ] €Hp)p. (229
with _ :
Hp) = s [0 [ G i (2.26)
p) = (Zﬂi)m_l i N 1-.- m—1- .

~

Notice that H(p) is the Laplace transform of h(z) = f(zy,0), called the associated transform
of F(4). In addition, since h(z) is proportional to z" (volume is proportional to the nth power of
length),
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H(p) =C/p"*™,

where the constant C = h(1)n! gives usthe value h(1) = f(y,0) we are looking for. From here, we
need only to compute H(p) in (2.26) in order to know the final result. We can do so via repeated
application of the Cauchy residue theorem (asin the direct method algorithm of Section 2.4).

Moreover, after each one of the successive m — 1 one-dimensional integrations calculated in
(2.26), we always get an analytic function. This fact can be proved as follows. Consider for some
time the change of variablessj = 1/A; foral j=1,2,...,m—1in(2.26). This change of variables
is well-defined because no 4; is equal to zero, and we obtain

1
H(p) = 7/ / Rds;y...dsy_1,
(P) @)™t Jiapsi-1=1 Jj21smo1-1=1 ' "

whereR(s1,...,Sm—1, p) isarational function (recall that G and G are both rational) continuous on
the Cartesian product of integration paths

E={2ns1 -1 =1} x--- x {|2m-18m-1— 1| = 1} x {R(p) = d}.

Recall that F(A) is defined on the domain {R(1) > 0, R(A'A) > 0}, and so R is analytic on
the domain D ¢ C™ of all points (S1,...,Sm-1,p) € C™ such that |28jsj —1| =1,5j #0, j =
1,2,....m—1,and R(p) = (B,y) for somevector § > 0in R™ with A’ > 0.

Observe that E ¢ DU {0} and each integration path {|2y;sj — 1| = 1} is a compact circle, j =
1,...,m— 1. Therefore, after integration w.r.t. s, Sy, ..., Sm—1, we get that H(p) is analytic on the
domain of all points p € C such that R(p) = (B,b) for somerea vector B = (11,...,Ym-1,Bm) >0
with A’ > 0.

Similarly, if we only integrate w.r.t. s1, S, ..., Sk, 1 < k < m—2, we get a function which is
analytic on the domain of al points (Sg1,...,Sm-1,p) € C™" ¥ such that |2B;jsj — 1| = 1, sj # 0,
j=k+1,....m—1 and R(p) = (B,y) for somereal vector B = (1, ..., %, Bks+1,---,Pm) > O with
A'B >0.

Thus, there is no pole on the next integration path {|2%.1Sk+1 — 1] = 1} or the final one
{R(p) = d}. Referring back to the original variables {A«} and (2.26), we trandate this fact as
follows. After integrating (2.26) w.r.t. A1, Az, ..., Ak, any apparent pole placed on the next inte-
gration path {R(Ax1) = 1} or the final one {R(p) = d} is a removable singularity (see [36,
p. 103]). In other words, poles on the next integration path can be removed by adding together all
terms with poles there. The general method is illustrated with the same example of two nontrivial
constraints (m = 2) already considered at the beginning of Section 2.4.

The m = 2 example. Recall that A’ := [a|b] with a,b € R" so that

1 1
= X s
xllz H?:l(aj)tl-i— bjlg)

F(1,0) R(A) >0,R(A'A) >0
and fix y1 = y» = z. To compare with the direct method, and as in the beginning of Section 2.4,
assumethat ajbj # Oforal j=1,....,nanda;j/bj # ax/by for al j #k.

Fix A2 = p— A1 and choose real constants y; > 0 and y» > 0 such that ajy1 +bjy, > 0 for every
j=1,2,....n. Notice that R(p) = 71+ 7. We obtain H(p) by integrating F (A1, p — A1,0) on the
line R(A1) = 11, which yields
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H(p) L /Yﬁiw ! : d
= — X .
)= 2ni Jyoie Talp— ) T 1((a; b+ bjp)

Next, we need to determine which poles of If(QLL p — A1) are on the left (right) side of the in-
tegration path {9 (A1) = 71} in order to apply the Cauchy residue theorem. Let J, = {j|aj > bj},
Jo={jlaj=b;},andJ_ = {jlaj < bj}. Then, the polesontheleft sideof {R(A1) =11} aeA1 =0
and A1 = —bjp/(aj —bj) foral j € J, because —b;%R(p)/(aj —bj) < y1. Additionally, the poles
ontheright sideof {R(A1) =7} areA; = pand Ay = —bjp/(a; —b;j) foral j e J_. Finaly, notice
that F (A1, p— A1,0) has only poles of first order.

Hence, computing the residues of poles on theleft side of {R (A1) = y1} yields

1 1
H = +
®) [Tjes, Pbj |:ij¢JO pb;
—(aj —bj)" ol
+ .
j§+ pzajbj Hngo,kﬂ(—pbjak + pa,—bk)

Hence, after moving terms around, we obtain

1 1 (aj—bj)"
H(p) = - '
( ) pn+1 ln?zlbj a;}j ajbj Hk;éj(ajbk - bjak)

Noticethat previous equation holds even for the case Jg # 0. Finally, after integration w.r.t. p, we get

z 1 (aj —bj)"
h(z) = — - g
@) n! [H’j‘lb,— ag;)j ajbj Ikxj(ajbx —bjak)

which coincides with (2.20) in the particular case Jo = 0.
Now, computing the negative value of residues of poles on the right side of {R(A1) =y} (we
need to take the negative val ue because the path of integration has a negative orientation), yields

H(p) = 1 1 _ (bj—aj)”
Pt Mg Sy, 2ibj iz (bjax—ajh) | °

and after integration w.r.t. p, one also retrieves (2.21) in the particular case Jo = 0.

The associated transform algorithm. Like the direct method agorithm, the above methodol-
ogy easily extends to an arbitrary number m of nontrivial constraints. The agorithm also con-
sists of m one-dimensiona integration steps. Possible pathological multiple poles are handled as
in Section 2.4. Clearly, the computational complexity is described by n™ for the same reasonsiit is
in the direct method.

The general case is better illustrated in Example 2.1 of Section 2.4. Setting e3 = (1,1,1), let
Q(ze3) C R? be the polytope

Q(ze3) :={x¢e Ri\xl—kxz <7;—2X1 4+ 2% < 7;2X1 — X2 < 2},
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whose areais 1722 /48.
Choosepn=p=113=2,andAz=p—Ax— A1, s0that R(p) =d =4 and

14ico  pliice A 1 di
27‘CI /1 /1 ,p)dAgdAz,

1
M(A
M) = T (0= A~ 1) (2P — T — 4) (P + 3 — )

We first integrate w.r.t. A;. Only the real parts of the polesA; =0and 41 = (p — 342)/2 areless
than 1. Therefore, the residue of the O-pole yields

1 (Lt 1 di 2.27
%/14»0 A2 (p—A2)(2p—422) (322 —p) 2 220

whereas the residue of the (p — 3A2) /2-poleyields

1 e 4 d 2.28
277ri/17iw A2(p—342)(p+42)(3p—542) z (229

with

Applying again Cauchy residue theorem to (2.27) at the pole A, = 0 (the only one whose real
part isless than one) yields —1/(2p3).

Similarly, applying Cauchy residue theorem to (2.28) at the poles A, = 0 and A, = —p (the only
ones whose real part is less than one) yields (4/3—1/8)/p°.

Wefinally obtain H(p) = (4/3—1/8—1/2)/p% =17/(24p%), and soh(z) = 17z? /48, the desired
result.

Concerning the pathological case of poles on the integration path, we have already said that this
issue occurs with probability zero in a set of problems with randomly generated data. Moreover, we
have a so proved that those poles are removable singularities and we only need to add al termswith
poles on the integration path in order to get rid of them, with no need to implement the perturbation
technique described in Section 2.4.

For example, had we chosen y1 = y» = 13 = 1 (instead of 1 = y» = 1 and y3 = 2) in the above
example, we would have in both (2.27) and (2.28) a pole on the integration path {%(1;) = 1},
because 3t (p) = 3. But, adding (2.27) and (2.28) together yields

H(p) =

1+ieo _
1 / 5p— 722 G

2mi Ji-iee A2(p—22)(2p — 422)(p+ A2)(3p — 5A2)

and, as expected, the integrand has no more poles on the integration path. In addition, only the real
parts of poles A, = 0 and A, = —p arelessthan 1, and their residues give H (p) = (5/6—1/8)/p° =
17/(24p%), and so h(z) = 1722/48.

The above two agorithms easily extend to the case ¢ # 0 with slight ad hoc modifications, as
one only replaces A’A with A’A — ¢ in the denominator of the Laplace transform If(~, C).
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2.5 Notes

The computational complexity of volume computation is detailed in Dyer and Frieze[45] and in the
nice exposition of Bollobas [24]. For more details on probabilistic approximate methods, the inter-
ested reader isreferred to Bollobas [24], Dyer, Frieze, and Kannan [47], and Kannan, Lovéasz, and
Simonovits [76]. For a general exposition of quasi-Monte Carlo methods for computing integrals
(the volume being a particular one), see, e.g., Niederreiter [116]. Another method to approximate
the volume of a convex polytope (with error estimates) is described in Kozlov [84]. It uses an ap-
propriate integral formulation in which the integrand is written as a (truncated) Fourier series.

For an updated review of primal exact methods for volume computation and their computational
complexity, see, e.g., Bueler et a. [29] and Gritzmann and Klee [62]. In particular, improved ver-
sions of some of the above algorithms are also described in [29], and the software package VINCI
developed at ETH in Zirich offers several alternative methods working with the half-space descrip-
tion or the vertex description (or both) of Q. It is available with free access at
http://ww. | ix. polytechnique.fr/Labo/ Andreas. Enge/ Vi nci . htni .

Most of the material in this chapter is from Barvinok [13], Bueler et a. [29], Brion and Vergne
[27], and Lasserre and Zeron [95]. The residue method described in this chapter does not require
one to work with avector ¢ € R" having some regularity property, asin Lawrence [102] and Brion
and Vergne [27]. Despite this regularity property of ¢ being generic, the resulting formula is not
stable numerically as reported in [29].

Finaly, let us mention that the Laplace transform approach developed in this chapter is also
applicable to integration of other functions (e.g., Laurent polynomials) over other sets (e.g., ellip-
soids). In some cases, one may even get the exact result in closed form or good approximations by
truncated series; see, e.g., Lasserre and Zeron [96].



Chapter 3
Comparing the Continuous Problems P and |

3.1 Introduction

In Chapter 2 we saw an algorithm for computing the volume of a convex polytope. With obvious ad
hoc modifications, it can be used to solve the integration problem | (see Section 2.4). We qualified
this method of dual and even defined a dual integration problem I* in (2.13). In this chapter we are
now concerned with a comparison between problems P and | from a duality point of view.

So, withA e R™" 'y € R™, recall that Q2(y) C R" isthe convex polyhedron defined in (2.2), and
consider the linear program (LP) in standard form

P: f(y,c) :=max{c'x|Ax =y, x>0} 3.1

with ¢c € R", and its associated integration version

11 f(y,c) = /Q Y €*do, (3.2)

where do is the Lebesgue measure on the affine variety {x € R"|Ax =y} that contains the convex
polyhedron Q(y).

The dual problem P*

Itiswell known that the standard duality for (3.1) is obtained from the Legendre—Fenchel transform
F(-,c) : R"—R of thevalue functiony — f(y,c), i.e, here(asy — f(-,c) is concave)

A—F(Ac) = (A,y) — f(y,c). (3.3)

inf
yeRM

J.B. Lasserre, Linear and Integer Programming vs Linear Integration and Counting,
Springer Seriesin Operations Research and Financial Engineering, DOI 10.1007/978-0-387-09414-4._3,
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Developing yields

0 if /A —-c>0
F(L.c) = -7 34
(%.¢) {—oo otherwise, (34)

and applying again the Legendre—Fenchel transform to F (-, c) yields

P*:inf (A,y) —F(&,c)= min{yA :A4 > c}, 35)

inf
AERM

where one recognizes the usual dual P* of P.
Hence, the dual problem P* isitself alinear program which can be solved, e.g., via the simplex
algorithm, or any interior points method, exactly in the same manner as for the primal problem P.
In particular, if maxP < e then minP* > —eo and there is no duality gap, i.e., minP* = maxP.
Moreover, the optimal value maxP is attained at some vertex x* of the convex polyhedron Q(y),
whereas the optimal value minP* is attained at some vertex A* € R™ of the convex polyhedron
{LeRM|A'A >c},andsoc'x* =y'A*.

The dual problem I

The analogue for integration of the L egendre—Fenchel transform is the two-sided Laplace transform
F(.,c):C"—Cof f(-,c), given by

A E(A0) ::/

n
~ 1
—(L.y) _
e f(y,c)dy = , 3.6
- (y,c)dy j|:|1 A% —0); (3.6)
which iswell defined provided
R(A'AL—c) > 0. (3.7

Indeed, observe that from the definition (3.3) of the Legendre—Fenchel transform, and the mono-
tonicity of the “sup” operator,

e Fo) = gqupe WX+ — //“E e (X of )
X

where [ (= sup,) isthe “integration” operator in the (max, +)-algebra (recall that the sup operator
is the & (addition) in the (max, 4 )-algebra, i.e., max[a,b] = a&® b. Formally, denoting .% and .¥
the Legendre—Fenchel and Laplace transforms,

exp—Z|[f] = L [expf] in (max,+).

~

Computing f (y, ¢) reducesto eval uating the inverse Laplace transform at the pointy € R™, which
we have called the dual integration problem 1 of (3.2), i.e.,
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- Ytieo .
1 Fly,c) = — / "M E(A,¢)dA, 38)
Y

—_joo

where y € R™ isfixed and satisfies A’y — ¢ > 0; see Section 2.3.

To pursue the formal analogy between integration and optimization, observe that in the integra-
tion process on the path I = {y £ i}, the following are obtained:

e Evaluating e¥* F(A,c) at afixed A € I' is the formal analogue of evaluating G(1) := mineo
{h(x) + (A,Ax—y)} inadual Lagrangian method to minimize h on Q(y), whereas summing up
over A € I' isthe same as maximizing G(A) over R™.

3.2 Comparing P,P*, 1, and I*

As aready mentioned in Section 2.3, we may indeed call 1* adua problem of | because as P*, it
is defined on the space C™ of variables {1} associated with the constraints Ax =y, and we also
retrieve the standard “ingredients’ of P*, namely, y'A and A’A —c.

Moreover, and like I, I* is also an integration problem but now in C™ rather than in R". Next,
while {x € R"|Ax = y; x > 0} defines the domain of integration of I, {1 € C"|R(A’A —c) > 0}
defines the domain of definition of the Laplace transform F(4,c¢) in I* and is precisely the interior
of the feasible set of the dual problem P* in (3.5).

On the logarithmic barrier function

From (3.4) and (3.6),

F(A,c) = Inliap _c>0 (1),

n

F(d,c) = H(Mlc)j onR(A'A —c) >0,

=1

where |5 denotes the indicator function of theset A, i.e., 1a(x) = 1if x € A and Ia(x) = O otherwise.
In other words, and denoting the feasible set of P* by:

A={LeR™| AL-c>0},

e expF(A,c) istheindicator function |, of theset A.

e F(A,c) isan exponential barrier function of the same set A.
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This should not be a surprise, as a self-concordant barrier function ¢k (x) of acone K C R" is
given by the logarithm of Laplace transform .. e~ **)ds of its dual cone K* (see, e.g., Giller [63],
Truong and Tuncel [130]). Next, notice that

f Yr+ieo yiA)
,1C)
fly 2|7z /y ico H A —rc);j

rm-n Yoo glry.A)
/ d/l,

2|7'E —joo H

with % = ry, and we can see that (up to the constant (m —n)Inr —min(2ix)) the logarithm of the
integrand is nothing less than the well-known logarithmic barrier function

A 9u(2.y,6) = My, A) — Y In(A'A —0);
j=1

of the dual problem P* (3.5), with barrier parameter 1t := 1/r. And, one has

limmin ¢, (A,y,¢) =min{y’A : A'A >c}.

IJ_’O 2 ¢ll( 7ya ) 2 {y - }
(See, e.g., Den Hertog [39].) Thus, when r—e, minimizing the exponential logarithmic barrier
function onitsdomain in R™ yields the same result as taking its residues.

Recall (see Section A2 of Appendix A) that the Cramer transform f — %(f) of afunction f is
the Legendre—Fenchel transform of the logarithm of its Laplace transform, i.e.,

(f) == F[In2(f)].

Therefore,

= —Inp —max (—y,A)+ > In( A’/l——)
A f] u

o)
~ np—% H;)] (—y). (39)
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That is, up to the constant Inu, the function
y’_> n}?nq)/l(l?yac)?

which maps y to the minimum of the logarithmic barrier function of P* (with right-hand sidey), is
nothing less than the Cramer transform (with minus sign) of the value function f(-,c/u), evauated
at the point —y. Similarly, for a minimization problem P:

n
y = —min ¢, (A,y,c) := —min (X,M— Y In(c—AL);
p) A H =1

— Inp+%¢ {F(‘fﬂ y).

Hence (3.9) reveals another subtle link between P and I. Indeed, as u—0, the optimal value

~

f(y,c) of P can be approximated either via an integral with uInf(y,c/u) (recal (1.4)); or via
optimization with the Cramer transform &’ (f(-,c/u))(—Y) (i.e., minimizing the logarithmic barrier
function).

In both cases one uses the function y — f(y,c/u) with parameter c/pt.

Simplex algorithm and Cauchy residues

~

We have seen in Chapter 2 that one may compute directly f(y,c) by using Cauchy residue tech-
niques. That is, one computes the integral (2.13) by successive one-dimensional complex integrals
w.r.t. one variable Ay at atime (e.g., starting with A1, 47, ...) and by repeated application of Cauchy
residue theorem. This is possible because the integrand is a rational fraction, and after application
of the Cauchy residue theorem at step k w.r.t. A, the output is still arationa fraction of the remain-
ing variables Ai11, ..., Am (see Section 2.4). The whole procedure is a summation of partial results,
each of them corresponding to a (multipol€) vector A € R™ that annihilates m terms of n productsin
the denominator of the integrand and corresponds to a vertex of the convex polytope Q(y). Hence,
Cauchy’s residue technique explores al the vertices of Q(y). Thisis nicely summarized in Brion
and Vergne's continuous formula (2.15) for fA(y, c), withy € y for some chamber y. Thus, fA(y, c)in
(2.15) is a weighted summation over the vertices of Q(y), whereas f(y,c) is a maximization over
the vertices (equivalently, also a summation with & = max). That is,

_ elex(©))
f(y,c) =

x(c): vertex of o(y) 1(0) jgo (—Cj + 7oAj)

f(y,c) = max glex(e),
x(0): vertex of Q(y)
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Hence, in problem P, one computes f(y,c) by searching an optimal vertex x(c*) where ¢* is
an optimal basis of the LP. With each vertex x(o) is associated a dual vector n; and reduced costs
¢j — mgAj for al variables xj not in the basis ¢. One then selects the optimal vertex x(c*) by
inspection of the associated reduced costs.

Similarly, in Problem 1, at each vertex x(o) one computes the same dual vector 7, and reduced
costs cj — msAj. One then makes a summation of the residue at each vertex (times the determinant
of the basis matrix As).

Next, if c is replaced with rc and x(c*) denotes the optimal vertex of Q(y) at which c'x is
maximized, we obtain

1/r
~ (ex(o)—x(a"))
flyroyr —eexon |y @ ,
x(c) rnim“(a) HngO'(_Ck + ”GAk)
from which it easily follows that
limInf(y,rc)" = (c,x(6")) = max (c,x) = f(y,c),
Moo x€Q(y)
as aready mentioned in (1.4).
Table 3.1 Summary of the parallel between P,P* and I, I*
P pr 11
Legendre-Fenchel Duality Laplace Duality
f — / £ :/ c’xd
UhE)= TR B (¥;¢) NI
F(L,0) = inf {2y~ 1(3.0)} Fno = [ e Tiv.c)dy
YERM R™M

_JOo  ifAA—-c>0 _ 1

" ] -« otherwise T (A2 —c)

=Inlg:aa—c>0)
with domain A’A —c¢ > 0 with domain R(A'’A —c) >0

— i Iy 7 _ i/ /yA
f(y,c) = min {2’y —F(4,c)} f0n0) = Gy /& F(R,0)dA

1 ey
= min{yA|A2-c>0 . / da
le]lRm{y | 20} (2im)™ Jr HEZI(A’)L —C)k

Simplex agorithm: Cauchy residue:
— vertices of Q(y) — polesof F(4,c)
— maxc'x over vertices — 3 € over vertices
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3.3 Notes

Most of the material of this chapter is from Lasserre [88]. As aready noted, problem P is the
(max,+)-algebra analogue of | in the usual agebra (+, x). In Bacelli et a. [10, §9], dynamic
programming is aso viewed as the (max,+)-algebra analogue of probability in the usual algebra
(+,x). For instance, correspondences are established between quadratic forms and Gaussian densi-
ties, inf-convolution and convolution, Fenchel and Fourier transform, Brownian decision processes
and Brownian motion, diffusion decision processes and diffusions. See also Burgeth and Weickert
[31] for acomparison between linear and morphological systems.



Chapter 1
Introduction

WithA e Z™" ¢c e R", y € Z™, consider the integer program (IP)

Pg : m;';\x{c’x|Ax =y,x>0,x€Z"}. (11

This discrete analogue of linear programming (LP) is afundamental NP-hard problem with nu-
merous important applications. However, solving P4 remainsin general aformidable computational
challenge, sometimes even for some small size problems. For standard references on the theory and
practice of integer programming the interested reader is referred to, e.g., Nemhauser and Wolsey
[113], Schrijver [121], Wolsey [136], and Bertsimas and Weismantel [21].

One motivation for this book is to develop duality concepts for the integer program Py, and the
way we do it is by analyzing and developing some (not so well-known) striking anal ogies between
the four problems P, I, Py, and I4 described below. So far, and to the best of our knowledge, most
duality results available for integer programs are obtained via the use of superadditive functions
asin, e.g., Gomory and Johnson [59], Jeroslow [69, 70], Johnson [73, 74], and Wolsey [134, 135],
and the smaller class of Chvatal and Gomory functions as in, e.g., Blair and Jeroslow [23] (see
also Schrijver [121, pp. 346-353]). For instance, the following dual problem is associated with the
integer program Py in (1.1):

Pg:mfin{f(y)|f(Aj)zc,-,jzl,...,n,feF}, 1.2

where I" isthe set of functions f : Z™—R that are superadditive, i.e,, f(x+y) > f(x)+ f(y) for al
X,y € Z™, and such that f(0) = 0.

Then, P} in(1.2) isaproblem dual of Py inthetraditional sense. By thiswe mean that we retrieve
the usual properties of

J.B. Lasserre, Linear and Integer Programming vs Linear Integration and Counting,
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e weak duality, i.e., ¢/x < f(y) for al primal feasible 0 < x € Z" and dual feasible f € I" and
o strong duality, i.e., if either P4 or P} has afinite optimal value then there exist an optimal primal
solution 0 < x* € Z" and an optimal dual solution f* € I" such that ¢/x* = f*(y).

We come back to thisin Chapter 10. However, superadditive Chvéatal and Gomory functions are
only defined implicitly from their properties, and the resulting dual problems as (1.2) defined in,
e.g., [23] or [134] are essentially conceptual in nature. And so, Gomory functions are rather used to
generate valid inequalities and cutting planes for the primal problem Py. An exception is the recent
work of Klabjan [80, 81], which addresses (1.2) directly and proposes an algorithm to compute an
optimal superadditive function.

We claim that additional duality concepts for integer programs can be derived from the
Z-transform (or generating function) associated with the counting version Iy (defined below) of
theinteger program Py. Results for counting problems, notably by Barvinok [13, 14], Barvinok and
Pommersheim [15], Khovanskii and Pukhlikov [79], and in particular, Brion and Vergne's count-
ing formula [27], will prove to be especialy useful. But we also claim and show that those duality
concepts are in fact the discrete analogues of some already existing duality concepts for two other
related “continuous’ problems, namely the linear program P (the continuous analogue of Py) and
the linear integration problem | (the continuous analogue of 1g). In fact, so far the notion of “du-
ality” is rather unusual for problems | and Iy, but this duality will appear very natural later in the
book, precisely when one looks at | and Iy in acertain light.

1.1 The four problems P,Pq,1.14

Given A ¢ R™"(or zZ™"),y € R™(or Z™), and c € R", let Q(y) C R" be the convex polyhedron
Q(y) = {x e R"Ax=y, x > 0},

and consider the four related problems P, Pq, I, and 14 displayed in Table 1.1, in which the integer
program Py appearsin the upper right corner (s.t. is the abbreviation for “subject to”).

Table 1.1
Linear Programming Integer Programming
P: f(y,c) = maxc'x Pg : fq(y,c) := maxc'x
—>
X € Q(y) x€ Q(y)NnZz"
Linear Integration Linear Counting (Summation)
1:f(y,c):= / ( )eC/XdO' — Iy : fa(y,c) i= Y, et
Q(y

XeQ(y)nZ"
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Problem I (in which do denotes the Lebesgue measure on the affine variety {x € R"|Ax =y}
that contains the convex polyhedron Q(y)) isthe linear integration version of the linear program P,
wheresas 4 isthe linear counting version of the (discrete) integer program Py. In addition, Py and 14
are the discrete analogues of P and 1, respectively. We say linear integration (resp., linear counting)
because the function to integrate (resp., to sum up) is the exponential of alinear form, whereas the
domain of integration (resp., summation) is a polyhedron (resp., the lattice points of a polyhedron).

Why should these four problems help in analyzing Py? Because, first, P is related with | in the
same simple manner as Py isrelated with 14. Next, aswewill see, nice results (which we call duality
results) are available for P, I, and 14 and extend in a natural way to Py.

In fact, P and Py are the respective (max, +)-algebra formal analogues of | and I4 in the usual
algebra (+, x). Inthe (max, +)-algebra the addition a b stands for max(a, b) and the x operation
is the usual addition +; indeed, the “max” in P and P4 can be seen as an idempotent integral (or,
Maslov integral) in this algebra (see, e.g., Litvinov et a. [106]). For a nice parallel between results
in probability ((+, x)-algebra) and optimization ((max, +)-algebra), the reader is referred to, e.g.,
Bacelli et a. [10, §9] and Akian et a. [5]. In other words, one may define a symbolic abstract

problem
@ /
/ X
JQ(y)nA

and the situation is depicted in Table 1.2, where the precise meaning of the symbol “ [“” depends
on whether

(a) theunderlying algebra (¢,®) is (+,-) or (max,+)
(b) the underlying environment is continuous (A = R") or discrete (A = Z")

Table 1.2 Thefour problemsP,Pgy, 1, and l4

(+,-) (max, +)
A=R" =7 P: [P =max
A=2" ly: [©=X Py : [¥ = max

Of course, notice that by monotonicity of the exponential,

ef(yyc) _ emax{c’x:XEQ(Y)} — max{ec/x X €E Q(y)},
ela(ve) — @nax{CxxcQWNZ"} — may (e : x € Q(y)NZ"},

and so, P and I, aswell asPy and lg, are simply related via
el o) = lim f(y,rc)t/r el — lim fa(y,re)¥/". (1.3)

Equivalently, by continuity of the logarithm,
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f(y,c) = lim ZInf(y,rc), fa(y,c) = lim ZInfa(y,rc), (14)

arelationship that will be useful later. Next, concerning duality, the Legendre—Fenchel transform
£(-.0) o Z[(-,0)] = £*(-.) 1 R"-R,
which yields the usual dual LP of P,

P2 17 (,0) = Z[1°(0)](y) = min (YA > ¢} = f(y.c), (15)

has a natural analogue for integration, the Laplace transform, and thus, the inverse Laplace trans-
form problem (that we call 1*) is the forma analogue of P* and provides a nice duality for inte-
gration (although not usually presented in these terms in the literature). Finaly, the Z-transform is
the obvious analogue for summation of the Laplace transform for integration, and we will see that
in the light of recent results for counting problems, it permits us to establish a nice duality for I4
of the same vein as duality for the (continuous) integration problem 1. In addition, by (1.4), it also
provides a powerful tool to analyze the integer program Py.

1.2 Summary of content

We first review what we call duality principles available for P, I, and 14 and underline parallels and
connections between them. In particular, the parallel between what we call the duals of | and Iy per-
mits us to highlight a fundamental difference between the continuous and discrete cases. Namely,
in the former, the data appear as coefficients of the dual variables, whereas in the latter, the same
data appear as exponents of the dual variables (the effect of integration versus summation). Conse-
quently, the (discrete) Z-transform (or generating function) has many more poles than the Laplace
transform. While the Laplace transform has only real poles, the Z-transform has additional complex
poles associated with each real pole, which induces some periodic behavior, a well-known phe-
nomenon in number theory where the Z-transform (or generating function) is a standard tool (see,
e.g., losevich [68], Mitrinovic et a. [111]). So, if the procedure of inverting the Laplace transform
or the Z-transform (i.e., solving the dual problems I* and 13) is basically of the same nature, i.e.,
the (complex) integration of arational function, it is significantly more complicated in the discrete
case, due to the presence of these additional complex poles.

Then we use these results to analyze the discrete optimization problem Py. Central intheanalysis
isBrion and Vergne'sdiscrete formula[27] for counting problems. In particular, we provide aclosed
form expression of the optimal value f4(y,c), one which highlights the special role played by the
so-called reduced costs of the linear program P and the complex poles of the Z-transform associated
with each basis of the linear program P. We aso show that each basis A, of the linear program P
provides det(As) complex dual vectorsin C™ which are the complex (periodic) analogues for Py
of the unique dual vector in R™ for P, associated with the basis A;. As in linear programming
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(but in a more complicated way), the optimal value f4(y,c) of Py can be found by inspection of
(certain sums of) reduced costs associated with each vertex of Q(y). Finally, both optimal values
of Pq and P obey a similar formula. In the latter, one formally replaces the complex terms of the
former by their modulus.

We next relate Brion and Vergne's discrete formula to the so-called Gomory relaxations intro-
duced in the algebraic approach of Gomory [58] in the late 1960s. In addition, we also present a
simple algorithm for Py, based on Barvinok’s counting algorithm, and show how it is also closely
related to Gomory relaxations.

We also provide a discrete Farkas lemma for the existence of nonnegative integral solutions
x € N" to Ax =y and reinterpret the standard Farkas lemma as its continuous analogue. Moreover,
thisdiscrete version permits usto derive alinear program Q, equivalent to Py, and a characterization
of the integer hull conv(Q(y) NZ") of the polyhedron Q(y). Finally, we end up by showing that the
LP dua of Q can beinterpreted in terms of the superadditive dual of Py.



Chapter 4
The Linear Counting Problem I

In the second part of the book, we consider the linear counting problem I4 and establish a compari-
son with its (max, +)-algebra analogue Py, as well as with the LP problem P.

4.1 Introduction

The discussion of this chapter is the discrete analogue of Chapter 2. We are interested in problem
I4 defined in Chapter 1, that is,

Iy : fa(y,c) = {Zec/x|x € Q)N Z”}, 4.2
where Q(y) C R" isthe convex polyhedron

Q(y) == {xeRAx=y, x>0}, 2)

for some matrix A € Z™" and vectorsy € Z™, ¢ € R". We have aready mentioned that 14 is the
discrete analogue of | and that Py is the (max, +)-algebra analogue of 1.

Notice that when ¢ = 0, the function ﬂj(y, 0) counts the integral points of the convex polyhe-
dron Q(y) then assumed to be compact, i.e., a convex polytope. (Its continuous analogue f(y,0)
is the volume of Q(y).) Counting lattice points of a convex polytope is a fundamenta problem
in computational geometry and operations research, as well, in view of its connection with inte-
ger programming. It is a very hard problem even for probabilistic methods. For instance, and in
contrast with volume computation, there is still no FPRAS algorithm available for counting feasi-
ble solutions of 0-1 knapsack equations (also called Frobenius equations). So far, the best known
probabilistic algorithm of Dyer et al. [48] has exponential complexity.

The technique of exact methods for counting lattice points in polytopes has received much at-
tention in recent years; see, e.g., the works of Barvinok [13, 14], Barvinok and Pommersheim [15],
Beck [17, 18], Beck, Diaz, and Robins [19], Brion [25], Brion and Vergne [26, 27], Kantor and

J.B. Lasserre, Linear and Integer Programming vs Linear Integration and Counting,
Springer Seriesin Operations Research and Financial Engineering, DOI 10.1007/978-0-387-09414-4 4,
(© Springer Sciencet+Business Media, LLC 2009
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Khovanskii [77], and Khovanskii and Pukhlikov [79]. In particular, Barvinok [13, 14] has proposed
an algorithm to compute fa (y,¢) with polynomial time computational complexity when the dimen-
sion n is fixed. This agorithm requires knowledge of the vertices v of Q(y) and uses a specia
representation (due to Brion [25]) of the generating function g(z) := Yycqy)nzn Z¥. Essential inthis
remarkable procedure is a signed decomposition of certain closed convex cones into unimodular
cones (see, e.g., Barvinok and Pommersheim [15, Theor. 4.4]). In fine, Barvinok’s procedure pro-
vides a compact description of the rational (generating) function g(z), and getting fq(y,c) is just
evaluating g at the point z = €°. This approach isimplemented in the software Lat t E developed at
the University of California, Davis[40, 41].

We call this approach primal asit worksin the primal space R" of the x variables, and y is fixed.
On the other hand, a dual® approach is to consider the generating function (or Z-transform) Fy :
C"—C of fq(-,c), which hasasimple and explicit expression in closed form. We call this approach
dual of Barvinok's primal approach because one works in the space C™ of variables z associated
with the constraints Ax =y, and c isfixed. A fundamental result of Brion and Vergne [27] provides
a generalized residue formula for the inverse Z-transform of F4, which yields a nice and elegant
explicit expression for fy(y,c), the discrete analogue of (2.15). But in general, Brion and Vergne's
discrete formula [27] may be very hard to evaluate numerically. Recall that it is even the case
for its simpler continuous analogue (2.15); see the comment after the Lawrence formula (2.5). As
mentioned in Baldoni-Silvaand Vergne[11], it requires many steps (in particular, one hasto build up
chambers (maximal cones) in asubdivision of aclosed convex coneinto polyhedral cones[27]). One
also has to handle roots of unity in Fourier—Dedekind sums, a nontrivial task. Beck [17] and Beck,
Diaz, and Robins [19] also provide a complete analysis based on residue techniques for the case of
atetrahedron (m = 1) and also mention the possibility of evaluating f4(y,c) for general polytopes
by means of residues. The case where A isunimodular simplifies and is exploited in Baldoni-Silva
and Vergne [11] for particular cases like flow polytopes, aswell asin Baldoni et a. [12].

Inverting the generating function is the discrete analogue of inverting the Laplace transform
as we did for the continuous case in Chapter 2, and both reduce to evaluating a complex integral.
However, and in contrast with the continuous case, in the discrete case this approach of computing a
complex integral by means of residuesisfastidious and numerically involved because the generating
function Fy has many more poles (in particular complex) than in the continuous case.

In this chapter, we also take a dual approach. We consider problem Iy as that of evaluating the
value function f(y,c) at some particular y € R™, and to do so, we compute the inverse Z-transform
of its generating function Ifd(z,c) at the point y € Z™; inversion of the Z-transform is what we
call the dual problem Ij. To avoid computing residues, we provide a decomposition of the rational

function Fy into simpler rational functions whose inversion is easy.

4.2 A primal approach: Barvinok’s counting algorithm

We start with some important material related to the algebra of convex polyhedra of R" and its
application to derive nice, explicit expressions for generating functions associated with them.

1 Again, duality here should not be confused with the duality between the vertex and half-space descriptions of a
convex polytope Q C R".



4.2 A primal approach: Barvinok’s counting algorithm 43

For a convex rational polyhedron 7 C R" denote by [<7] itsindicator function, i.e., [¢7](x) =1
if x € o7 and [«7](x) = O otherwise. Similarly, denote by co(.<7,V) its supporting (or tangent) cone
at thevertex v € o7, that is,

co(.7 V) = {x € R"|ex+ (1—¢)v € .o/ for all sufficiently small £ > 0}.

Next, denote by ##(Q") the algebra generated by the indicators [.<7] of rational convex polyhedra
</ C R", and denote by 22 the vector space spanned by the indicators of rational convex polyhedra
that contain lines. Then one has the following important result:

For a convex rational polyhedron .« C R",

[o/]=h+ D [co(.e7,V)] (4.3)
v vertex of o

for someh € £.

Example 4.1. Let & :=[0,1] C R, so that co(.«/,{1}) = (—eo, 1] and co(«7,{0}) = [0, 4<<). Then
obviously
[A] = [(=o°, 1] +[[0, +->)] — [R].

For every rational convex polyhedron <7 C R", let h(«7,-) : C"— C be the mapping
2 h(,2) ={)2|xe o NZ"}. (4.4)

With V being a vector space, a linear transformation #2(Q")—V is called a valuation. Another
important result of Lawrence and Khovanski and Pukhlikov states the following:

Proposition 4.1. Let C(x) be the ring of rational functions in the variables X = (x1,...,Xn). There
exists a valuation .7 : 22(Q")— C(x) such that

(i) If & C R" is a rational convex polyhedron without lines then % (&) = h(«,-).
(ii) If & C R" is a rational convex polyhedron containing a line then .% (&) = 0.

Formula (4.3) and Proposition 4.1 are central to establishing the next two results. Brion [25]
proved that for a nonempty rational convex polyhedron <7 ¢ R" with no line

h(«,z) = z h(co(«,v),z). (4.5)
v: vertex of o

See also Barvinok and Pommersheim [15, Theor. 3.5, p. 12]. Hidden in this formula is the fact
that, in general, thereisno z € C" such that the sum in (4.4) defining h(co(<7,v),z) converges for
each v. In other words, the sum (4.5) isin fact formal, and yet provides h(<,z). Referring back to
Example 4.1, we obtain
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h([0,1],2) = 142 = h((—e,1],2) +h([0,+<=),2)
72 1 1
“71T1, T

despite thefact that thefirst series convergesfor |z| > 1 whilethe second series convergesfor |z| < 1.

Barvinok’s counting algorithm. Using Brion’sformula(4.5), Barvinok showed that for anonempty
rational convex polytope 7 C R" with no line, h(.«7,z) has the compact form:

z4i

~ 2= [TR_1(1—2%)’

i€l

(4.6)

where | is a certain index set, and for al i € 1, & € {—1,+1}, {aj, {bi}_,} CZ". Eachiclis
associated with a unimodular cone in a signed decomposition of the tangent cones of 7 (at its
vertices) into unimodular cones.

In Barvinok’s algorithm, the number |1| of unimodular cones in that decomposition is .#°("
where . istheinput size of .7, and the overall computational complexity to obtain the coefficients
{aj, by} in (4.6) isaso £°M. Crucial for the latter property is the signed decomposition (triangu-
lation alone into unimodular cones does not guarantee this polynomial time complexity). For more
details, the interested reader is referred to Barvinok [13] and Barvinok and Pommersheim [15].

So, if wetake o C R" to be the convex polyhedron Q(y) C R" defined in (4.2) for some matrix
A € Z™" and vector y € Z™, then evaluating (4.6) at the point z := € € R" yields

~

h(«/,€%) = fa(y.c).

That is, Barvinok’s algorithm permits us to evaluate fy (y,c) and so to solve problem Iy defined in
(4.1). Therefore, when the dimension n is fixed and z = € = {€"i} is given, one may solve l4 in
time polynomial in the input size of Q(y).

In addition, when the dimension n is fixed, Barvinok and Woods [16] have provided a poly-
nomial time algorithm, which given a convex rational polytope .« Cc R", and a linear transfor-
mation T : R"— R with T(Z") C Z, computes the generating function h(T (&7 NZ"),z) in the
form (4.6).

As an important consequence, Barvinok and Woods were able to develop an efficient calculus
on generating functions. For instance, given two convex polytopes ., <% C R" and their generat-
ing functions h(.¢£,2),h(%,z) in the form (4.6), one may obtain the generating function of their
intersection h(.e4 N o#5,2) in the form (4.6), in polynomial time in the input size.

As aready mentioned in the introduction, we call this approach primal because it works in the
primal spaceR" of variablesx in the description of the polyhedron Q(y). Theright hand sidey € Z™
isfixed whilez € C" isthe variable of interest in the generating function h(.«7,-). A dua approach
works in the space R™ (or C™) of the (dual) variables associated with the m linear constraints that
define Q(y).
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4.3 A dual approach

Recall that Z . =N =1{0,1,2,...} denotes the set of natural numbers, and givenz € C™ andu € Z",
the notation z* and In(z) stands for

2" =212z,
In(z) :=[In(z1),In(z2),...,In(zm)].

Similarly, for amatrix A € Z™*" and avector z € C™,

- A1j_Apj Ami
A= (21112221 ...me1)7

A= (e ).

The Z-transform approach

Consider the convex polyhedron Q(y) defined in (4.2) withy € Z™ and A € Z™*". We want to
compute
ye faly,c) = Y € (4.7)
X€Z"NL(y)
for some given vector ¢ € R".
If c = 0then fy(y,0) = cardQ(y), the number of integral pointsin Q(y). Of course, computing
the number of pointsx € N" of the convex polytope

Q1(y) = {xe R |Ax <y} (4.8)

for some A; € Z™*" reduces to computing the cardinality of N" N Q(y) with Q(y) asin (4.2) but
with A= [A1] 1] (I € N™™ being the identity matrix).

An appropriate tool to analyze the function ﬂj(~,c) is its two-sided Z-transform or generating
function, Fy(-,c) : C"—C, of y — fg(y,c), defined by the Laurent series:

2 Fy(z,c) i= Y fa(y.c)z Y. (4.9)
yezm

Leten = (1,1,...) bethe vector of onesin R™.

Theorem 4.1. Let fy and &y be as in (4.7) and (4.9), respectively, and assume that (2.8) holds.
Then

n
1 (4.10)

Fa(z,¢) = | T

J

on the domain
|z|A > €. (4.12)
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Moreover, for every y € Z™,

= 1 =
fa(y,0) = ——= / / Fy(z,0)2 e dz, 412
a(y:¢) 2™ Jjzq|=wy |Zm| =W 4(2,C) (4.12)

where w € R™ satisfies w” > c.

Proof. Apply the definition (4.9) of Fy to obtain

Fizo)= Y zV| Y & =Y &z ™.
yezm Ax=y,xeN" xeNn

On the other hand, notice that

m _ N X
eClXZI<AX)lZ£<AX>2 B H (e JZ AlJZ 2] B .ZmAm]) ]
j=1
. A1j Aoj . .
Hence, the conditions |z, 92,7 ... m’\ >efiforj=12...n (equn){glently, |z|* > €°) yield
Fd Z C H 2 (er AlJZ A2] ZaAmJ) ]
j=1xj=0

lﬂ[ 1

Aqj
=1 (1—€iz, Mz,

Jhai g Ay

)

which is (4.10). Finally, equation (4.12) is obtained by analyzing the integra jiz‘:rz‘”dz with
r > 0. This integral is equa to 2xi only if w = —1, whereas if w is any integer different than
—1, then the integral is equal to zero. It remains to show that the domain {v € RT|v* > &}
(equivalently, {v e RT|A'Inv > c}) is not empty. But as (2.8) holds, this follows dlrectly from
Remark 2.1. O

The dual problem I}
We define the dual problem 17 to be that of inverting Fg, i.e., evaluating the complex integral

= 1 &
I f = —— = Y—emg 4.13
d d(yvc) (27'“)”‘ /|21|=W1 /\Zm|=Wm d(Z,C)Z Z, ( )

wherew € R satisfiesw” > c.
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Exactly like the inversion problem 1* isadual of I, the inversion problem 1} is adual problem
of lg. In evaluating the complex integral (4.13) one also works in the space C™ of variables z
associated with the constraints Ax =y in the definition of Q(y). It is the discrete analogue of 1*
in Section 2.3; see the next chapter for a more detailed comparison between 1* and 1. As for the
continuous case, Brion and Vergne have provided a nice generalized residue formula for inverting
Fa(z,c), whichin turn yields an exact formulain closed form for f4(y,c).

Brion and Vergne’s discrete formula

Brion and Vergne [27] consider the generating function H: C™— C defined by

A—HRc) =Y fa(y,c)e ™),
yezm

which, after the change of variablez; = e/ for all i = 1,...,m, reducesto Fy(z,c) in (4.10).

Let A C Z™ be the sublattice A(Z") of the lattice Z™. With same notation used in Section 2.3,
let c € R" be regular with —c in the interior of (R". NV )*, and let y be achamber. For abasis o, let
u (o) denote the volume of the convex polytope {¥jctjAj,0 <tj < 1,Vj € o}, normalized so that
Vol(R™/A) = 1. For 6 € #(A,7), let x(o) € R} besuchthaty = ¥ Xj(0)Aj, and xj(c) =0,
i¢o.

Next, let G(0) := (®jesZAj)*/A* (where * denotes the dual lattice); that is, G(o) is afinite
abelian group of order i (o), and with (finitely many) characters €™ for al y € A; in particular,
writing Ax = X jcq UjkAj foral k € o,

AT (9) = A ljco Ujk9j kZo.

To compare the continuous and discrete Brion and Vergne's formula, let 7, be asin (2.15), i.e.,
the dual vector associated with afeasible basis o of the linear program P. (Observe that 7, is how
rational.) Thenforaly e ANy

~ 'x(0)
- Us(y,), (4.14)

with

)
UG ’ = i .
o geéc) Tkgo (1— e 2 (g)et 7o)

(4.15)

Due to the occurrence of complex poles in F(z,c), the term Uy (y,¢) in (4.14) and (4.15) is the
periodic analogue of [Tzq (Ck — nsA) "t in (2.15). Again, note the importance of the reduced cost
(cj—msAj), j € o, inboth formulas,
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Both formulas (2.14) and (4.14) state aweighted summation of () over all bases o € B(A,y)
(or over al vertices of Q(y) if y € ). The only difference is the weight. Although both weights are
stated in terms of the reduced costs (cj — 75Aj) of the variables j that are not in the basis o, the
weight in the discrete case is composed of (o) complex terms as opposed to it having only one
real term in the continuous case. R

In the next section, we will see that this difference explains the difficulties in computing fq by
evaluating the complex integral in (4.13) via Cauchy residue techniques. And not surprisingly, this
also makes adirect numerical evaluation of fg(y,c) via(4.14)—(4.15) very difficult and not practical
in general.

4.4 Inversion of the Z-transform by residues

In principle, Theorem 4.1 allows us to compute fy(y,c) for y € Z™ via (4.12), that is, by comput-
ing the inverse Z-transform of Ifd(z,c) at the point y. Moreover, we can directly calculate (4.12)
by repeated applications of Cauchy residue theorem because lfd(z,c) is a rationa function with
only finitely many poles (with respect to one variable at atime). We call this technique the direct
Z inverse. On the other hand, we can also dlightly simplify the inverse problem and invert what is
called the associated Z-transform, which yields some advantages when compared to the direct in-
version. In particular, it permits us to compute the Ehrhart polynomial, an important mathematical
object.

The associated Z-transform

With no loss of generality, we assume that y € Z™ is such that y; # 0. We may also suppose that
each yj is amultiple of y; (taking O to be multiple of any other integer). Otherwise, we just need
to multiply each constraint (Ax)i =i by y1 # Owheni=2,3,...,m, so that the new matrix A and
vector y still have entriesin Z.

Hence, there exists avector D € Z™ with first entry D1 = 1 and such that y = Dy;. Notice that D
may have entries equal to zero or even negative, but not itsfirst entry. Theinversion problem isthus
reduced to evaluating, at the point t := y4, the function g : Z— N defined by

g(t) := fy(Dt,c) = i/ / Fa(z,0)z mdz (4.16)
@)™ Siz=wn Sl ’
where Fy is given in (4.10), e := (1,1,...) is the vector of onesin R™, and the real (fixed) vector
w € RT satisfies A’In(w) > c. The following technique permits us to calculate (4.16).
Consider the following simple change of variables. Let p = z° and d = wP in (4.16), so that

—D;
1= p]‘['j“:zzj I and

1 _—
t)= —— "“1Z dp| dzo...dzn,
90 = iy /\zm\:vvm /|zz|:Wz [/pdp p] o
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where
7 = r,-Di —D;j
F (22, zm,p)=Fa [ P[]7 's22,- - zmie ) [ 125 (4.17)
=2 =2
We can rewrite g(t) as
1

t) = — 1 (p)dp, 4.18
9(t) = >~ /\p|:dp (p)dp (4.18)

with
9(p) = ;/ / Fdzp...dz (4.19)

SARNCTOIY I ARG '

and ¢ is called the associated Z-transform of 4 with respect to D.

Recall that Fy (z,c) iswell-defined on the domain (4.11), and so the domain of definition of T is
given by

m
(IPI HIZJIDRZz,---,Zm) € {BeR}|AInB >c}.
j=2

The Ehrhart polynomial

Consider the convex polytope Q1(y) defined in (4.8) and the dilated polytope tQ;(y) := {tx|x €
1(y)}. Then, with A :=[A1|1] and ¢ := 0O, consider the function t — g(t) defined in (4.16).
When Q;(y) is an integer polytope (an integer polytope has al its vertices in Z™) then g is a
polynomial int, that is,
g(t) = ant"+a,_1t"" 1+ .. 4ap, (4.20)

with ag = 1 and an = volume(1(y)). It iscalled the Ehrhart polynomial of Q1 (y) (see, e.g., Barvi-
nok and Pommersheim [15], Ehrhart [52]).

On the other hand, if Q4 (y) is not an integer polytope (i.e., 21(y) hasrationa vertices), then the
functiont — g(t) isaquasipolynomial, that is, a polynomial in the variablet likein (4.20) but now
with coefficients {aj(t)} that are periodic functions of t; for instance, see (4.21) in Example 4.2
below. To compute g(t) one may proceed as follows.

(1) Compute¢4(p) in (4.19), in m — 1 steps, where each step k is a one-dimensional integration
wrt. zg, k=2,...,m.
(2) Computeg(t) in (4.18), aone-dimensional integration w.r.t. p.

At each of these steps, the one-dimensional complex integrals are evaluated by Cauchy residue
theorem. As already mentioned, and due to the presence of complex poles, the inversion is much
more involved than that of F in Chapter 2, asillustrated in the following simple example.

Example 4.2. Consider the following convex rational polytope with three (m = 3) nontrivial con-
straints.
Qq(teg) i= {Xx €R? |xg +x2 <t,—2x1 + 22 <t, and 2xg —x2 < t}.



50 4 The Linear Counting Problem I4

1 1100
c=0, A:=|-2 2010],
2-1001

and by Theorem 4.1, we have to calculate the inverse Z-transform of

With

Fal(z,c) = fLzats
N D V- D250 (11,2, %3)

where
lzj| > 1 for j=1,2,3,
212,23 > 1,
2122251 > 1.
We wish to work with rational functions whose denominator degree is the smallest possible. To

do so, wefix z1 = p/(z2z3) and divide by zoz3 (see 4.17) because z; has the exponents with smallest
absolute value. Therefore,

= 23P2
F(22,23,p) = — ,
(2,1 p—123) (22— 1) (23— 1) (23— 23p 1) (22p — 23)

where
P > |z223],
lz3p| > |23] > 1,
|zop| > || > 1.

Notice that z; = z5 = 2 and p* = 5 isasolution of the previous system of inequalities. We next
compute (4.18) and (4.19) by fixing wp = z5, wa = z3, and d = p*. Let us integrate F aong the
circle |z3| = z5 with a positive orientation. Observe that (taking p := p* and z, := z5 constant) F
has two poles located on the circle of radius |z2p|Y/? > z3, and three poles located on the circles of
radii 1< z3, |z,1p| > z§, and |23p~1| < zj. Hence, we can consider polesinside the circle [z3] = z;
in order to avoid considering the pole z3 := (z2p)*/? with fractional exponent. Thisyields

2op?
(P—22)(z2—1)(p-2B)(z2—p )
+ 22p°
(P?=23) (22— 1)(Z3— p) (P>~ 23)
Next, we integrate |, along the circle |zp| = z5. Taking p := p* asaconstant, the first term of 11

has poles on circles of radii |p| > z5, 1 < 25, |p|*/ < z5, and |p| ~* < 5. We consider poles outside
the circle |zo| = z5 in order to avoid considering the pole z, := p*/3, and we obtain

Il(paZZ) =

_pd
(P=1)(p*-1)*
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The second term of I; has poleson circles of radii |p|¥/2 >z, 1 < z5, |p|*/® < z5, and | p|3/® > z5.
Notice that we have poleswith fractional exponentsinside and outside theintegration path |z,| = z5.
Expanding the second term of 11 into simple fractionsyields

p° L (20°+2p"+3p%+ p®+ p7)z + 0u(p)22 + ()
(22— 1)(p?=1)(1-p)(p*-1) (Z3—p)(p—1)3(p+1)%(p?+1)
Qu(z.p) | Qa(z.p)
(Z-p%) (3-p%)
Obviously, we only calculate terms with denominator (z; — 1) or (z5 — p). Asaresult the associated
Z-transform ¢ (p) is given by

+

_p3 p5

4(p) = -

e R 1 W A S T [ By
2p3+2p*+3p°+ pb+ p’

(pP—1)3(p+1)%(p?+1)

Finally, it remains to integrate ¢ (p)p'~* along the circle |p| = p*. Observe that ¢ (p)p'~* has

poleswhen pisequal to 1, —1, i = v/—1, —i, o = €¥™/3 and 6. Hence, fort € Z ., wefinally obtain
(t) = itz 41t | 139 t(-2) + 9(-1)
=78 "8 28" 16 2
V2 nt w2 2nt «
+? COS(§+Z> +§ cos(3+3). (4.21)

Notice that we have used the two identities

ﬁcos(%t A (-1t (i+1)(=i)

4 2i i ’

2nt =« (6—-1o' (6—-1)c"

2cos| —+—= | = = + —= .
3 3 c—0 c—0

It is now easy to count the number f (tes) = g(t) of pointsx € N2 of Q(tes):

139 9 1 1
0= a2"s o= "

17 41 139 1 9 1 2
fes) =5+ 2s 288 16 33 5 9=V

68 82 139 2 9

f2e) = 5+t 8t et 6732 879

4.

Observethat in (4.21) the functiont — g(t) isaquasipolynomial because the linear and constant
terms have periodic coefficients. However, with t = 12, one may check that the rational polytope
Q(tes) isin fact an integer polytope, that is, al its vertices are in Z". Therefore, Q1(12tes) is
the t-dilated polytope of Q1(12e3), and §(t) := g(12t) (with g(t) asin (4.21)) is thus the Ehrhart
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polynomial of Q1(12e3), which reads
G(t) = 51t% + 11t + 1,

and indeed, 51 is the volume of Q1(12e3) and the constant term is 1, asit should be.

4.5 An algebraic method

As seen on the previous simple illustrative example, inversion of = by the Cauchy residue theorem
can rapidly become tedious. In this section we propose an aternative method, one which avoids
complex integration and is purely algebraic. It is particularly attractive for relatively small values
of n—m. Theideaisto provide a decomposition of the generating function Fyintos mpler rational
fractions whose inversion is easy to obtain. To avoid handling complex roots of unity, we do not
use residues explicitly, but build up the required decomposition in a recursive manner. Roughly
speaking, we inductively compute real constants Q,; g and a fixed positive integer M, al of them

completely independent of y, such that the counting function ﬂ, is given by the finite sum

~

o if x:=Azlly—pB] € NM
fd(y,C):z z QO‘,ﬁX{ . o [y B]
As  BezM ||Bl<M 0  otherwise,
where the first finite sum is computed over all invertible [m x m]-square submatrices A of A. Cru-

cial in our agorithm is an explicit decomposition in closed form (and thus an explicit formula for
fq(y,c)) for the case n = m+ 1, which we then repeatedly use for the general casen > m+ 1.

Preliminaries. With no loss of generality, we may and will suppose from now on that the matrix
A € Z™" has maximal rank.

Definition 4.1. Let p € N satisfy m < p <n, and let n = {n1,7n2,...,1np} C N be an ordered set
with cardinality [n| =pand1<ny <m2 <--- <1mp <n.Then

(i) n issaid to be abasis of order p if the [m x p] submatrix
An = [Any |Any| - [An, ]

has maximal rank, that is, rank(A;) = m.
(i Form<p<n,let
Jp:={nc{1,...,n}|nisabasisof order p} (4.22)

be the set of bases of order p.
Noticethat Iy = {{1,2,...,n}} because A has maximal rank. Moreover,

Lemma 4.1. Let n be any subset of {1,2,...,n} with cardinality |n]|.

(i) If In| = mthen nn € Jy if and only if A, is invertible.
(ii) If [n| = gwithm < g <n, then 1 € Jq if and only if there exists a basis o € Jy, such that o C 7.
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Proof. (i) isimmediate because A, is a square matrix, and A, is invertible if and only if A, has
maximal rank.

On the other hand, (ii) also follows from the fact that A, has maximal rank if and only if A,
contains a square invertible submatrix. O

Lemma 4.1 automatically implies Jy, # 0 because the matrix A must contain at least one square
invertible submetrix (we are supposing that A has maximal rank). Besides, Jp # 0 form < p <n,
because Jy, # 0.

Finally, given abasisn € J, form < p <n, and three vectorsz € C", c e R", and w € Z", we
introduce the following notation

Cp = (Cn17cn27"‘cﬂp)c
(4.23)
HW” = maX{|W1|, |W2|a s |Wm‘}'

Definition 4.2. The vector ¢ € R" is said to be regular if for every basis 6 € Jn. 1, there exists a
nonzero vector v(o) € Z™ 1 such that

Asv(c) =0 and c,v(c) 0. (4.24)

Notice that ¢ # O whenever c is regular. Moreover, there are infinitely many vectorsv € Z™+1
such that Agv = 0, because rank(As) = m < n. Thus, the vector ¢ € R" isregular if and only if

Cj—ChAIAj#£0 Vredn, Vi¢gnm

this is the regularity condition defined in Section 2.3 and required in Brion and Vergne's formula
(4.14)—4.15).

Let c € R" besuch that ¢ < A'u for someu € R™, and so the generating function z — lfd(z,c) in
(4.10) is well-defined; for convenience, redefine Fy as

Rizo)= Y, fa(y,0)? (4.25)
yezm
n 1
= — T A~ 4.26
e (4.26)
on the domain
7" <. (4.27)

A decomposition of the generating function

We will compute the exact value of ﬂ(y,c) by first determining an appropriate expansion of the
generating function in the form



54 4 The Linear Counting Problem I4

= . Qs(2)
REO= 2 ey (4.28)

where the coefficients Q, : C™—C are rational functions with afinite Laurent series

1—Qs(2)= Y Qp?f. (4.29)
pezm, |Bll<M

In (4.29), the strictly positive integer M is fixed and each Q; g isareal constant.

Remark 4.1. The decomposition (4.28) is not unique (at al) and there are several ways to obtain
such a decomposition. For instance, Brion and Vergne [27, §2.3, p. 815] provide an explicit decom-
position of Fy(z,¢) into elementary rational fractions of the form

Fzo=3 3 L L

6€ImgeG(o) Hjec (1_ Yi (g)(epj M )1/q) Hkgzo 5k(g) 7

(4.30)

where G(o) isacertain set of cardinality g, and the coefficients {y;(9), &(9)} involve certain roots
of unity. The fact that c is regular ensures that (4.30) is well-defined. Thus, in principle, we could
obtain (4.28) from (4.30), but thiswould require ahighly nontrivial analysis and manipulation of the
coefficients {7;(9), &(g) }. In the sequel, we provide an alternative algebraic approach that avoids
manipul ating these complex coefficients.

If Fy satisfies (4.28) then we get the following result:

Theorem 4.2. Let A € Z™" be of maximal rank, Fg be as in (4.25) with —c < A’u for some
u € K, and assume that the generating function Fy satisfies (4.28)—(4.29). Then

fa(y.c)= Y Y QopEs(y—B). (4.31)
o€lm  BeZm,||B<M
with
o ifxi=AZly—p] e N,

. (4.32)
0 otherwise,

Eo(y_ﬁ) = {

where c; € R™ is defined in (4.23).

Proof. Recall that 2 = z’f”‘ ...z On the other hand, | %] < 1 for al 1 <k < n. Therefore,
for each ¢ € Jy;, one has the expansion

i g - [ | T o] - 5 e

keo keo | xceN xeNm
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Next, suppose that a decomposition (4.28)—4.29) exists. Then one gets the relationship

o = Y Y Qu@)e

o€Jy xeNm

=2 > Y QX P, (4.33)

6€n  BEZM,|B|<M  xeNm

Notice that (4.25) and (4.33) are the same. Hence, if we want to obtain the exact value of ﬂ(y,c)
from (4.33), we only have to sum up al the terms whose exponent 3 + Agx isequal toy. That is,
recalling that A isinvertible for every o € Ji, (see Lemma4.1),

~ X ifx:=A ly—B] € N,
fa(y.c)= > Qupx { -
o€dm  BezM,|B||<M 0 otherW|se,

which isexactly (4.31). O

Inview of Theorem 4.2, fAd iseasily obtained oncetherational functions Q4 (z) in the decomposi-
tion (4.28) are available. As aready pointed out, the decomposition (4.28)—(4.29) is not unique and
in what followgraph we provide a simple decomposition (4.28) for which the coefficients Qs are
easily calculated in the case n = m+ 1, and arecursive algorithm to provide the Q. in the general
casen >m+1.

The case n = m+ 1. Here we completely solve the case n = m + 1, that is, we provide an explicit
expression of fy.
Let sgn: R—Z bethessign function, i.e.,

1 if t>0,
t—sgn(t) =4 -1 if t<0,
0 otherwise.

In addition, we adopt the convention 2,‘:10(. ..) isidentically equa to zero.

Given a fixed integer g > 0 and for every k = 1,..., n, we are going to construct auxiliary
functions P : Z" x C"—C such that each w — P(6,w) isarational function of thevariablew € C".
Given avector v € Z", we define

vq-1

z ngn vi)T 7

[vo| -1

Pa(v,w) = [ JZWSQ”V27

Vi, Vo val -1 sgn(v.
Pa(v,w) 1= [wilw}?] Z Wy 3) ,

n ‘Vn| 1
Pa(v,w) = [1_11 ] z ngn vn)r, (4.34)
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Obviously, Py (v,w) = 0 whenever vy = 0. Moreover,
Lemma 4.2. Letv € Z" and w € C". The functions Py defined in (4.34) satisfy

n

Y (1fw§9”<vk)) Pe(v,w) = 1—w". (4.35)
K=1
Proof. First, notice that
sgn(v) sgni)\ " sgn(un)e v
(1—W1 )Pl(v,w):(l—w1 ) Y owy =1-w
r=0

The above equality is obvious when v; = 0. Similar formulas hold for 2 < k < n; namely
sgn(vi) N =R = TR
(1—Wk )Pk(v,w):(l—wk)jljle :,Ule —jlj[le :

Therefore, summing up in (4.35) yields
n

> (l—WSgn(Vk)> Pe(v,w) =1— |n| w o
K ) %
j:

k=1

Solving for the case n = m + 1. We now use P, to evaluate f4(y,c) when A € Z™<(M+1) isamaximal
rank matrix.

Theorem 4.3. Let n = m+ 1 be fixed, A € Z™" be a maximal rank matrix, and let ¢ be
regular and as in Theorem 4.2. Let v € Z" be a nonzero vector such that Av = 0 and c’v # 0
(see Definition 4.2). Define the vector

w = (e ef27M2 | ebnzhn), (4.36)

Then

(i) The generating function IEd(Lc) has the expansion

= S Q«(2) Qs(2)
Fa(z,0)= ) ——————— = — = (4.37)
160 g‘lnj;ejk(l—ec‘ZA‘) og'm [jes(1—€fizhi)
where the rational functions z — Q(z) are defined by
Pe(v,w)/(1—e) if vic > 0,
Qu(z) = { —w R(v,w)/(1—€Y) ifv <O, (4.38)
0 otherwise
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for 1 < k < n. Each function P in (4.38) is defined as in (4.34). (Notice that Qx = 0
if vy =0.)

(i) Given y € Z™, the function fa (y,c) is directly obtained by application of Theorem 4.2.

Remark 4.2. (a) In the case where n = m+ 1 and Q(y) is compact, a naive way to evauate
fa(y,c) is as follows. Suppose that B := [Aq|---|Ap] is invertible. One may then calculate p :=
max{Xm+1|Ax =y, x > 0}. Thus, evaluating fa (y,c) reduces to summing up 3, €’ over all vectors
X = (%,Xm+1) € N1 such that xm 1 € [0,p] "N and R := B~y — A 1Xm+ 1). This may work very
well for reasonable values of p; but clearly, p depends on the magnitude of y. On the other hand,
the computational complexity of evaluation of fy(y,c) via (4.31) does not depend ony. Indeed, the
bound M in (4.31) of Theorem 4.2 does not depend at all on'y. Moreover, the method also works if
Q(y) is not compact.

Toillustrate the difference, consider the following trivial example, wheren=2,m=1,A=[1,1],
and ¢ = [0,a] with a # 0. The generating function F;(z, ¢) is the rational function

~ 1
ha(2.0) = T ga—en

Setting v = (—1,1) and w = (z,€%z), one obtains

1=(1-2)Qi(2) +(1-€"2)Q2(2)

e}
-(1-2)= 1ﬁ1g7W) +(1-¢7 Pi(ll’g)
T e Y ez 2

DA =R k=

an illustration of the Hilbert's Nullstellensatz applied to the two polynomialsz+— 1—z and z —
1 — €z, which have no common zero inC.
And so, the generating function Fy(z,c) gets expanded to

. _Z—l Z—l
Fa(z.c) = l-e)(l-e7)  (1—e)1-2) (4.39)

Finally, using Theorem 4.2, we obtain fg(y, c) in closed form by

~ —edt+D) D+l q_gly+da

Looking back at (4.29) we may see that M = 1 (which obviously does not depend ony) and
so, evaluating fq(y,c) via (4.31) (i.e, asin (4.40)) is done in two elementary steps, no matter the
magnitude of y. On the other hand, the naive procedure would requirey elementary steps.

(b) We have already mentioned that the expansion of the generating function Fy(z,c) is not
unique. In the above trivial example, we also have
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Fa(z,¢) = (@-1)(1-ez) (-1)(1-2)

which is not the same expansion as (4.39). However, applying Theorem 4.2 again yields the same
formula (4.40) for f4(y,c).

The general case n > m+1. We now consider the casen > m+ 1 and obtain a decomposition (4.28)
that permits us to compute fy(y,c) by invoking Theorem 4.2. The idea is to use recursively the
results for the case n = m 4+ 1 so as to exhibit a decomposition (4.28) in the general casen > m+1
by induction.

Proposition 4.2. Let A € Z™" be a maximal rank matrix, c be regular and as in Theorem 4.2.
Suppose that the generating function Fy has the expansion

a Qx(2)
Fa(z,c) = : (4.41)
ﬂ;p ern(l - eCkZAk)

for some integer p with m < p <n, and for some rational functions z — Q(z), explicitly known,
and with the finite Laurent’s series expansion (4.29). Then, Fy also has the expansion

SHERSTR — LG

e (4.42)
#edp 1 erfc(l - eCszk)

where the rational functions z — Q%(z) are constructed explicitly and have a finite Laurent’s series
expansion (4.29).

Proof. Let w € Jp beagiven basiswithm < p <nand such that Q(z) # 0in (4.41). We are going
to build up simple rational functionsz — R7 (z), where n € Jp_1, such that the expansion

1 Ry (2)
M (1—€&iA) O 1 <AL 4.43
Mjer(1—€92%) 776%—1 Mjen (1 —€i2%) (443)

holds. Invoking Lemma4.1, thereexistsabasis ¢ € Jy, suchthat 6 C . Pick upany indexg € 7\ G,
sothebasis o := 6 U {g} isindeed an element of Jy,, 1, because of Lemma 4.1 again. Next, sincec
isregular, pick up avector v € Z™*1 such that Asv = 0 and c,v # O, like in (4.24). The statements
below follow from the same arguments as in the proof of Theorem 4.3(i), so we only sketch the
proof. Define the vector

Wo = (ef177 2772 efnghn) e O, (4.44)
and so w, € C™1. One easily deduces that w!, = €V =£ 1. Moreover, define the rational
functions

R (V,Wg ) /(1 — €56Y) if vic > 0,
£(2) =S —Woly "RV Wo) /(1—€%Y) if v <O, (4.45)

0 otherwise,
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where the functions By are defined asin (4.34), for al 1 < k < m+ 1. Therefore,

m+1 m-+1
1= Y (1-Wel) RE() = ¥, (1- €2 ) RE@).
k=1 k=1
The latter implies
T X I (4.6
Hjen(l_echAj) k=1 “ jen,j;éokl_echAj ' .

Next, we use the same arguments as in the proof of Theorem 4.3(ii).
With no loss of generality, suppose that the ordered sets ¢ C ¢ C & are given by

r:={12,....p}, o:=06U{p}, and p¢goa. (4.47)

Notice that o € 6 for 1 < k < m, and 6,1 = p. In addition, consider the ordered sets

nk)={jen|j#oj} fork=1..m+1 (4.48)

We next show that each submatrix A; ) has maximal rank for every k = 1,...,m+ 1 with v #
0. Notice that [n (k)| = p— 1 because |r| = p; hence, the set (k) is indeed an element of Jp_1
precisely when A, has maximal rank. Now ¢ C n(m + 1) because om 1 = p is contained in
m\ 6. Therefore, since 6 € Jy, Lemma4.1 implies that n(m+ 1) in (4.48) is an element of Jp,_1,
the square submatrix As isinvertible, and Ay .1y has maximal rank. On the other hand, the vector
v e ZM1 satisfies

0=AsV=As(V1,V2,...,Vm)" + ApVmi1,

with v = 0, and so we may conclude that vy,;1 # 0. We can now express the pth column of A asthe
finite sum Ap = er":l %Agj. Hence, for every 1 < k < m with vi #£ 0, the matrix

An = [A1l-+[Ag-1|Ageia] - |Ap]

has maximal rank, because the column Ag, of A 1) has been substituted with the linear com-
bination Ap = Xy LA whose coefficient —Vi /i1 is different from zero. Thus, the set (k)

defined in (4.48) is an element of J,_1 for every 1 <k < m with vy # 0. Then expansion (4.46) can
be rewritten as

1 _ 2 Ry (z)
Mjer(1—€17%) S Mjenq(1—€12%)
R7(2)

nedp-1 Mjen(1— € ZAj) 7

which isthe desired identity (4.43) with
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RT () = RF(z) if n =n(k) for someindex k with vy # 0,
™7 0 otherwise,

Onthe other hand, it is easy to seethat all rational functions Rf and R7 havefinite Laurent series
(4.29), because each RY is defined in terms of Py in (4.45), and each rational function Py defined in
(4.34) has afinite Laurent series. Finally, combining (4.41) and (4.43) yields

_ R (z)Qx(2)

Fa(z,c) = n—’ (4.49)
ne%_l nedp ern(l_ecszk)

so that the decomposition (4.42) holds by setting Q7, identically equal to thefinitesum ., o R7Qx

for every n € Jp_1. O

Notice that the sum in (4.41) runs over the bases of order p, whereas the sum in (4.42) runs
over the bases of order p — 1. Hence, repeated applications of Proposition 4.2 yield adecomposition
of the generating function Fy into a sum over the bases of order m, which is the decomposition
described in (4.28)—4.29). Namely,

Corollary 4.1. Let A € Z™" be a maximal rank matrix and ¢ be regular and as in Theorem
4.2. Let fgq be as in (4.7) and Fy be its generating function (4.25)—(4.26). Then

(i) Fy(z,c) has the expansion

Falz,c)= 3, 22

- (4.50)
o€ HkEG(l - eCkZAk)

for some rational functions z — Q4 (z), which can be built up explicitly, and with finite Laurent
series (4.29).

(ii) For every y € Z™, the function ﬂ,(y, c) is obtained by direct application of Theorem 4.2.

Proof. Point (i) is proved by induction. Notice that (4.26) can be rewritten as

_ 1
Fa(z.0)= D =—— <
,T;n ern(l - eCkZAk)

because J, ={{1,2,...,n}} and A hasmaximal rank (see (4.22)). Thus, from Proposition 4.2, (4.42)
holdsfor p =n— 1 aswell. And more generally, repeated applications of Proposition 4.2 show that
(4.42) holdsfor al m < p < n. However, (4.50) is precisely (4.42) with p=m.

On the other hand, (ii) follows because in view of our hypothesis on ¢, z — Ifd(z,c) is the
generating function of y — ﬂ(y,c) and has the decomposition (4.50) required to apply
Theorem 4.2. O
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An algorithm for the general case n > m+1

Let S[x] be the set of rational functions with finite Laurent series. That is, Q € S[x] if (4.29) holds.
Inview of Corollary 4.1, the recursive algorithm for the general case reads asfollows:

Algorithm 1 to compute ?d (y,c):

Input: m,n >m+1; y:=€ e RNy e Z";, Ae Z™" full rank.

Output: f4(y,c) asin (4.31).

Step O: Initialization. p:=n.Jp:={{1,2,....,n}};m:={1,2,....,n} € Jp; 2~ Qz(2) = 1€
S[x].

= Qx(2)
F s V) = A A"
d(Z C) ﬂ;p Hjeﬂ(lié:JZAJ)

Step 1: While p > m + 1 proceed as follows:

e Forall m € Jp with Qz # 0,
(@) pick abasis6 € Jn andpickge 7\ &
(b) leto:=0U{g} € Im+1
© letAs = [Ajljes € Z™ MY ¢ = [cj]jec € R™M1
(d) sol ve(As,Cq,Y) yielding {RF }keo C S[X] so that

o R¢(2)
Mien(1-€12%) (& Tjen g (1 €12%)

(e) letm:=m\{k} € Jp_1and Qg := QRF € S[x] for @l k € . Then

Qx(2) _ Qr (2) .
Hjen(l _ eCjZAj) keo HjEﬂ'k (1 — € ZAJ)

e \We have now

= Qn(2)
F ,C) = A
4(z,¢) ngj,lﬂjen(l_ec'zm)

with Q, € S|, Vn € Jp_1.
o Setp:=p—1.
Step 2: p=m and

Ifd(z,c) _ 2 Qr(2)

———— withQ, € S[x|, V& € I,
neJmHjen(l—eCJZAl) n € S[X] m

that is, I?d(z,c) is in the form (4.28) required to apply Theorem 4.2. Thus, get ﬁj(y, c) from
(4.31) in Theorem 4.2.

In Step 1(d) of the above algorithm, Solve(Aq,Cs,Y) is just application of Theorem 4.3 with
A=As;andc=cg.
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Computational complexity

First, observe that the above algorithm computes the coefficients of the polynomials Q4(z) in the
decomposition (4.28) of Fy (z,c). This computation involves only simple linear agebra operations,
provided that the matrix A € Z™*" and the vector ¢ € R" are given. Recall that an important step
in these procedures is to compute a vector v € Z™1 such that Aqv = 0 and cjv # 0. Thus, for
practical implementation, one should directly consider working with arational vector ¢ € Q". Next,
one may easily seethat in the algorithm, the entries €% can be treated symbolically. Indeed, we need
the numerical value of each €% only at the very final step, i.e., for evaluating fq(y,c) via (4.31) in
Theorem 4.2; see theillustrative example, Example 4.3. Therefore, only at the very final stage, one
needs a good rational approximation of €°i in Q" to evaluate fy(y,c).

Having said this, the computational complexity is essentially determined by the number of co-
efficients {Qg g} in equation (4.31); or equivalently, by the number of nonzero coefficients of the
polynomials {Qs(z)} in the decomposition (4.28)—(4.29). Define

A= max {min{ V||| Agv=0, c,v#0,veZm?} | (4.51)
0€Im1

Inthecasen =m+ 1, each polynomial Q4 (z) hasat most A terms. Thisfollowsdirectly from (4.34)
and (4.38).

For n = m+ 2, we have at most (m + 1) polynomials Q4 (z) in (4.28); and again, each one of
them has at most A nonzero coefficients. Therefore, in the general case n > m, we end up with at
most (m+1)""™A termsin (4.31). Thus, the computational complexity isequal to O[(m+1)""MA],
which makesit particularly attractive for relatively small values of n —m.

As a nice feature of the algorithm, notice that the computational complexity does not depend
on the right-hand side y € Z™. Moreover, notice that the constant A does not change (at al) if we
multiply the vector ¢ € Q" for any real r # 0, becausec;v # 0if and only if rc/;v = 0. Hence, we can
also conclude that the computational complexity does not depend on the magnitude of |||, it only
depends on the ratio between the entries of c. However, as shown in the following simple example,
A isexponential in the input size of A. Indeed, if

A_|1 a a2
T lla+1l(a+1)?)’

then necessarily every solution v € Z2 of Av = 0 is an integer multiple of the vector (a®+a, —2a —
1,1), and so A = O(a?). Finally, the constant M > 0 in (4.29) and (4.31) depends polynomially
onA.

Example 4.3. Consider the following example withn = 6, m = 3, and data

111100
A=
021001

210010], C::(Clw“acﬁ)a

so that F(z, ) isthe rational fraction

1
(1— €f12123)(1— €°2212,23) (1 — €%32123) (1 — €421 ) (1 — €%52) (1 — €%623) |
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First Step: Setting # = {1,2,...,6} € Jg, choose 6 := {4,5,6} and o := {3,4,5,6}. Let v :=
(-1,1,0,1) € Z* and solve A;v = 0. We obviously haveq =3, 8 = (—1,1,1), w = (€%32123, €71,
€f6z3), and so we get

—(€"32923) 71 _ (efBzyz) 7t

glca—c3)7 -1
b4 b1 _ 3
1 — eb4+C6—C3 ! 2( ) - 1 — efatCs—C3 ! 3(2) - 1 — €FatCe—C3 '

Ri(z) =

Hence
1= (1—€%2123)R}(z) + (1— €421)R5(z) + (1 — €*623)R% (2).

Notice that the term (1 — e*z,z3)RT (z) will annihilate the element 3 in the base . Moreover, the
terms (--- )R (z) and (--- )R (z) will also annihilate the respective entries 4 and 6 in the base 7, S0

~ B RI(2)
Fa(z.¢) = (1_eclz1z§)(1_eﬂzzlzzzg)(i_eCAzl)(1_eCsz2)(1_eCez3)
R3(2)
(1 €172173) (1 — €2217573) (1 — €%32173) (1 — €%52,) (1 — €%623)
R3(2)

(1 eﬁlzlzz)(l €2212,23) (1 — €32123) (1 — €421 (1 — €%52,)

g‘ ern5 (1 eCkZAk)

¥vhe_re n15(21)3= {1,2,4,5,6}, n5(2) = {1,2.3,5,6}, n5(3) = {1,2,3,4,5}, and Q(j,(2) = R¥(2)
Or J = ) ) .

Second Step: Analyzing n5(1) = {1,2,4,5,6} € Js, choose 6 = {4,5,6} and 0 := {1,4,5,6}. Let
vi=(-1,1,2,0) € Z* and solve Acv = 0. Then q = 3, 6 = (—1,1,2), w = (€12123, €21, €%2,),
and so we get

(€12125) "

ns(1) —(e12125) * ns(1) oy _
RV = e RV =

1 — @C1+Cq+2cs”’ 2

and
(674=417,2) (14 €525)

1— e Citcat2es

R (2) =

Notice that the terms associated with R[5 (z), RIS (z), and R?'" (z) annihilate the respective
entries 1, 4, and 5 in the base ns(1).

Analyzing ns(2) = {1,2,3,5,6} € Js, choose 6 = {3,5,6} and ¢ := {2,3,5,6}. Let v :=
(—=1,1,1,1) € Z* and solve AV = 0. We have that q = 4, 6 = v, and W = (€2212,23, 673223, €%52,,
€f623), so we get

2\ — 2\-1
15(2) —(€°2212523) 1 ns(2),,  (€2212575)
R ° ( ) 1— e702+03+05+06 R25 (Z) - 1_e*C2+C3+C5+CG’
and 1,1 -1
RT'IS( )( ) eC37CZZ Z3 Rns( )( ) eC5+C37CZZ

1— e—C2+C3+C5+CG 1— e—02+03+05+06
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Notice that the terms associated to R7*? (z), R15? (z), RI5)(z), and R (z) annihilate the re-
spective entries 2, 3, 5, and 6 in the base ns(2).

Analyzing 15(3) = {1,2,3,4,5} € Js, choose 6 = {3,4,5} and ¢ := {2,3,4,5}. Let v :=
(—1,2,—1,1) € Z* and solve Agv = 0. We have that q = 4, 0 = v, and w = (€%2212,23, 6732123, €24,
€%52,), so we get

RTIS( ) (eczzlzzz%)_l n5(3) (902212223) (1+ec32123)
( ) 1— e C2+2c3—C4+Cs5’ 2 (Z) 1 — @ C2+2c3—C4+Cs5 ’
and 1 e2 1 e2 1
3 _ eC4zl - ( 03*02212* ) 03*02*042*
Rg5( >(Z) _ ( ) 2 Rﬂs( )( 7) =

1 — @ C2+2c3—C4+Cs5 ’ 1— e Cat203—C4+Cs °

Notice that the terms associated with R?*® (z), R¥% (2), RI5®) (), and R[*' (z) annihilate the
respective entries 2, 3, 4, and 5 in the base n5(3).
Therefore, we have the following expansion:

Qns(1) (2R (2)
(1— €2217573) (1 — €°421) (1 — €%52,) (1 — €°623)
Qus) ARF™ @) + Qug2 @R (2)
(1—€°12123) (1 — €%2212,23) (1 — €525) (1 — €%623)

1
) Qusw @RF (@)
(1—€12123) (1 — €%2212,25) (1 — €421 ) (1 — €%623)

. Qus2 ARE? (2)

(1—€f12123)(1 — €%32123) (1 — €°52,) (1 — €F623)
Qus2)@RF? (2)

(1 €12123) (1 — €2212523) (1 — €°32123) (1 — €%623)

Qus2 ORE? (@) + Quy(z AR (2)
(1—€12123) (1 — €%2212523) (1 — €%82123) (1 — €%52;)

Fa(z,0) =

. Qus(» (R (2
(1—€12722) (1 — €%32123) (1 — €427 ) (1 — €%52,)
N Qn5(3>(Z)R25(3>(Z)
(1—€12123) (1 — €%2212523) (1 — €421) (1 — €%525)
Qusia @R @)

* (1—€12123) (1 — €%2212523) (1 — €%32123) (1 — €421

2 Qny(i)(2)
g‘ Tlken,(j) (1—exzh)

Final Step: At this |ast step we obtain the required decomposition (4.50), that is, we will be able to
express F4(z,¢) asthe sum
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= Qs (@)
Fy(z,c) = .
d(Z ) zj“ernS(j)(lfeCszk)

The exact values of fq(y, c) can then be calculated by direct application of Theorem 4.2. Moreover,

we must make the observation that, out of the potentially (g) = 20 terms, the above sum con-

tains 16 terms. We next conclude this section by providing the term Q) (z) relative to the basis
1‘]3(]) = {2,5, 6} € Js.

Setting n4(1) = {2,4,5,6} € J4, choose 6 := {4,5,6} and 6 := {2,4,5,6}. Letv:=(—1,1,1,2)
cZ*and solve A;v=0.Thenq=4,0 =v,w = (e’:221zzz§,e°4zl, e’52,, €%6723), and so we get

(4.52)

—(€f2242,23) 71 na(1) (€°2242,23) 1

M4,y _ _
RO = I gmercros R2 (= 1 gmorearcca’
and ,
RM(M) () _ e 2 (z23) ! na(1) . _ (€747%57225%) (1+ €oz3)
3 (@)= 1—eXettstca—cp’ 4 (2)= 1 — e2C6+C5+Ca—C2

Notice that the term associated with Rg“(l) annihilates the entry 4 in the base n4(1) = {2,4,5, 6},
sowe are getting the desired base n3(1) = {2,5,6}.
Setting n4(2) = {1,2,5,6} € J4,choose 6 :={2,5,6} and 0 := {1,2,5,6}. Letv:=(—1,1,1, —-2)
€ Z* and solve Agv = 0. Thenq = 4, 0 = v, w = (€"12123, €2212,25, €525, €%623), and so we get
2y-1 2y-1
na(2) ., —(E171175) a2 (€12125)
R D= greazm R D=1 gieaz

and
—C15,—152
m@),, _ €z,
R34 (Z) - 1feC2+0570172C6’
12 gy _ (E°28) HE SR (1 (¢5zg)
4 = .

1 — 6324*057017206

Notice that the term associated with R?4(2) annihilates the entry 1 in the base n4(2) = {1, 2,5, 6},
so we are getting the desired base n3(1) = {2,5, 6}.
Therefore, working on the base n3(1), we obtain the numerator

1 2
Qua(1)(2) = QuyRE*Y +Qp 2 RP?

= [Qusn @REM @) RE® + [ Q1) RPY (2) + Qg RE® (2)| RYP.

4.6 A simple explicit formula

In this section we are back to primal approaches that work in the space R" of primal variables
withy € Z™ fixed. We provide an explicit expression of f4(y,c) and an algorithm that involves only
simple (possibly numerous) elementary operations. Again, in contrast to Barvinok’s algorithm, the
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computational complexity of this prima approach is not polynomial in the input size for fixed
dimension. It uses Brion’s formal seriesformula (4.5) along with an explicit description of the sup-
porting cones at the vertices of Q(y). It also has asimple equivalent formulation as a (finite) group
problem. Finally, we exhibit finitely many fixed convex cones of R" explicitly and exclusively de-
fined from the matrix A, such that for any y € Z™, f4(y,c) isobtained by asimple formulainvolving
the evaluation of Y €% where the summation is over the integral points of those cones only.

With same notation as in Section 4.3, and ¢ € #(A,7), let us ‘= detAg, or |As| Zs =
{1,... 16}, Ag = [Aj]j¢o, and let 65 : Z™—{0,1} bethe function

1 ifAlzez™
0 otherwise,

21— 05(2) = {

z € Z™. Inwhat follows one assumes that the convex cone {u € R™ : A'u > 0} is nonempty so that
Q(y) isapolytope for every y € Z™.

Theorem 4.4. Let ¢c € R" be regular and lety € y N Z™ for some chamber y. Then

~ Ri(y,0;¢) .
fa(y,c) = —_— with (4.53)
v Ralo)
Ri(y,050) ==X ¥ 85(y—Agu) e oAs) (4.54)
uezg ™
and Rg(oic) =[] [1— (eck*”f’Ak)““} : (4.55)
k¢o

The proof uses Brion's formula (4.5) and an explicit description of the supporting cone
co(Q(y),X) of Q(y) at avertex X. Indeed, when y € y then Q(y) is simple and at a vertex x(o)
with associated basis o € #(A,7):

00(2(Y),X(0)) = {(Xo.Xg) € R" : AgXo +AgXg =Y, Xg > O},
Even if easy, computing R1(-) in (4.54) may become quite expensive when p is large, as one

must evaluate ud~™ terms (the cardinality of Z ™). However, as detailed below, a more careful
analysis of (4.54) yields some simplifications.

Simplification via group theory

For every basiso € (A, y), consider thelattice As := @ jcsAjZ C Z™ generated by the columns
(Aj)jes Of A. Thefinite group

Yy :=1" | As = {EC|0,0],EC[2,0],...,Ec[us — 1,0}
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is commutative with u; = detAs or |Ag| equivalence classes Ec] j, o]. Therefore, ¥ isisomorphic
to afinite Cartesian product of cyclic groups Zn,, i.e.,

G5 = Ly X Ly X -+ X L

with te = m1m2...1Ms. (When us = 1 then % isthe trivial group {0}.) Notice that the Cartesian
product Z, x --- x Zy, can be seen as Z* modulo the vector n := (11,12, ...,Ms)" € N°. Hence, for
every finite commutative group %, there exists a positive integer s, > 1, a vector 1 € N with
positive entries, and a group isomorphism,

Jo : Yo —Z°° mod 1,

where g5 (&) mod s means evaluating [gs(&)]k mod [ns]x for every k = 1,...,ss. For every
y € Z™ there exists a unique equivalence class Ec[j(y), o] >y that we use to define the group epi-
morphism, hg : Z™ — Z% mod 1, by

Yy F'G(y) ‘= 9o (EC[j(y), 0]).

The unit element of &, is the equivalence class Ec[0, 6] = {Asq | q € Z™}. Hence hy(y) = 0 iff
y = Asq for someq € Z™. So define 6, : Z™—{0,1} by

{1 ifho(y) =0,

o) =
Y= 9o (y) 0 otherwise.

Next, given any matrix B = [By|---|B¢] € Z™, let
hG(B) = [ﬁG(Bl)|ﬁG(BZ)| .. ‘ﬁc(Bt)] c ZSO—Xt7

so that s (y — Agu) = s (y) — As (Ag)u mod 1.

Given g € Z™, usAz*q € Z™ but us may not be the smallest positive integer with that property.
Therefore, given o € #(A,y) and k ¢ o, define v > 1 to be order of hs(Ay). That is, v is
the smallest positive integer such that v shs(Ax) vanishes modulus 7, or equivalently ka,AglAk

€ Z". Let
Ry(0;¢) = [T [1- (& 7o) e] (4.56)
k¢o
and
Ri(y,03¢) 1= €0 3 85 (y—Agu) e’ (G Tohe) (4.57)
ueUy

= ec’X(G) Z {eu’(c¢ﬂo-A¢) : ﬁo_(y) = ﬁG(A¢)u mod No }7
uely

withUgz C Z"™ being the set {u € Z"™[0 < ux < w6 —1}.
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Corollary 4.2. Let c € R" be regular and lety € ynZ™ for some chamber y. Then

P Ri(y,0;c)
fg (yac) = Z l* X ) (458)
oeiay Ra(0:0)

with R3,R5 as in (4.56) and (4.57).

Soin Corollary 4.2 the evaluation of Ry in Theorem 4.4 is replaced with the simpler finite group
problem of evaluating R} in (4.57).

One may even proceed further. Pick up aminimal representative element in every class Eclj, o],
i.e, fix

E7 €Ec[j,o] suchthat Ajly>A 7 >0 (4.59)

for every y € Ec[j,o] with Ajly > 0. The minimal element éj" is computed as follows: Let
d € Ec[j,o] be arbitrary and let d* € Z™ be such that d; = [—(Ad)c], k = 1,...,m. Then
£ :=d+Asd* satisfies (4.59) and Ay > 0 holdsiff

y=&7+Asq withgqe N™ (4.60)

Theorem 4.5. Let ¢ € R" be regular, y € Z™ Ny for some given chamber y, and let §; 5 be
as in (4.59). For every basis o € (A, v) there is a unique index 0 < j(y) < Us such that
y € Ec[j(y),o], and

- (
fd (y7 C) = 2 .
occ(ay Rel0:C)

e [AsY) (4.61)

with the convention [As ~ty] = ([ (As y)k]) € Z™.

Theorem 4.5 states that in order to compute ﬁj(y,c) for arbitrary valuesy € Z™ Ny, it suffices
to compute R1(v,0;¢) (or Ri(v, o;¢)) for finitely many explicit valuesv = &7, with o € #(A, )
and 0 < j < ug, and one obtains ﬂ(y,c) via (4.61). In other words, in a chamber y, one only
needs to consider finitely many fixed convex cones C(22(§f7), o) C R", where 6 € (A, y) and
0 < j < ug, and compute their associated rational function (4.61). (For the whole space Z™ it
suffices to consider all chambers y and all cones C(Q2(&j5),0) C R", where o € #(A,y) and
0 < j < Ug.) The counting function ﬂj(y, ¢) isthen obtained as follows.
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Algorithm 2 to compute fq (y,c):

Input:y € Z"Ny,c e R".
Output: p = fq(y,c).
Set p := 0. For every ¢ € (A, 7)

o compute& T =y —As |AGly| € Z™.
e read thevalue Ry ( ﬁy),O';C)/Rz(G,C), and update p by
R1(&f7,)0:¢)

o co LAGTY)
P=PTR,cic) © :

Finally, in view of (4.54)—(4.55), the above algorithm can be symbolic, i.e., w := € € R" can be
treated symbolicaly, and p = f4(y,w) becomes arationa fraction of w.

4.7 Notes

Most of the material isfrom Barvinok [14], Barvinok and Pommersheim [15], Barvinok and Woods
[16], Brion and Vergne [27], and Lasserre and Zeron [98, 99, 100]. The Markov chain Monte
Carlo method for approximate counting and its complexity are nicely discussed in, e.g., Jerrum and
Sinclair [72].

Another algebraic approach that avoids computing residues was also proposed in [98]. It is based
on Hilbert’s Nullstellensatz and as in Section 4.5, it provides a special decomposition of l%(z,c)
into certain partial fractions. Again, the main work is the computation of the coefficients of the
polynomials involved in this decomposition, which reduces to solving alinear system as bounds on
the degree of the polynomials in this decomposition are available (see, e.g., Seidenberg [122] and
Kollar [82]). However, this approach works only for relatively small values of m. Beck [20] also
uses a partial fraction decomposition approach for counting lattice points in a polytope.

There are also specialized algorithms when the matrix A is unimodular, in which case Brion and
Vergne's formula (4.14) simplifies significantly. See for instance the works of Baldoni-Silva and
Vergne[11], Baldoni et a. [12], Beck [17], and Beck Diaz, and Robins[19], aswell asthe software
developed in Cochet’sthesis[33] with several applications, most notably in algebraic geometry. The
unimodular case is aso considered in De Loera and Sturmfels [44] using a Grobner base approach
aswell as Barvinok’s algorithm.

The primal approach that uses Barvinok’s algorithm has been implemented in the software pack-
age Lat t E developed by De Loeraet al. [40, 41], available at ht t p: / / www. mat h. ucdavi s.
edu/ ~l atte/.

Finaly, for details on approximate counting via Markov chain Monte Carlo methods, the inter-
ested reader isreferred to, e.g., Dyer et al. [50, 48] and Jerrum and Sinclair [72].



Chapter 5
Relating the Discrete Problems P4 and Iy with P

5.1 Introduction

In the respective discrete analogues P4 and 14 of (3.1) and (3.2), one replaces the positive cone in
R" (x > 0) by N", that is, with A € Z™", b € Z™, and c € R™, (3.1) becomes the integer program

Pq: fa(y,c) == m)?x{c’x |Ax=y, xeN"} (5.1
whereas (3.2) becomes a summation over N"NQ(y), i.e,

Ig: fa(y,c) = {2 EXAX =y, X€ N“}. (5.2)
X

In Chapter 4 we proposed an algorithm to compute fa (y,c). Inthis chapter we see how I and its
dual I3} provide insightsinto the discrete optimization problem Py.

We first compare I* and I}, which are of the same nature, that is, complex integrals that one
can solve by Cauchy’s residue techniques as in Chapter 2 and 4, respectively. However, there are
important differences between 1" and 1 that make the latter problem much more difficult to solve.
We next make a comparison between Iy and Py pretty much in the spirit of the comparison that
we already made between I, I and P, P* in Section 3.2. The insights provided by I} permit us to
define precisely what are the dual variables of Py and how they are related to the well-known dual
variables of P*.

Again, the approach we follow is dual to the algebraic methods described in [126, 128] as well
asin [58], where integer programming appears as an arithmetic refinement of linear programming.
In contrast, we work in the range space (C Z™) of the linear mapping A instead of the primal space

J.B. Lasserre, Linear and Integer Programming vs Linear Integration and Counting,
Springer Seriesin Operations Research and Financial Engineering, DOI 10.1007/978-0-387-09414-4.5,
(© Springer Sciencet+Business Media, LLC 2009
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7Z". The variables of interest associated with the constraints Ax = y are the analogues of the usual
dual variablesin linear programming, except they are now in C™ rather than in R™.

5.2 Comparing the dual problems I* and I}

We saw in Chapter 3 that the dua problem I* (3.8) is the inversion process at the point y € R™ of
the Laplace transform F(-,c) of f(-,c), exactly as the dual problem P* is the inversion process at
y € R™ of the Legendre—Fenchel transform F(-,c) of f(-,c). In the former the inversion process
is the inverse Laplace transform, whereas in the latter it is again the Legendre—Fenchel transform,
which isinvolutive for convex functions.

Similarly, the dual problem 13 in (2.3) is the inversion process at the point y € R™, of the
Z-transform (or generating function) Fy(-,c) of fAd(',C), i.e., the perfect discrete analogue of 1%,
as the Z-transform is the perfect analogue of the Laplace transform. One has the parallel between
the duality types shown in the following table:

Table 5.1 Pardlel duality, ...

Continuous Laplace Duality Discrete Z-Duality
fve)= [ &*do fayoi= Y &
Ax=y;xeR. Ax=y;xeNn
Fo:= [ e Tiy.cdy Faoi= ¥ 27 fano)
RM yezm
n 1 U 1
a i1 (A4 —c)k a l];[l 1— ekz—A
with R(A'A —c) > 0. with |24 > €
[F* ¢ & nF(A,c)dA 15 & ®nFy(z,¢)dz
el [z]=p
withA'y > ¢ withA'lnp > ¢

Observe that both dual problems I and I are of same nature as both reduce to computation of
acomplex integral whose integrand is arational function. In particular, we saw in Chapter 2 and 4,
respectively, how both problems 1" and 13 can be solved by Cauchy residue techniques. Notice
also that the respective domains of definition of F and Fy are identical. Indeed, writi ngz=e
with A € C yields |2A] > 1 < R(A’A —c¢) > 0. However, a quick look at the residue algorithms
(Section 2.4 for I and Section 4.4 for 1) reveals immediately that Iy is much more difficult to
solve than 1*, despite that both integrands, the Laplace transform F and the Z-transform Fy, share
some similarities. Indeed, there is an important difference between I* and I3. Whilein I* the data
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{Ajx} appear as coefficients of the dual variables A in F(A,c),in I} they now appear as exponents
of the dual variables z; in Ifd(z,c). As an immediate consequence, the rational function = (-,c) has
many more poles than If(-,c) (by considering one variable at a time), and in particular, many of
them are complex, whereas If(-, ¢) hasonly real poles. Asaresult, the integration of F (z,c) ismore
complicated than that of F(A,c). Thisis reflected not only in the residue algorithms of Section 2.4
and Section 4.4, but also in the respective Brion and Vergne's continuous and discrete formulas
(2.15) and (4.14). However, we will see that the poles of %(270) are still simply related to those of
F(4,c).

5.3 A dual comparison of P and Py

We are now in a position to see how I provides some nice information about the optimal value
fa(b,c) of the discrete optimization problem Py.

Recall that A € Z™" and y € Z™, which implies in particular that the lattice A := A(Z") isa
sublattice of Z™ (A C Z™). Notethat y in (5.1) and (5.2) isnecessarily in A. Recall also the notation
used in Section 2.3 and Section 4.3.

Theorem 5.1. Let A € Z™ ",y € Z™ and let ¢ € Z" be regular with —c in the interior of (R, N
V)*. Lety € yNA(Z") and let q € N be the least common multiple (I.c.m.) of {1(0) }sez(4 )
If Ax =y has no solution x € N" then fy(y,c) = —ee. Otherwise, if

1
max ¢ lim = InUg(y, rc 53
X(O')ZO'G,@(A7 ) [ X(G) +rL>oo r G(y, >:| ( )

is attained at a unique vertex x(o) of Q(y), then

1
fy(y,c) = max c lim =InUg (Y, rc
d(y’ ) x(0):0€e%(A,y) [ X(G) Jrrl—mo r U(y’ )]

1
= max c/x(0) + =(deg Pyy —d 5.4
X(0): 0L (A, )[ (o) q( €g Foy engy)] (54)
for some real-valued univariate polynomials Psy, Qgy.

Moreover, the term lim,_...InUg (y,rc)/r or (deg Pyy — deg Qgy)/q in (5.4) is a sum of
certain reduced costs ¢y — Ak (wWith k £ o).

A proof is postponed until Section 5.4. Of course, (5.4) is not easy to evaluate but it shows that
the optimal value f4(y,c) of Py isstrongly related to the various complex poles of Fy(z,c). Itisalso
interesting to note the crucial role played by the reduced costs (cx — m5Ax) in linear programming.
Indeed, from the proof of Theorem 5.1, the optimal value fq4(y, c) isthe value of ¢x at some vertex
x(o) plusasum of certain reduced costs. Thus, asfor thelinear program P, the optimal value fq4(y, c)
of P4 can be found by inspection of (certain sums of) reduced costs associated with each vertex of
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Q(y). In fact, when the max in (5.4) is attained at a unique vertex, this vertex is the optimal vertex
o™ of the linear program P. We come back to thisin more detail in Chapter 6.

We next derive an asymptotic result that relates the respective optimal values fq(y,c) and f(y,c)
of Py and P.

Corollary 5.1. Let A € Z™", y € Z™ and let ¢ € R" be regular with —c in the interior of
(RENV)*. Lety € yNA and let x* € Q(y) be an optimal vertex of P, that is, f(y,c) =c¢/'x* =
c'x(o*) for 6* € B(A,y), the unique optimal basis of P. Then for t € N sufficiently large,

falty) — t.0) = fim | TInUie 1. 1) . (55)

In particular, for t € N sufficiently large, the functiont — f(ty,c) — fq(ty,c) is periodic (con-
stant) with period (™).

A proof is postponed until Section 5.4. Thus, wheny € yN A is sufficiently large, say y = tyo
withyp € A andt € N, the max in (5.3) is attained at the unique optimal basis o* of the linear
program P (see detailsin Section 5.4).

From Theorem 5.1 it also follows that for sufficiently larget € N, the optimal value fq4(ty,c) is
equal to f(ty,c) plus acertain sum of reduced costs (cx — ms+Ax) (With k & o*) with respect to the
optimal basiso*.

We now provide an aternative formulation of Brion and Vergne's discrete formula (4.14), one
which explicitly relates dual variables of P and what we aso call dua variables of Py. Recal
that a feasible basis of the linear program P is a basis 6 € %(A) for which Ajly > 0. Thus, let
o € #(A) be afeasible basis of the linear program P, and consider the system of polynomial
equations ¢ = €’ in C™ (wherec, € R™ isthe vector {¢;}jco), i-€.,

zﬁ” =€l Vjeo. (5.6)

The above system (5.6) has p () (= det A,) solutions {z(k)}2'% in the form
2(k) =P k=1,... p(0) (5.7)
for p(o) vectors {6(k)} in R™. _
Indeed, writing z = e* " (i.e., the vector {€*1€#7%}™ ) in C™), and passing to the logarithm

in (5.6), yields
AL+ 2iTALO = Cq. (5.8

Thus, A € R™ isthe unique solution of AjA = ¢4, and 6 satisfies

AL 7M. (5.9)
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Equivalently, 6 belongsto (¢ jcsA;jZ)*, the dual lattice of ®jcsAjZ.

Thus, there is a one-to-one correspondence between the p(o) solutions {6(k)} and the finite
group G'(0) = (®jesAjZ)*/Z™. With s := p (o), recal that G(o) = (BjesAjZ)*/A* and 0
G(o) ={91,...,0s} isasubgroup of G'(o). Define the mapping 6 : G(c)—R™,

g 6y == (Ay) g,

so that for every character @™ of G(c),y € A, we have

() =e?™% ye A, geG(o). (5.10)

and _ o
fmhi(g) =% =1 jeo. (5.12)

So, for every o € #(A), denote by {zg}gcc (o) these u(o) < p(o) solutions of (5.7), that is,
7g=€'é"% ¢ CM ge G(o), (5.12)

with A = (A)~ce, and where €* € R™ isthe vector {€*}I" .

So, in the linear program P we have a dual vector A € R™ associated with each basis . In
the integer program Py, with each (same) basis ¢ are now associated i (o) dual (complex) vectors
A+2in6y,g € G(o). Hence, withabasis o inlinear programming, {A + 2in6, } arewhat wecall the
dual variables of Py with respect to the basis o; they are obtained from (a) the corresponding dual
variables A € R™ in linear programming and (b) a periodic correction term 2in6; € C", g € G(0o).

We next introduce what we call the vertex residue function.

Definition 5.1. Lety € A and let c € R" beregular. Let 0 € #(A) be afeasible basis of the linear
program P and for every r € N, let {Zy }gec (o) be@SIN (5.12), with rcinlieu of ¢, that is,

zgr =€ c CM g G(o), withd = (AL) 1c.
The vertex residue function associated with the basis o of the linear program P is the function

Ro(zg,-) : N— IR defined by

1 4

"Rl = ey 2 T e

geG(o) gr

(5.13)

which is well-defined because when c isregular, |zgr | # €% for al k ¢ o.

The name vertex residue is now clear because in the integration (4.12), Rs(zg,r) is to be in-
terpreted as a generalized Cauchy residue with respect to the i (o) poles {zg } of the generating
function Fy (z, rc).

Recall that from Corollary 5.1 , wheny € yN A is sufficiently large, say y = typ withyp € A
and some large t € N, the max in (5.4) is attained at the unique optimal basis ¢* of the linear
program P.
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Proposition 5.1. Let ¢ be regular with —c € (R, NV)*, and lety € yn A be sufficiently large
so that the max in (5.3) is attained at the unique optimal basis o* of the linear program P.
Let {zgr }gec(o+) D€ s in Definition 5.1 with o = ¢*.

Then the optimal value of Py satisfies

fa(y,c) lim 2 |2 > i
a(y,c) = lim=In|——- -
r—eo [ ‘U.(G*) geG(c*) Hk%c* (1— ZgrAkeer)

.1
= rI|_)n°1FIch,*(zg,r), (5.14)

and the optimal value of P satisfies

lim = —= [2or”
F—ee ¥ p(o*) geG(c*) Hk%c*(l_ |ng‘_Akeer)

f(y,c)

1
I!lmFIn Ro+(|2g],r). (5.15)

A proof is postponed until Section 5.4. Proposition 5.1 shows that there isindeed a strong rela-
tionship between the integer program Py and its continuous analogue, the linear program P. Both
optimal values obey exactly the same formula (5.14), but for the continuous version, the complex
vector z4 € C™ isreplaced with the vector |zg| =€+ € R™ of its component moduli, where 1* € R™
isthe optimal solution of the LP dual P* of P. In summary, whenc € R"isregular andy € yNA is
sufficiently large, we have the correspondence displayed in Table 5.2.

Table 5.2 Comparing P and Py

Linear Program P Integer Program Py
Unique optimal basis o* Unique optimal basis o*
One optimal dual vector u(o*) dual vectors
A*eRM 73 C", geG(o")

Inzg = A" +2in6y

1 1
F(1,6) = lim = InRy- (125} fo(,0) = lim = InRy- (2,1)
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5.4 Proofs

Proof of Theorem 5.1

Use (1.3) and (4.14)—(4.15) to obtain

09 l Z &¢x(0) 1/r
e'd¥® = |im ———Ug(y,rc)
== | (o) 0cBay H(O)

1/r
= lim [ Y Ho (Y, rc)] . (5.16)
x(o)

[—oo
coeHB(A,y)

Next, from the expression of U (y,c) in (4.15), and with rc in lieu of ¢, we see that Us(y,rc) isa
function of the variable u = €', which in turn implies that Hs (y, rc) is also a function of u, of the
form

Ho (y,rc) = (€)@ &m(g) , (5.17)
9<G(0) 2| (51(6,9,A) x (er)ajw-,c))

for finitely many coefficients {5;(c,9,A), oj(o,c) }. Note that the coefficients o (o, ¢) are sums of
some reduced costs (¢ — msAx) (With k & o). In addition, the (complex) coefficients {5;(c,9,A)}
do not depend on'y.

Letu:= €/ withq bethel.cm. of {1(0)}sem(ay- Asd(ck — cAy) € Zfordl k ¢ o,

Hq (y, rc) = u®X(©) x PoylU) (5.18)

Qoy(u)

for some polynomials Psy, Qgy € R[u]. Inview of (5.17), the degree of Pyy and Qy, which depends
ony but not on the magnitude of y, is uniformly bounded iny. Therefore, asr — oo,

Ho (y, c) A ude(0)+deg Poy—deg Qoy (5.19)
sothat thelimitin (5.16), which s given by max e x(0) limUs (y, rc)Y/" (aswe have assumed unicity
of the maximizer ¢), isaso

max et'x(0)-+(deg Poy—deg Qoy)/d_
X(0):0€B(A,y)

Therefore, fq(y,c) = —eo if Ax =y hasno solution x € N" and

1
f = 4 —(deg Pyy —d 5.20
d(ya C) x(c):gla;(A.y) CX<0')+ q( eg oy eg Qcy) ( )

otherwise, from which (5.4) follows easily. O
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Proof of Corollary 5.1

Lett € N and note that f(ty,rc) =trf(y,c) = trc/x* =trc/x(o*). Asin the proof of Theorem 5.1,
and withty in lieu of y, we have

/ t 1/r
o /% * CX(G)
fa(ty,rc)¥" = &c°x [U“(ty’rc) e ) Ug(tb,rc)]

u(o*) x(c);ﬁx*ée@(A,y) (erc/xw*) p(o)
and from (5.17)<(5.18), setting 8, := ¢/x* — ¢'x(c) > 0 and u := €79,
1/r
Flty oyt = @ [“f’* o,y g ]
u(o”) X(0)#x*:0cAB(A,y) Qoty(U)
Observe that ¢'x(0*) — ¢’x(0) > 0 whenever o # o* because Q(y) issimpleif y € y and c
isregular. Indeed, as x* is an optimal vertex of the LP problem P, the reduced costs (cx — mg+Ak)

(k € o) with respect to the optimal basis o* are all nonpositive and, infact, strictly negative because
c isregular (see Section 2.3). Therefore, the term

z y~tads PGIY(U)
vertex x(0)#x* Qoty(U)

is negligible for t sufficiently large, when compared with Ug=(tu, rc). This is because the degrees
of Psty and Qqty depend on ty but not on the magnitude of ty (see (5.17)~(5.18)), and they are
uniformly bounded inty. Hence, taking limit as r—eo yields

fa(ty,c) ex() . ge'x(c*) 1r
a(ty, i ; o) i ;
e rI|m 1o Ug+(ty, rc) rI|m Ug+(ty,rc)™",

from which (5.5) follows easily.

Finally, the periodicity is coming from the term €?™(g) in (4.15) (with ty in lieu of y) for
g € G(o*). The period is then the order of G(c*), that is, the volume of the convex polytope
{ZjeosrtjAj|0 < tj <1}, normalized so that volume(R™/A) = 1,i.e, u(o). O

Proof of Proposition 5.1

With Ug+ (y,¢) asin (4.15), one has my+ = (A*) and so
e_”o'*Ake_Zi”Ak (g) _ —A/kﬂ,*e—Zin'ALeg — ZaAk’ ge G(O'*)

Next, using ¢'x(c*) = y'A%,
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ec/x(c*)ezin:y(g) _ ey%*eZiny’@g = 257 ge G(O'*)

Therefore,
2
g

ec/x(o)U “(y,c) = -
? “(O-*) geG(o*) (1—26Ake:k)

W :RG*(ZQV]')?

and (5.14) follows from (5.4) because, with rc in lieu of ¢, zq becomes z, = e %6 (only the
modulus changes).
Next, as only the modulus of zg isinvolved in (5.15), we have |z4 | = €+ for dl g € G(c*), S0
that
1 |zgr[Y gy

K(o") geG(o¥) Tkgor (1 |zgr| M) Hkgc*(l—er(ck—Af(l*))7

and, asr—oo ,
ery%* ~ ry/k*
Mo (1 €CAL) |
because (cx — AlA*) < Ofor all k & o*. Therefore,
1 eryll*
lim=In . =y A* = f(y,c),
oo [ Mo (1— & OAL)) y (v,c)
the desired result. 0

5.5 Notes

Most of the material of this chapter is taken from Lasserre [87, 88]. We have seen that several
duality results can be derived from the generating function Fy4 of the counting problem 14 associated
with the integer program Py. However, the asymptotic results of Corollary 5.1 had been aready
obtained in Gomory [58] via a (primal) algebraic approach. In the next chapter we analyze Brion
and Vergne's discrete formula and make the link with the Gomory relaxations introduced in the
algebraic approach of Gomory [58].



Chapter 6
Duality and Gomory Relaxations

The last part of the book is mainly concerned with duality results for the integer programming
poblem Py. We relate the old agebrai c concept of Gomory relaxation with results of previous chap-
ters. We al'so provide some new duality results and relate them to superadditivity.

6.1 Introduction

We pursue our investigation on the integer program Py in (5.1) from aduality point of view, initiated
in previous chapters. The main goal of this chapter isto provide additional insightsinto P4 and relate
some results already obtained in Chapter 5 with the so-called Gomory relaxations, an algebraic
approach introduced by Gomory [58] in the late 1960s further studied in Wolsey [133, 134, 136],
and more recently by Gomory et a. [60], Thomas [128], and Sturmfels and Thomas [126] (see aso
Aardal et a. [1]).

In particular, we will show that Brion and Vergne's formula (2.15) is strongly related to Gomory
relaxations. Interestingly, the Gomory relaxations also have a nice interpretation in terms of initial
ideals in the algebraic approaches devel oped in Sturmfels and Thomas [126] and Thomas [128].

Next, as already mentioned, most duality results available for integer programs have been ob-
tained via the use of superadditive functions as in, e.g., Wolsey [136], and the smaller class
of Chvatal and Gomory functions as in, e.g., Blair and Jeroslow [23] (see also Schrijver [121,
pp. 346-353] and the many references therein). However, Chvatal and Gomory functions are
only defined implicitly from their properties, and the resulting dual problems defined in, e.g.,
[23, 71, 136] are essentially conceptual in nature; rather, Gomory functions are used to generate
cutting planes for the (primal) integer program Pq4. For instance, a dual problem of Py is the opti-
mization problem
where I' is the set of all superadditive functions f : R™ (or Z™) —R, with f(0) = O (called price
functions in Wolsey [134]). In principle, this dual problem permits us to retrieve many ingredients
of linear programming (e.g., weak and strong duality and complementarity slackness) and to derive
qualitative postoptimality analysis (see, e.g., Wolsey [134]). However, as aready said, the dual

J.B. Lasserre, Linear and Integer Programming vs Linear Integration and Counting,
Springer Seriesin Operations Research and Financial Engineering, DOI 10.1007/978-0-387-09414-4.6,
(© Springer Sciencet+Business Media, LLC 2009
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problem (6.1) is rather conceptual as the constraint set in (6.1) is not easy to handle, even if it may
reduceto a(huge) linear program. For instance, the characterization of the integer hull of the convex
polyhedron {x € R"|Ax <y,x > 0} viathe functions f € I" in Wolsey [134, Theor. 6] is mainly of
theoretical nature.

We aready mentioned in Chapter 4 that the approach we follow is dual to the algebraic methods
just mentioned. Indeed, recall that the variables of interest associated with the constraints Ax =y are
the analogues of the usual dual variablesin linear programming, except they are now in C™ rather
thanin R™. So, if in the primal agebraic approaches described in Sturmfels and Thomas [126] and
Thomas [128], integer programming appears as an arithmetic refinement of linear programming,
in the present dual approach, integer programming appears as a complexification (in C™) of the
associated LP dua (in R™). That is, restricting the primal LP (in R") to the integers N" induces
enlarging thedual LP (inR™) to C™.

In this Chapter latter statement is clarified and a dual problem P} is made explicit. It can be
interpreted as an analogue of the linear program dual P* of P in the sense that it is obtained in a
similar fashion, by using an analogue of the Legendre—Fenchel transform in which the dual variables
z are now in C™. If z is replaced with its vector |z| of component moduli, we retrieve the usua
Legendre—Fenchel transform, and thus, the usual dua P*.

6.2 Gomory relaxations

With A € Z™" y e Z™M, ¢ € Q", consider the integer program Py in (5.1) and its associated linear
program P, with respective optimal values fq4(y,c) and f(y,c).

Let o be an optimal basis of P, and let A be partitioned into [Ag |An] with Ag € Z™™ being the
matrix basis, and Ay € Z™ ("M _With ¢, := {Cj}co, l€t o = Cc Azt € R™ be the dual vector
associated with o, and let X(0) = [Xq, Xn] € R" be an optimal vertex. Consider the integer program:

e Do (Ck = ToA) X
IPs(y): st.  AgVv+ 2k¢0 Axk =Y, (6.2)

veZ™ xxeN Vkéo,

with optimal value denoted by max | P (y). Notice that max I1P, (y) < 0 because ¢ being an optimal
basis makes the reduced costs {cx — A« }kzo @l Nnonpositive. Itiscalled arelaxation of Py because
IP5(y) is obtained from Py by relaxing the nonnegativity constraints on the variables xj with j € o.
Therefore,

fa(y,c) <c'x(o) +max IPs (y) < c'x(o), vyezZ™

Next, the integer program 1P, (y) can be written in the equivalent form:
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m;;ax Zkgo (Ck — ITO-Ak) Xk

B B (6.3)
S Y (A A xk = Agly (mod1),
xx N Vke&o
aparticular instance of the more general group problem
s .
IPc(go) 1 maxq ¢'x| Y, gkxk =0oinGp, (6.4)
XeNS k=1

where (G, +) isafinite abelian group, {gk} C G, and gyxk standsfor gk + - - - + gk, Xk times. Indeed,
inview of (6.3) take G := A /Z™ with A being the group A;*(Z™), so that |G| = | A |. That iswhy
(6.2) (or (6.3)) is called the Gomory (asymptotic) group relaxation. In fact (with the notation a|b
standing for a divides b, when a,b € Z) we have:

Proposition 6.1. Every finite abelian group is isomorphic to the group Zs, x --- x Ls, of integer
p-vectors with addition modulo (61,...,8p), with 6 € Z, \ {0,1} and 1|8/ - - - |6y

See for instance Aardal et al. [1]. Solving the group problem 1Pg (go) reduces to solvmg alongest
path problem in a graph G with |G| nodes. From each node g € G thereisan arc g—g+gj with
associated reward cj — msAj > 0, and one wishesto find the longest path from 0to go € G. Thiscan
be achieved in O((n — m)|G|) operations. In addition, there is an optimal solution x € N° of (6.4)
such that [T;_, (14 x¢) < |G|; see[1, p. 61].

Of course if an optimal solution xy = {Xj} j¢c Of the group problem (6.3) satisfies x;; := ASly —
AgANX > 0 then [x5,xy] € NM is an optimal solution of Py, and the Gomory relaxation (6.2)
is said to be exact. This eventually happens when vy is large enough (whence the name Gomory
“asymptotic” group relaxation).

The corner polyhedron CP(c) associated with Py is the convex hull

CP(0) := conv{xy € ZT ™| Aty — Aj*Auxn € 2™} (6.5)
of the feasible set of (6.3). In particular, it contains the convex hull
conv {xy € ZT ™| Agly — AtAnxy € Z7 }

of the projection on the nonbasic variables of the feasible set of Py. Animportant property of CP(o)
isthat its facets are cutting planes of the integer programming problem Py.

More generally, Gomory considered the feasible set of the group problem IPg(go) when all ele-
ments g € G appear, i.€., the group constraint in (6.4) reads ¥4 9Xg = go. Its convex hull P(G,go)
is called the master polyhedron associated with G and go # 0O, and its facet-defining inequalities can
be characterized in terms of subadditive functions; namely, as described in the following:

Proposition 6.2. Let 0£ go € G, and let 7 € R'f' with 7o = 0. The inequality ¥ TgXg > 1
is facet-defining for P(G, go) if and only if
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Mg, + Mg, > Tg+g, V01,92 € G\ {0,9o}, 66)

See, e.g., Gomory et a. [60] or Aardal et . [1]. In fact, the facets of P(G,gp) are also cutting
planes of corner polyhedra associated with IP(G, go) in (6.4) when only asubset of G appearsin the
group constraint.

Among the many facets, some are likely to be “larger” (hence more important) than others, and
so one would like to detect them without knowing all the facets. Thisis done by Gomory’s shooting
theorem, which asserts that the facet of P(G, go) hit by arandom direction v is obtained by solving
thelinear program that minimizes 7r'v over the feasible set (6.6). In addition, knowledge of facetsfor
corner polyhedra with small group G also permits us to derive cutting planes for integer programs
of any size. This approach is developed in Gomory et al. [60].

6.3 Brion and Vergne’s formula and Gomory relaxations

Consider the counting problem 14 (5.2) with value fa (y,c), associated with the integer program Py.

With the same notation and definitionsasin Section 2.3, let A = A(Z") and let c € R" beregular
with —c in the interior of the dual cone (R, NV)*. For abasis o, let (o) be the volume of the
convex polytope {Yjcq Ajtj,0 <tj < 1,V]j € o}, normalized so that vol (R"/A) = 1. Recall that for
achamber y, and every y € A N7, Brion and Vergne's discrete formula (4.14) reads

~ e'x(0)
fq (yv C) = z

x(o):0€%B(Ay) 'u(G)

, e™(g)
with Ug(y,c) = : :
b geéc) [Tkgo (1 — & 2™ (g) el 7oA

Us(y,c)

(6.7)

In (6.7), G(o) is the finite abelian group (®jcsZAj)*/A* of order u(c) (where A* is the dual
lattice of A); see Section 4.3. We next make explicit the term U, (y,c) and relate it with Gomory
relaxations.

The optimal value of Py

We first refine the characterization (6.7). We assume for convenience that ¢ € Q", but the result still
holds for c € R" (see Remark 6.1). Lety € A. Given avertex x(o) of Q(y), let 1sAs = Cs (With
Cos = {Cj}jes), and define

So '={k & o|Ax &€ BjecAJZ} (6.8)

and
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M;r = {k & o|(cx — msAx) > O},

- (6.9
Mg ={k & o|(ck — msAx) < 0}.

When c isregular, then M+, M define a partition of {1,...,n} \ o. Note also that for the (unique)
optimal vertex x(c*) of thelinear program P, M. = 0. Finally, for every k € S5, denote by sy € N
the smallest integer such that sy Ak € @ jccAjZ.

Lemma 6.1. Letc € Q" be regular with —c € (R, NV )*, andy € A. Let q € N be large enough
to ensure that gc € Z™ and q(ck — moAx) € Z forall 6 € #(A),k ¢ o, and letu:=€/9, r € R.
Let Us(y,c) be as in (6.7). Then

(i) Us (y, rc) can be written as

Us (¥.1c) = g‘jy (6.10)

for two Laurent polynomials Py, Qoy € R[u,u~1]. In addition, the maximal algebraic degree
of Py is given by
g max zkesc (Ck - 7'L'O-Ak) Xk
St AsV+Dkes, AkXk =Y, (6.12)

VEZ™ X €N, X < Sk¢ Vk € Sg,

whereas the maximal algebraic degree of Qgy is given by

q Y (ck—ToAx) +08ks D, (Ck — ToAx). (6.12)
KeSo KeSo
keMd keMg

(i) As a function of the variable u := €79, and when r—sco,
erc’x(u:r)ua(y7 rc) ~ uqc’x(6)+deg Poy—deg Qcy’ (6.13)

where “deg ” denotes the algebraic degree (i.e., the largest power, sign included).

A detailed proof is postponed until Section 6.6.

Remark 6.1. Lemma 6.1 isaso valid if ¢ € R" instead of Q". But thistime, Psy and Qgy in (6.10)
are no longer Laurent polynomials.

As aconseguence of Lemma 6.1, we get
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Corollary 6.1. Let ¢ be regular with —c € (R, NV)*,y € ANy, and let x(c), 6 € #(A,7),
be a vertex of Q(y). Then with U (y,c) as in (6.7),

¢’x(o) + lim % InUg (y, rc) = ¢'x(o) + max1Ps(y), (6.14)

—oco

where max|Pg(y) is the optimal value of the integer program 1P (y):

max Y, (ck— ToA) (X —Ska) + D, (Ck — o Ak) X
7 keME keMg

6.15
St AgV+ kg AkXk =Y, (6.15)

VEZ™ xk eN, X < Sk¢ VK & o.

For a proof see Section 6.6.

The link with Gomory relaxations

When o isthe optimal basis o* of the linear program P, the integer program P (y) in Corollary
6.1 reads

”Q?,XZkgo* (Ck — o+ Ax) X
IPo-(¥) { st Age v+ Sigor Ak = Vs
VEZ™ Xk €N, Xk < Skg+ Vk& o*

(because M} = 0). Observe that all the variables xk, k & S+, must be zero because of ¢ < Skg+ = 1.

Next, the constraint Xk < Skg+ in [Pg+(y) can be removed. Indeed, if in a solution (v,x) of 1Pg+(y)
some variable X can be written psys+ + ry for some p,ry € N with p > 0, then one may replace
Xk With % := r and obtain a better value because (cx — ms+Ax) < 0 and pAgSke+ = Ag+W for some
w € Z™. Therefore, 1P+ (y) is nothing el se than the Gomory asymptotic group relaxation defined in
(6.3) witho = o™*.

Observe that for every basis o # o™ of the linear program P, max P (y) < 0 and so,

¢/x(o) +maxIPs(y) < ¢'x(o) oc#£ac". (6.16)

In addition, with ps := ¥, o1 (Ck — ToAk)Ske > 0, One may rewrite (6.15) as
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—po + ngzkgc(ck — 7T AK) Xk
St Skeo(Ag AL X = Agly(mod 1), (6.17)
Xk € {0,1,...,5x¢ — 1} Vk& o,

which is a group relaxation problem as defined in (6.3) with a bound constraint xx < sk on the
variables. Indeed, when the cost coefficient of xy is positive, one needs this bound; otherwise the
relaxation has infinite optimal value because A;Acske = 0in G = A;1(Z™)/Z™M.

Corollary 6.1 shows how this group relaxation concept naturally arises from adual point of view
that considers the counting function f4(y,c). Here, and as in Thomas [128], it is defined for an
arbitrary basis o, and not necessarily for the optimal basis 6* of the linear program P, asin Wolsey
[134].

Thegroup relaxations P (y) in (6.15), or equivalently in (6.17), are defined for al feasible bases
o of the LP problem P associated with P4, whereas the (extended) group relaxationsin Hosten and
Thomas [67] and Thomas [128] are defined with respect to the feasible bases ¢ of the LP dual P*
of P. So our former primal group relaxations are bounded because of the constraint x, < Sk for
al k e M, whereas the latter dual group relaxations of Hosten and Thomas are bounded because
(ck —msAx) < Oforal k & o, i.e, M} = 0; therefore, and because M = 0, the latter do not include
the bound constraints xx < Sk, and the cost function does not include the term —(cx — 75Ax)Sko -
In addition, in the extended dua group relaxations of Hosten and Thomas [67] associated with
a basis o, one enforces the nonnegativity of xx for some indices k € ¢ (as in the extended group
relaxations of Wolsey [134] for the optimal basis o*). Finally, note that the bound constraint xx < Sks
in (6.15) isnot added artificialy; it comesfrom adetailed analysis of the leading term of the rational
fraction Pgy(u) /Qoy(U) in (6.10) as u—-e. In particular, the constant term ¥, .+ (Ck — ToAk)Sko IS
the degree of the leading term of Qgy(U); see (6.12) (s = 1if k & Si). Thisis why, when we look
at the leading power in (6.13), this term appears with aminus sign in (6.15).

Onemay also definewhat could be called extended primal group relaxations, that is, primal group
relaxations |Ps(y) in (6.15), with additional nonnegativity constraints on some components of the
vector v. They would be the primal analogues of the extended dual group relaxations of Hosten and
Thomas. Roughly speaking, enforcing nonnegativity conditions on some components of the vector
v in (6.15) amounts to looking at nonleading terms of Pgy(u)/Qey(u) (see Remark 6.2 below).

Remark 6.2. Let us go back to the definition (6.7) of Us(y,c), that is (withu = e1/9), the compact
formula

€™(g)
Us(y,€) = i WIS
[ gEGz(G) Hkgc (1 Y 2imAg (g) uq(ck ﬂ(;Ak))

Developing and writing Ug (Y, ¢) = Pgb(U)/Qsb(U), With Psy, Qgy € R[u,u~1], the Laurent poly-
nomial Py encodes all the values v of the feasible solutions of the group relaxation 1P (y) in the
powers of its monomials u¥ and the number of solutions with value v, in the coefficient of u" (see
Section 6.6). So (6.18) is a compact encoding of the group relaxation [P (y).

(6.18)

We now obtain
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Theorem 6.1. Let ¢ be regular with —c € (R. NV)*, and y € A N. Assume that Ax =y
has a solution x € N". If the max in (5.3) is attained at a unique vertex x(c*) of Q(y), then
c* € #(A,y) is an optimal basis of the linear program P, and

fa(y,c) = c'x(0*) + max|Pg+ (y)
max do* (ck — o Ax) Xk
=¢'X(0") + | AgV+ Tigor AkXk =Y (6.19)
veZ™ xxeN Vk¢&o*.

Equivalently, the gap between the discrete and continuous optimal values is given by

fa(y,c) — f(y,c) = maxIPg«(y). (6.20)

Proof. Let 0* € #(A,y) be an optimal basis of the linear program P, with corresponding optimal
solutionx(c*) € R.. Let x* be an optimal solution of Py and let v+ := {X]}jeo+ € N™. The vector
(Vor, {X¢ Jkgo+ ) € N" isafeasible solution to | Ps+ (y). Moreover,

n
e =c'x(6%)+ Y, (Ck — o+ A X (6.21)
=1 jg¢o*
Therefore, if the max in (5.3) is attained at a unique vertex, then by (5.4),
, o1
fa(y,c) = max c'x(o) + lim = InUq (y, rc)
x(0): vertex of Q(y) r—ee f
1
> c’x(a*)—i—rllm Flnuc*(y, rc)

= ¢/x(0") + max1Pg-(y)

> ¢/x(0")+ Y, (6 — morA) X
kgo*
n
= Y cjx; = fa(y,c),
j=1
and so themax in (5.3) is necessarily attained at 6 = o™. O

As noted in Gomory [58], when the group relaxation IP5+ (y) provides an optimal solution x* € N"
of Py, then x* is obtained from an optimal solution x(c*) of the linear program P and a periodic
correction term Yo+ (Ck — oAk )Xs. Indeed, for al § :=y+ Ag+v, v € Z™, the group relaxation
IPs+ () has same optimal value as | Pg- (y).

We also obtain the following sufficient condition on the data of Py to ensure that the group
relaxation 1P+ (y) provides an optimal solution of Py.
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Corollary 6.2. Let ¢ be regular with —c € (R, NV )*, andy € A N7. Let x(c*) be an optimal
vertex of the linear program P with optimal basis 6* € Z(A, 7). If

¢'x(0*) + z (ck — 7o+ Ax) (Sko* — 1) > ¢'x(0) — 2 (e — AK) (6.22)
kéo* k¢0‘+
keMg

for every vertex x(o) of Q(y), o € #(A,y), then the “max” in (5.3) is attained at o = o*
and
fa(y,c) = c'x(0™) + max|Pg=(y). (6.23)

Proof. The result follows because the | eft-hand side of (6.22) isalower bound on IPs+ (y), whereas
the right-hand side is an upper bound on the optimal value of 1P (y). O

Note that for t € N sufficiently large and y := ty, the condition (6.22) is certainly true. So for
sufficiently larget € N, the optimal value of Py (where Ax = ty) is given by (6.23).

The nondegeneracy property

When the group relaxation |Ps+(y) does not provide an optimal solution of Py, Theorem 6.1 states
that necessarily the max in (5.3) is attained at several bases o. It isnot just related to the fact that
at some optimal solution (v,x) of P4+ (y), the vector v € Z™ has some negative components. There
is at least another group relaxation with basis o # ¢*, and such that ¢’x(co) + max P (y) is also
the maximum in (5.3).

On the other hand, when the uniqueness property of the max in (5.3) holds, then one may qualify
o* € B(A,y) as the unique optimal basis of the integer program Py, in the sense that the group
relaxation |Ps+(y) is the only one to provide this max (and hence, an optima solution of Py).
Equivalently, the uniqueness of the max in (5.3) is also the uniqueness of the max in

‘o GG%AV{CX )+ maxIPs(y)}.

This uniqueness property of the max in (5.3) is the discrete analogue of the linear programming
nondegeneracy property. Indeed, an optimal basis is not unique if the optimal vertex of the dual is
degenerate (that is, there are two different optimal bases of the dual LP with same vertex; observe
that wheny € y then Q(y) isasimple polyhedron (see Brion and Vergne [27, Prop. p. 818]) and the
nondegeneracy property holds for the primal.

Thus, wheny € y (so that the optimal vertex x* € R} is nondegenerate), and ¢ € R" is regular,
then o* isthe unique optimal basis of the linear program P. AsA¢ € ®jesAjR for al k ¢ o we may
set sy ;= 1fordl k € o, and dl o so that the linear program
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MaX 3o+ (Ck — o+ Ak) Xi
LPs+(y) § St AgV+ Tygor AkXk = b (6.24)
VER, X e R,0<x <1 Vk¢go*

is the exact continuous analogue of the group relaxation 1P+ (y). Its optimal value is zero because
the cost has negative coefficients, and its optimal solution is the optimal solution x* € R'}. of P (take
v=A b >0andx; = 0foralk¢c*). Thus,

¢’x(0*) + maxLPg+(y) = c'x(0™) = f(y,c),

exactly as (6.19) for P in Theorem 6.1.
Moreover, for afeasible basis o = ¢* of the linear program P, the LP

maxzkeM; (Ck - ”GAk) (Xk - 1) + ZkeMg (Ck - ”GAk) Xk
LPs(y) St AgV+ Tigo Ak =Y, (6.25)
VER, x e R,0<x <1 Vk&o

has also optimal value zero; take x, = 1 (resp., Xk = 0) for k € M} (resp., k € M) because ¢, —
Ak > 0 (resp., ¢k — s Ay < 0) whenever k € M (resp., k € MZ). Hence,

¢’x(0) +maxLPs(y) = c'x(0) < f(y,c).

Therefore, uniqueness of the optimal basis 6* € Z(A,y) (when c isregular, and the optimal vertex
X* is nondegenerate) is equivalent to the uniqueness of the max in

‘o) GG%A . {c X(0) 4+ maxLPs(y)} (6.26)

(with LP4(y) asin (6.25)), which is also attained at the unique basis .
Therefore, it makes sense to state the following.

Definition 6.1. Let c € R" beregular andy € A N7. The integer program Py has a unique optimal
basisif the max in (5.3), or, equivalently, the max in

‘o) Ge&my{cx o)+ maxIPs(y)} (6.27)

is attained at a unique basis o* € #(A, ) (in which case 6* is aso an optimal basis of the linear
program P).

Note that, when cisregular andy € v (so that Q(y) isasimple polyhedron), the linear program P
has a unique optimal basis ¢* which may not be an optimal basis of the integer program Py, i.e., the
max in (6.27) is not attained at a unique o (see Example 6.1). In other words, the nondegeneracy
property for integer programming is a stronger condition than the nondegeneracy property in linear
programming.

To see what happens in the case of multiple maximizers ¢ in (6.27), consider the following
elementary knapsack example.
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Example 6.1. Let A:=[2,7,1] € Z*3,¢:= (5,17,1) € N3,y := 5 ¢ A. There is a unique chamber
¥ = (0, 4-e<) and the optimal value f4(y,c) is 11 with optimal solution x* = (2,0,1). However, with
o* = {1}, As+ = [2], the group relaxation

ax (17 —35/2)x2+ (1—5/2) 3,
IPs+(y)— ¢ 2V47x2+Xx3 =5,
VE Z,X2,X3 € N, X2,X3 < 2

has optimal value —1/2 at x; = —1,x2 = 1,x3 = 0. Therefore, ¢'x(0*) —1/2=5x5/2—1/2 = 12.
On the other hand, let o := {2} with A = [7]. The group relaxation

max(5—34/7) (xy —7) + (1 —17/7) x3,
IPs(Y)— < 2X1+ 7V +Xx3 =5,

VEZ,X1,X3€ N, X1,X3 < 7

has optimal value —1/7 a x; = 6,x3 = O,v = —1, and thus ¢'x(0) —1/7 = 17 x 5/7—1/7 =
84/7 = 12.In Lemma6.1(b), asr—eo, we have

( )UG* (y rC) ~ Ulzq and ec UG(y7 I"C) 12q’

and in fact, these two terms have the same coefficient but with opposite signs and thus cance! in the
evaluation of limy_... fg(y, rc)l/r in (1.4).

Thus, in this case, lim,_... fg (y,rc)Y" is not provided by the leading term of €¢*(9 U (y, rc) as
afunction of u = €. We need to examine smaller powers of Py (u) for al o.

Had we ¢, = 16 instead of ¢, = 17, then P4« (y) and IP5(y) would have —3/2 and —3/7 as
respective optimal values, and with the same optimal solutions as before. Thus, again,

¢'x(6%)—3/2=(25—3)/2=11, c'x(c)—3/7=(80—3)/7=11

have same value 11, which is now the optimal value f4(y,c). But first observe that the optimal
solution x* of Py isalso an optimal solution of IPg+(y). Moreover, thistime

_— d¢ 'x(c* U «(y,rc 2u11q7
Mok o (Y;1c) =
because the integer program | P+ (y) hastwo optimal solutions. (See (6.64) in Section 6.6 and (6.68)
in Section 6.6 for the respective coefficients of the leading monomials of Py (u) and Qgy(u).)

On the other hand, L

- rcx( U IC ullq.
1(0) s(y,re) =

Therefore, both ¢’x(c*) +max|Ps-(y) and ¢’x(c) + max|Ps(y) provide the optimal value fy(y,c)
in (5.3). Inthisexample, the uniqueness uniqueness property in Definition 6.1 does not hold because
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themax in (6.27) isnot attained at aunique o. However, note that the linear program P has aunique
optimal basis o*.

We have seen that the optimal value f4(y,c) may not be provided by the group relaxation | Pg+ (y)
when the max in (6.27) (or (5.3)) is attained at several bases o € #(A,y) (let I' be the set of such
bases). Thisis because, asafunction of /9, the leading monomials of (o) e**(@)U, (y,rc), o
I, have coefficients with different signs which permit their possible cancellation in the eval uatlon
of limy_... f(y,rc) in (1.4). The coefficient of the leading monomial of Psy is positive (= p(o)),
whereas the coefficient of the leading monomial of Qsy isgiven by (—1)%, wherea, = |[M$| (see
Section 6.6). Thus, if we list the vertices of the linear program P in decreasing order according to
their value, the second, fourth, ..., vertices are the only ones capable of a possible cancellation,
because their corresponding leading monomials have a negative coefficient.

6.4 The Knapsack Problem

We here consider the so-called knapsack problem, that is, whenm = 1, A € NP = {a;}, c € Q",
y € N.Inthis case, with s := ¥ ; aj, the generating function Fy reads
1 z

z+— Fy(z,c) = ';:1(1—e°jz*aj): ) (6.28)

which is well-defined provided |z|2i > c; for al j=1,...,n. After possible multiplication by an
integer, we may and will assumethat c € N". If c € N" isregular then, after relabeling if necessary,
we have

Ci/a; >Cy/ap > --->Cp/an. (6.29)

Sowithr € N, letting u := €, the function

Fa(zrc) 251
= T A ) (6.30)
may be decomposed with respect to z into simpler rational fractions of the form
(z,rc) <
2 zaJ UCJ (6.31)

where Pj(u, -) € R[z] has degree at most aj — 1, and Pj(-,z) is arational fraction of u. This decom-
position can be obtained by symbolic computation.
Next, write

= Y Pywz j=1...n, (6.32)
k=0

where the Py (u) arerational fractions of u, and let p > rcy/a;. We then have



6.4 The knapsack problem 95

R aj—-1 2+k

j=1 k=0
B zaj_lp- @ i Hk+1-2))/aj jf y 1 k + 1 = 0(mod a;) (6.39)
T K 0 otherwise. '
j=1k=0
Equivalently, lettingy = sj(mod a;) foral j=1,...,n,
n
fa(y,rc) = 2 e)ecil—si/aj, (6.34)
]:
so that
n
- cj(y—sj)/aj
fa(y,c —'!I_To I [; e)ecilvsi)/a (6.35)

and if the max in (5.3) (or (6.27)) is attained at a unique basis o*, then o* = {1}, and

o1
fa(y:€) = ca(y —s1)/as+ lim ZInPyq, s, 1)(€). (6.36)

So, if one has computed symbolically the functions Py (u), it suffices to read the power of the
leading term of Py, 5, —1)(U) @ u—eo to obtain fg(y,c) by (6.36).

Example 6.2. Let us go back to Example 6.1 with A =[2,7,1], c = [5,17,1], andy = 5. The optimal
basis of the continuous knapsack is o = {1} with Ag = [2]. Symbolic computation of P1(u,z) gives

ub+ud ut+u

Pl(U,Z) = (U3—1)(U— 1) + (U3—1)(U— 1)27

and therefore, ass; = 1,

ub+ud
P —_——— 37
with leading term u®—* = u?, so that withy = 5,
ci(y—s1) ,. 1 5(5-1)
T_F]!Lr?oFlnPl(al*Sl*l)(er) = 2 +6—4=12.
Similarly, with o = {2}, Ag = [7], 52 = 5, the term Py7_5_1)(u) is
14 15 4 17 18 4 20 4 21 4 123
~u +Uu=+u" U U U +u (6.38)

(WO 1){u—1) ’

with leading term —u?3-11 = —y12, so that withy = 5,

Ca(y —S2)
T+r“—>n‘lilnpl(al S1— 1)(er) =0+23-11=12
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and we retrieve that the max in (6.27) is not unique. Moreover, the two leading terms u'? and —u'?
cancel in (6.35). On the other hand, the next leading term in (6.37) is now u®~* = u, whereas the
next leading term in (6.38) is now —u?~ = —y19 and the optimal value 11 of P is provided by
10+ the power of the next leading termin (6.37), i.e.,, 10+ 1= 11.

Nesterov’s algorithm for knapsack

From the simple observation that the coefficients of products of polynomials can be computed
efficiently by fast Fourier transform (FFT), Nesterov [114] proposed applying this technique to
generate the first y coefficients of the expansion of Ifd(z,rc) for r sufficiently large. Indeed, with
r>nin(l+y)?,

1 =~ 1 ~
_1+ F In fd(ya rC) < fd(yac> S ? In fd(ya rC).
The agorithm consists of two steps. The first step computes the coefficients of the univariate poly-

nomial z— p(z) := Fy(z,rc) L. The second computes thefirst y + 1 coefficients of the expansion of
the rational function z — p(z)~! = Fy(z,rc). And we get this:

Theorem 6.2. With a € N"y € N, and ¢ € R", consider the unbounded knapsack
problem f4(y,c) := max{c’x : a’x =y; x € N"}. Then fq4(y,c) can be computed in
O(||al|zIn(J|all1) Inn+ (Inn)?y) operations of exact real arithmetics (where [|a||y = X, [ai]).

The next interesting question is Can we provide an explicit description of what would be a dual
of the integer program Py? The purpose of the next section isto present such adual problem Pj.

6.5 A dual of Py

In this section we provide aformulation of a problem Pj, adual of Py, which is an analogue of the
LP dua P* of the linear program P.

Recall that the value function y — f(y,c) of the linear program P is concave, and one has the
well-known convex duality result

f(y,c) = inf y'A—f*(%,c), (6.39)
A€RM
where f*(-,c) : R™"—R U {} given by

0 ifA’A—c>0

(2.0 yle?wy ¥.¢) {—oo otherwise

is the Legendre—Fenchel transform of f(-,c) (in the concave case). In addition,
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fly.c)= inf y'2 —f*(2,c) = min {y'A|A2 = c} (6.40)

and we retrieve in (6.40) the usual dual P* of the linear program P. But we can also write (6.39) as

f(y,c) = inf sup A'(y—Ax)+c'x, (6.41)
€RM xeRT
or, equivalently,
ef9) = inf sup e’ -Aefx, (6.42)
A€ERM xRN

Define now the following optimization problem:

Pi: ¥(y):= inf sup9t(zy Ax e X) = jinf 3 (z,y), (6.43)
7 m

2eCM yeNn

where u — R(u) denotestherea part of u € C.
Clearly, the function f£(-,y) : C"—R,

2 f3(z2,y) = sup R (ZV*AX eclx)

XxeNn

= sup R (zy I Aieci)xj> (6.44)

xeNn j=1

isfiniteif and only if 22| > €®i forall j =1,...,n, or equivalently, if and only if A’In|z| > c. That
is, In|z| should be in the feasible set of the dual linear program P* in (6.40).

We claim that Pjj isadual problem of Py. Indeed, under an appropriate rescaling c—¢ := occ of
the cost vector ¢, and a condition on the group G(c*) associated with the optimal basis o* of the
linear program P, both problems P;; and Py have the same optimal value.

Theorem 6.3. Lety € ANy and c € R" be regular. Assume that the integer program P4 has
a feasible solution, and the uniqueness property holds (see Definition 6.1). Let 6* € Z(A,7)
be an optimal basis of the linear program P and let A* be the corresponding optimal solution
of the dual linear program P* in (6.40).

Assume that there exists g* € G(c*) such that é#71(g*) # 1 whenever u ¢ @jco-AjZ. Let
€ := ac with o > 0. If e s sufficiently small, i.e., 0 < o < @ for some @ € R, then

(i) The optimal value f4(y,c) of Py satisfies

e*fa(:0) — efa0:8) — *(y) = inf supi)t(zy Axef X) = |nf fs(zy) (6.45)

zeCM yen
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(ii) For zg- € C™ as in (5.12) (with aA* in lieu of 1),

e1a09) — 09 — y(y) = sup K (M) = 7 (zg-.y) (6.46)

XeNn

For a proof see Section 6.6. The assumption on g* in Theorem 6.3 is satisfied in particular when
the group G(o™*) is cyclic (which for instance is the case for the knapsack problem). In view of the
uniqueness property required to hold in Theorem 6.3, P} is aso adual of the Gomory asymptotic
group relaxation 1P+ (y) in (6.2), asthe latter is exact.

Notice that P} becomes the usual linear program P* of P whenz € C™ isreplaced with |z| € R™.
Indeed, from (6.39), we have

f(y,c) = inf sup A'(y— Ax)+cx_ |nf A'y+ sup (¢! —A'A)x

AERM xeRN xeRT

= |nf A'y+sup(c’ —A'A)x= inf sup A'(y—Ax)+c'x

xeNn AERM yeNn

that is, one may replace the sup over R by the sup over N". Therefore, (6.42) becomes

el — inf sup et VA, (6.47)
AER™ yenn

On the other hand, if in (6.43), we replace z € C™ by the vector of its component moduli |z| = €* ¢
R™, we obtain

inf sup 9i<|z|y AXe”) = inf sup VA — gflve), (6.48)

2€CM xenn A€ERM xenn

Hence, when the uniqueness property (see Definition 6.1) holds for Py, Table 5.2 can be completed
by

f(y.c) = inf sup % (|2~ = int fe(Jzl.y),

™ xeNn

fa(y.c) = inf sup % (2"&™) = inf 1 (z,y).

2eC™M yen zeCm

Again, as for the vertex residue function (5.13), a complete analogy between Py and the dual
linear program P* in (6.40) (equivalently (6.47)) isobtained by just achange of z € C™ with |z| € R™.
(Compare with Table 5.2 in Chapter 5.)
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6.6 Proofs

We first state two results that we use in the proofs of Lemma6.1, Corollary 6.1, and Theorem 6.3.

Auxiliary result

Let e : R—C be the function x +— e(x) := €™ First note that for dl m € Z, s € N, we have the
identity

2, e(mk/s) = 0 otherwise (6.49)

S s if m=0(mods)
k=1

But we also have the following result:

Lemma6.2. Letme Nand {zj}j—1..m C Cbetherootsof z"—1=0.Thenforallk=1,...,m—1

> o z.zg= Y, e(('”m“k)) (6.50)

1§i1<i2~--<ik§m l§i1<i2-~~<ik§m
i1,k #] i1,k
Kj
= (12§ = (—1)e (m>

Proof. The proof is by induction. For k = 1 we have

m
Z Zj :Zzi—zj =0—Zj,
1<i<m i=1

i#]

because the z; are roots of z™ — 1 = 0. Next, assume that (6.50) holds for I = 1,...,k. Then, asthe
zj areroots of 2™ — 1 = 0, we have

Z Zil"'zik+1:0'

l§i1<i2---<ik+1§m

Hence,

2 zil"'zik+1: 2 Zil"'zik+1_ 2 ZjZj, ... Zj,

1<iq <ig-<iy p1<m 1<ip<ip---<igp1<m 1<ig i <m
i1,k 1 7] i1,k 7]
:O—ZJ‘X Z Zjy .. Zj,
1<iq-ig<m
i1,k #]

~2j(—1)%Z¥  (by theinduction hypothesis)

_ K1 k+1
= (=)
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Some properties of the characters of G(o)

With o € #(A), let G(o) bethe group (®jesAjZ)" /A", of order u(o) =:s, and write

G(o) =1{01,.--,0s}-

Let y € A with y ¢ @jesAjZ and consider the character €™ of G(o). Then €#™(g) =
e(—g'Asly) = e(vq/s) for some vy € N,vq < s. That is, the mapping g — €#™(g) sends the group
G(o) into a subgroup of the multiplicative group of the s roots of unity. Let sy < s (with s = pysy
for some py, € N) be the order of this subgroup (which consists of theroots {e(j/sy)}, j=1,...,Sy).
Equivalently, sy isthe smallest integer such that ysy € ®jcsA;Z. We can define a partition of G(o)
(which depends on y) into s, equivalence classes {Ciy}isy:1 of same cardina py :=s/sy by setting

g~g & €79 =e"(), 9,9 €G(0) (6.51)

We next denote by G a representative of the classC} and by Gy (o) the set {C7,...,C{ } of equiva-
lence classes. We have the following result:

Lemma 6.3. Lety € A withy & ®jcsA;Z and let {Ciy} be the equivalence classes defined by (6.51).
Then

(i) for all j € Nwith j <sy, we have

z eZi”y(Gil 4. +§ij) —=0. (6.52)

1<ig<ip,<ij<sy
(i) Forallge {1,...,sy} and j <sy,

Y V(G Gi) = (—1)1EMI(Gy). (6.53)
1§i1.<i2<«~<ij <sy

i1,..,1j7Q
Proof. Ase?™(gi) = e(i/sy) forali=1,...,sy, (i) and (ii) follow from Lemma6.2.
We also have

Lemma 6.4. Lety € A. Then

4c6(0) 0 otherwise '
and _
T &€™@ = (1> (6.55)
GeGy(o)

Proof. If y € ®jesAjZ then €™ (g) = 1 for al g € G(c), which yields the first part of (6.54). On
the other hand, if y ¢ @ jesA;Z we proceed as before. Let Gy (o) be the set of s, equivalence classes
of G(o) defined in (6.51). We thus have
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Y (g =p, ¥ (g pyzylewsy)o,
J:

geG(o) geGy( )

which proves (6.54). Next,

I &) - Hl e(i/sy) = (—1¥ ™,
L

§eGy(o)
which proves (6.55).
Proof of Lemma 6.1
From (6.7) we have
™ (g)
U rc) = . 6.56
O'(ya ) geg(,o_> Hkgo-(l _ e*ZIﬂAk (g)er@k*”GAk)) ) ( )
and so letting u := €/9 we have
™ (g)
U = - . 6.57
O'(y7 rC) gEGZ(O-) Hkgc(l _ e—zlﬂ'Ak (g)uq(ck*ﬂc/'\k)) ( )
Let Si beasin (6.8). Ase 2™« (g) = 1 whenever A, € @jcoA|Z,
1 ™ (g)
Us(y,rc) = - > — - , (658
1‘[|<§wus(7 (1 — 9 ToAw)) 4c6(0) erSo (1— e 27Ak (g)ud(G oAk
which, after reduction to same denominator, can be written as
ng
Us(y,re) = 5~ (6.59)

Qoy

for two Laurent polynomials Psy, Qsy € R]u, ul.

The Laurent polynomial Py (u)
Write the finite group
G(0) = (®jecAjZ)" /A"

G(o) ={01,...,9s} withs := (o), and for k € S5, consider the character e 27« of the group
G( ). For k € Sg, definein G(o) the equivalence relationship
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g~ g/ = e*ZiNAk(g) — e72i7rAk(g/)7 g,g’ c G(G).

According to ~, one may partition G(o) into sk equivalence classes {Cik} of the same cardinality
S/Ske, Where sy, € N isthe smallest integer for which sy Ay € @jesAjZ (see Section 6.6 for more
details). Let Gk (o) bethe set of sy equivalence classesof G(o). A representative of the equivalence
classof g € G(o) is denoted by §, so that Gx(c) := {1, .. .,0s,, }- Ase 27 (g) = e~ 2™ (g/) =
e 2 (g)ifg~g’,

Poy(u) = 3, €™(g) [T | [T (1~ 2™x(g)utemed)) . (6.60)
geG(o) keSs [ §'#G
Therefore, it follows that Pgy(u) isasum of monomials of the form u”, v € Z, where

vV={( z Xk(ck — msAx)  withxg € Ny X¢ < Skg, k€ Sg. (6.61)
keSs

The corresponding coefficient of this monomial u’ of Py (u) is given by

> &g []r(g.k)

9eG(o0) ko

with
Dy e 2™ (Giy + -+ Giy, )
st. 1<I1<I2 <|xk§3kc
gl17 7g|xk # g
e 2I77,'Aka ZIﬂAka(g)
(by Lemma 6.3(b)).

Hence, the coefficient of the monomial u’ of Psy(u) withv asin (6.61) is

> %) [[rek =Y ™) []e?™qg)

geG(o) keSe geG(o) keSe
— Z eZiE(V*ZkesgAka(g)
9€G(o)
_ {s if (Y — Skes, Ak) € DjecAiZ.

‘ (6.62)
0 otherwise

(see Lemma 6.4). Consequently, the maximum algebraic degree of Psy is given by the leading
monomial u’ where
qMaX Yyes, (Ck — ToAk) Xk
v— St. Ag Xo + Xkes, Ak Xk = Ys (6.63)
Xk € N, Xg < Skg VK € Sg
X € ZM,
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and the coefficient of the monomial u” of Pgy is

(o) x the number of optimal solutions of (6.63). (6.64)

The Laurent polynomial Qgy(u)

For all k € S, let sk, Gk(0) be as defined in Section 6.6. As &2 (g) is constant in each equiv-
aence class, we may write the Laurent polynomia Qgy as the product Q},yQﬁy of the two Laurent
polynomials

Qgy(u) := T (1-ute7h) (6.65)
kZoUSs
and _
QZ,u) =T TI (1-e 2™ (g)uilcc oAy, (6.66)
keSs GeGy (o)

With arguments similar to those used for Py one may see that ng isaLaurent polynomial with al
powers of theform u", v € Z, where

V=0 Y (tk—TeA) X X EN, X < Sgg.
keSs

And for the same reasons as for Psy, the only monomials u¥ with nonzero coefficient are those for

which
> Ak € PA|Z,

keSs jeo

which isthe caseif Xk = Sks. S0 the maximum algebraic degree of ng is obtained with xx = sy for
al k € S¢ with (cx — mzAx) > 0, and x, = 0 otherwise. In addition, the coefficient of this monomial
is

H (_1)Skc H e*ZiﬂAk (g) — H (_1>25k0'+1 — (_1)‘SUF‘IM;‘7
keSq Mg §eGx(o) KeSeNMZE

where we have used Lemma 6.4.
Similarly, the maximum algebraic degree of Q},y is given by the sum of q(cx — msAx) over al
k & o0 USs with ¢y — Ay > 0. Therefore, the maximum algebraic degree of Qgy is given by

degQoy =0 Y, (Ck—oAx) +0Sko X, (Ck — ToAk).- (6.67)
KeoUSo KeSo
keMd keMg

(In particular, it is zero for the optimal basis 6* of the linear program P.) Finaly, the coefficient of
this leading monomial of Qgy(u) isgiven by (—1)2 where

ag = [Se MM |+ [{k & 0 USs; ke ME}H = M. (6.68)

This completes the proof of Lemma 6.1(i).
(i) (6.13) just identifies the leading term when r—oo,
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Proof of Corollary 6.1

Inview of (6.63) and (6.67)

1
—[deg Psy — deg Qoy] = — 2 (ck — moAk)
q keSo:keMd
max ZkescﬂM; (ck — Mo AK) (Xk — Sko) + zkesgﬁMg (Ck — T Ak) Xk
T8t AgXe + Dkes, AXk =Y, (6.69)
Xg EZM Xk €N, Xk < Skg VK € Sg.
Equivalently,

1
q [deg Poy — deg Qoy| =

max 'y s (Ck = ToAi) (X — Sko) + Dy (Ok — ToAi) X
St. AO' XO' =+ ZkGSo- Ak Xk = y7

Xo €EZM, X €N, X < Skg VK € Sg,
which isthe integer program 1P (y) in Corollary 6.1. Thisis because in the above integer program,

obviously one should take

e Xk =5Sks—1foralk¢Ss keMt and
o Xxy=0foralk¢Ss, keMg,

which gives (6.69).

Proof of Theorem 6.3

First, notice that when c is replaced with o:c (with o > 0), then the optimal solutions of the integer
program Py and the linear programs P and P* are the same, whereas their respective optimal values
arerescaled by o. Next, observe that

fa(y,€) <Iny*(y) < f(y,C). (6.70)

Indeed,
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inf sup R (zy*AX eelx) < inf sup R (zyfo eé/X)

zeCM yen ZeRM XeR".

< inf sup e'0—A+EX
T AERM XER

einflE]Rm SUPxer") 2! (y—Ax)+€'x

— ef0)

)

which provesIny*(y) < f(y,€). Next, fix z € C™ arbitrary, and let x* be an optimal solution of Py.
Then, as (y — Ax*) = 0, we obtain

sup R (zy*AX eC’X) > X = glaly0),
xeNn

and so, Iny*(y) = f4(y,€).
Now, let zg beasin (5.12) with o = o* and oA * inlieu of 1*. Recall that from (5.11), we have
2, =1 Vjeo, geG(oh).
Therefore, for al x € N,
Zé_AXeE/X _ Zé—Zkgg* AxXg eZk%o’* CXk H (ZaA] e(fj ) Xj
jeo*
_ Zé*Zkgg* AXk ezk¢0* CXk ,

and so,
gz(z)é—AXe('f/X) _ eocy’}[,* ezkgo'* (X(Ckaf()L*)Xk X COS [271‘99’ <y_ Z Akxk>‘| .
kgo*
From this, we can deduce that

R ! 179 %
sup ER(Z)é_AXeC X) — ay'A" sup eZk¢6* o (Ck—AAT) X
XeNN xkeN.kgo*

X COS [Zneg’ (y Y, A xk> H (6.71)

kgo*

Let x* be an optimal solution of the group relaxation 1P+ (y). We claim that for g = g* (with g* as
in Theorem 6.3), the sup in (6.71) is attained at x* with value the optimal value of Py. Suppose not.
Then there exists xx € N for dl k ¢ ¢* such that

> (k= AA ) X> Y (C— AL ) X = —p* (6.72)
ko* kgo*

(with p* > 0 because ¢y — AjA* < 0, k & 0*), and
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cos [27#)92 (y— > A xk>

kZo*

> eZkgor o(Ck AT (%) (6.73)

In addition, in view of our choice of g*,

cos [27(99’* <y D Akxk>

kZo*

<1

because if cos[2neg’* (Y — Zkgor AkXk)] = L then (Y — Yygo+ AcXk) € DjecAjZ, and x would be an
admissible solution of the group relaxation P4+ (y), in contradiction with the optimality of x*.

Now, observe that cos[276g. (Y — Ykgo+ AxXk)] takes finitely many values (and in fact, at most
u(o™) different values), because (y — Yygo AcXk) € Z™. Thus,

1> & :=max{cos(2m0y.v) |v € Z", V ¢ Bjec+AjL}.

Moreover, from (6.72)

SUPygo+ P *
< T ) .
Xk < WA — 0 B, k¢ o (6.74)
Hence,
1> 8§ > eZkor AC AR XX (6.75)

So, as Xk is bounded by 3, one obtains a contradiction in (6.75) when o is sufficiently small. This
proves (i) and (ii).

6.7 Notes

In this chapter we have made the link between Brion and Vergne's discrete formula and Gomory
relaxations introduced by Gomory [58]. Most of the material of Section 6.2 is taken from Aardal
et a. [1] and Gomory et a. [60]. Gomory relaxations can be qualified as a primal approach, as
the relaxed integer program (6.2) is still defined in Z" as P4. On the other hand, in practice, the
master polyhedron is mainly used to generate cutting planesfor Py via subadditive functions, adual
approach. Reinforcements of Gomory relaxations where the nonnegativity constraints are relaxed
only for a subset of the basic variables {x;}jc; have been explored in, e.g., Thomas [128] and
Wolsey [133, 135]. Theorem 6.2 as well as more details on the FFT agorithm for the knapsack
problem can be found in Nesterov [114].

As already mentioned, there are other algebraic approaches to the integer program Py, using
tools like toric ideal, Grobner fan, and Grdbner basis. For instance, the Conti—Traverso algorithm
[35] finds an optimal solution of Py by first computing the reduced Grobner basis G of atoricideal
related to P4 with respect to the cost vector ¢. Then with v any feasible solution of Py, one obtains
an optimal solution v* of Py by computing the normal form x" of x¥ with respect to G.. For more
details, the interested reader is referred to the survey in Aardal et a. [1]. Interestingly, Gomory
relaxations can also be reinterpreted in terms of those algebraic notions. Details can be found in,
e.g., Hosten and Thomas [67].



Chapter 7

Barvinok’s Counting Algorithm
and Gomory Relaxations

7.1 Introduction

Asalready mentioned, solving theinteger program Py is still aformidable computational challenge.
For instance, recall that the following small 5-variables integer program (taken from alist of hard
knapsack problemsin Aardal and Lenstra[2])

min{213x; — 1928x, — 11111x3 — 2345x4 + 9123xs}
S.t. 12223x1 + 12224x, 4 36674x3 + 61119x4 + 85569x5 = 89643482,
X1,X2,X3,X4,X5 € N (71)

is not solved after hours of computing with the last version of the CPLEX software package avail-
ablein 2003, probably the best package at this time.

The first integer programming algorithm with polynomial time complexity when the dimension
n isfixed is due to H.W. Lenstra[103] and uses | attice reduction technique along with a rounding
of a convex body. As underlined in Barvinok and Pommersheim [15, p. 21], this rounding can be
quite time consuming. Cook et al. [38] implemented a similar algorithm that uses the generalized
basis reduction technique of Lovéasz and Scarf [108] and with no rounding of convex bodies.

On the other hand, Barvinok’s counting algorithm described in Section 4.2, coupled with binary
search, permits us to solve lq (i.e., to evaluate fy(y,c)) with polynomial time complexity when the
dimension n is fixed. This agorithm has been successfully implemented in the software package
Lat t E developed at the Mathematics Department of the University of Californiaat Davis[40, 41].

In this chapter we describe two integer programming algorithms based on Barvinok’s counting
algorithm. The first one is Barvinok’s counting algorithm coupled with a ssmple binary search and
runsin time polynomial in the input size of the problem. The second has exponential computational
complexity, but was found to be more efficient in some (limited) computational experiments for
solving hard instances of knapsack problems taken from [2]. Finally, we relate Barvinok’s counting
formula with Gomory relaxations of integer programs and provide a simplified procedure for large
values of y.

J.B. Lasserre, Linear and Integer Programming vs Linear Integration and Counting,
Springer Seriesin Operations Research and Financial Engineering, DOI 10.1007/978-0-387-09414-4._7,
(© Springer Sciencet+Business Media, LLC 2009
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7.2 Solving Py via Barvinok’s counting algorithm

Recall that the main idea in Barvinok’s counting algorithm is to provide a compact description of
the generating function z — g(z) = Yycq(y)nzn 2* in the form

02) = {37 [xe QW)NZ"} = T e 72)

o Tkl (1- 20k)’

(with & € {—1,+1}) for some vectors {aj, bjx} in Z", and some index set |; see Section 4.2.

Solving Py via Barvinok’s counting algorithm + binary search

Barvinok’s counting algorithm coupled with a standard dichotomy procedure yields an alternative
to Lenstra's algorithm for integer programming, with no rounding procedure. Namely:

Binary search algorithm:
Input: Ac Z™MN yezZM ceZ".
Output: fy(y,c) :=max{c'x : Ax<y;xeZ"}

1 LetQ(y):={xeR": Ax<y}. Set
b:=max{c'x : Ax<y;xeR"}, a:=min{c’x: Ax<y;xeR"}

andsoa < fy(y,c) <b.

2. Run Barvinok’s counting algorithm to compute q := |Q(y) N Z"|. If g = O there is no feasible
integer solution and fg(y,c) = —eo. If g > 0 then go to step 3.

3. Whileb > a do the following:

Setu:=[(b—a)/2] and computeq:= |Q(y)NZ"N{x : u< c'x < b}|
If g > O0thenu < fy4(y,c) < b and repeat with (a,b) := (u,b)

If g=0thena < f4(y,c) <uandrepeat with (a,b) := (a,u—1)
Return fq4(y,c) =b.

Remarkably, the above algorithm finds f;(y,c) in atime that is polynomial in the input size of the
problem. However, in step 3 of this scheme, one must run Barvinok’s algorithm to obtain the com-
pact form (7.2) of the new generating function associated with the (new) polyhedron considered at
each step in the dichotomy, which can a so be quite time consuming. We next provide an alternative,
which uses Barvinok’s counting algorithm only once.

Solving Py via the digging algorithm

Wefirst provide an upper bound p* on the optimal value of Py by a simple inspection of Barvinok’s
formula (7.2); in addition, under some (easy to check) condition on the reward vector ¢, p* is aso
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the optimal value fqy(y,c) of Pq. If not, further exploration via the digging algorithm permits us to
retrieve fq(y,c).
Consider the integer program Py in (5.1) with associated convex polyhedron:

Qy):={xeR"Ax=y x>0}. (7.3

Recall that from the definition of ﬂ(y, c) for problem 14, one has f4(y,c) = g(ef) withg asin (7.2),
and with € = (€"1,...,€") € R". Therefore, withr € N,

(€)°
fa(y.rc) % & (1= (&)%)

(7.4)

for some vectors {a;, bix } in Z" and some index set | (assuming c¢'bj # Oforalicl, k=1,...,n).
See Section 4.2.
Next, making the change of variableu := €' € R, (7.4) gives

uc aj uc aj
(y, rc) Z & —C,b 2 . =: h(u) (7.5)
iel u™ Sk icl '
for some functions {Q;} of u. For every i € I, let I; be the set
Ii:={ke{1,...,n}|c'bx > 0}, Viel, (7.6)
with cardinality |I;|, and define the vector v; € Z" by
- bi, i€l (7.7)

ken

If I} = 0then welet |I;| = 0and vj := a;.

Theorem 7.1. Assume that Py in (5.1) has a feasible point x € Z" and a finite optimal value
fq(y,c), and letg and fq be as in (7.4) with c € R" such that ¢'bjx # Oforallie I, k=1,...,n

(i) The optimal value f4(y,c) of the integer program Py is given by
1~ 1 .
fd(y,c):rllmFlnfd(y,rc):rhmFlng(er). (7.8)
(i) With vj as in (7.7), let S* be the set
St :={iellcvi=p*:= malxc’v,-}. (7.9)
je
Then p* > fq4(y,c), and

p* y,0) if Y &(—-1) 0. (7.10)

ieS*
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Proof. (i) Withz := €° in the definition of f(z), we have

§(e®) = fay.re) = {ze“/*xe!z(ymzn},

and so,

efaye) — emax{c’x|er(y)mZ”} _ max{ec’xlx €Q(y) ﬁZn}

1/r
T c/xX\r
—Jm( > (€ X>>
xeQ(y)nz"

= rIimg(erc)l/r:rlim fa(y,rc)*/",
and by continuity of the logarithm,
/ n 1 c le
fa(y,c) = max{c'x|x € Q(y)NZ }:rhmFIng(e'):rllmFInfd(y,rc).

(ii) From (@), one may hope to obtain f4(y,c) by just considering the leading terms (as u—eo) of
the functions uc/ai/Qi(u) in (7.5). If the sum in (7.5) of the leading terms (with same power of u)
does not vanish, then one obtains fy(y,c) by asimple limit argument as u—-ec. From (7.4)—(7.5) it
follows that

LIc’ai uc’ai uc’ai—pi
=~ = s as U—o0,
Qi(u) — oquP 0
where o;ufi isthe leading term of the function Qj(u) as u—-eo. Again, from the definition of Qj, its
leading term ojuP as u—seo is obtained with

pi— SkerCbi ifI[#0
! 0 otherwise,

and its coefficient o; is 1if pj = 0 and (—1)!il otherwise.
Remembering the convention that Y- ¢'bix = 0 and (—1)/l = 1if I; = 0, we obtain

uc/ai
e
'Qi(u)
Therefore, with S* and p* asin (7.9), if Tics- & (—1)/1l £ 0 then

~ &(—1)lIuC 2P agy—oo,

hu)~u?” Y (-1l asu—o,
ieS*
so that Iimugw%lng(erc) = p*. This and (7.8) yields fy(y,c) = p*, the desired result. From the
above analysis it easily follows that if ¥;.q &(—1)/ll = 0 then p* is only an upper bound on
fd(yvc)' O
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Observe that the vectors aj, {bix} in Barvinok’s formula depend only on the polyhedron Q(y).
Therefore, (7.10) in Theorem 7.1(b) provides a simple (and easy to check) necessary and suffi-
cient condition on the vector ¢ € R", to ensure that the optimal value fq4(y,c) of Py isequal to p* in
(7.9), obtained directly from Barvinok’s formula.

The digging algorithm. The interest of Theorem 7.1 is that the value p* is obtained by simple
inspection of (7.5), whichinturnisobtained in thetime polynomial in the input size of the polyhedron
Q(y) when the dimension n isfixed.

When Yics- & (—1)/1l £ 0 then it also yields the optimal value fq(y, ¢) of Pq. On the other hand,
if Tics-&i(—1)1fil = 0, i.e., the sum of the leading terms of the functions uc /Q;(u) (with same
power of u) vanishes, then one needs to examine the “next” leading terms, which requires a further
and nontrivial analysis of each function uclai/Qi(u). This strategy has been implemented in the dig-
ging algorithm of De Loeraet al. [42].

Binary search versus the digging algorithm. The digging agorithm and the binary search algo-
rithm are compared in De Loera et a. [42] on asample of 15 hard knapsack problems with 5to 10
variables, taken from Aardal and Lenstra[2]. None of them could be solved with the 6.6 version of
the powerful CPLEX software package. For 13 of those 15 difficult knapsack problems, the digging
algorithm provides the optimal value fg(y, c) much faster than the binary search algorithm, despite
the former having exponential time complexity in the input size of Q(y), whereas the latter has a
polynomial time complexity (in fixed dimension). Notice that the test (7.10) was passed in seven
problems of thelist.

7.3 The link with Gomory relaxations

Recall from Section 6.2 that the Gomory relaxation of Py is defined with respect to an optimal basis
o™ of the linear program P associated with Py. That is, if Ag+ € Z™™ denotes the submatrix of
A associated with o*, and 75+ € R™ denotes an optimal solution of the LP dual P* of P, then the
Gomory relaxation is the integer program:

max 3. (Cj — o+ Aj) X
IPO'* (y) : S.t. AG* XO'* —|— 2]%6* Aj Xj = y, (711)
Xg+ €ZM,Xj €N, j & 0*

with optimal value denoted max 1P+ (y). That is, IPs=(y) is obtained from Py by relaxing the non-
negativity constraint on the vector xg+ € Z™.

If IP5+(y) has an optimal solution x = (Xo+,{Xj}) € Z™ x N"~™ with x5+ > 0, then x is an op-
timal solution of Py, and f4(y,c) =y 7+ + max|Pg+(y), i.e., the Gomory relaxation is exact. This
eventually happenswhen y is sufficiently large. See Section 6.2.

Lety € y (for some chamber y) and let A be the set of feasible bases { o} of the linear program
P. Let x(o) € R, be the corresponding vertex of Q(y) in (7.3). For every o € A, let C; C R" be
the set
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Co:={xeR"|Ax=y, xj>0, Vj¢o}, oceA. (7.12)

Recall that if y € y then Q(y) isasimple polyhedron and so C,; is nothing less than the tangent cone
of Q(y) at the vertex x(o); see Section 4.2
With g asin (7.2), Brion’s formula (4.5) applied to the polyhedron Q(y) reads

z) =Y, h(Cs,2) (7.13)

oEA

with
h(Co.2) :={Y, 7| x€CsNZ"}, 0 € A.

So, evaluating h(C4,z) is summing up z* over C; NZ", the feasible set of the Gomory relaxation
associated withthebasis . In principle, for fixedz = €° € R", the Gomory relaxation is defined only
for an optimal basis asit would be unbounded for non optimal bases. However, recall that (7.13) is
asum of formal series and for each o € A taken separately, z € C" is understood as making h(Cy,2)
finite; again see Section 4.2.

Then, asthe Gomory relaxation | P4+ (y) provides an upper bound on f4(y,c) (and exactly fq(y,c)
wheny is sufficiently large), one may apply Theorem 7.1 to the integer program 1P+ (y) in (7.11),
instead of Py in (5.1).

So, when the dimension n is fixed, Barvinok’s counting algorithm produces in a time that is
polynomial in the input size of Cg+, the equivalent compact form of h(Cg+,2),
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i€l g«

where the above summation is over the unimodular cones in Barvinok’s decomposition of Cg+ into
unimodular cones. There is much less work to do because now, in Brion's formula (7.13), we have
only considered the term h(Cs+,2) relative to the optimal basis 6* € A of the linear program P.

When the condition on ¢ in Theorem 7.1(b) is satisfied, one obtains the optimal value of the
Gomory relaxation P4+ (y) (hence the optimal value fq(y,c) of Py for sufficiently largey) inatime
that is polynomial in the input size of Q(y) when the dimension n isfixed.

Single cone digging algorithm. The single cone digging algorithm is avariant of the digging algo-
rithm, where Barvinok’s counting algorithm is only used to compute (7.14) instead of (7.2). Much
faster than the original digging algorithm, it failed to provide the optimal value f4(y,c) in only two
out of all the hard knapsack instances considered in [42].

7.4 Notes

Theorem 7.1 and most of the material in this chapter is from Lasserre [92]. Barvinok’s original
counting algorithm relied on Lenstra's polynomial time agorithm for integer programming [103];
see, e.g., the discussion in Barvinok and Pommersheim [15, p. 21]. Later, Dyer and Kannan [49]
showed that in Barvinok’s origina algorithm, one may remove this dependence by using instead
a short vector computation via the LLL agorithm [104]. This is the version implemented in the
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Lat t E software package [40, 41] with free access at ht t p: / / www. mat h. ucdavi s. edu/ ~l at t e/

For more details on solving hard knapsack problems (taken from Aardal et al. [2]) and acomparison
between the digging algorithm and Barvinok’s binary search algorithm, which both usethe Lat t E
software, the interested reader is referred to De Loera et al. [42]. It is worth noticing that other
approaches based on lattice basis reduction techniques described in Aardal and Lenstra [2] have
been very successful on hard knapsack problems. See also Eisenbrand [53] for a general integer
programming algorithm with improved polynomial time complexity in fixed dimension.

Finaly, let us mention the related work of Hosten and Sturmfels [65] for computing

6 :=sup f(y,c) — fq(y,c),
yeA

the maximal gap between the optimal values of P and Py, asthe right-hand sidey of Ax =y ranges
over vectorsy € A C Z™ for which fg4(y,c) has a finite value. By combining nicely an algebraic
characterization with the use of generating functions (and Barvinok’s algorithm for getting their
compact form efficiently), they prove that one can obtain & in time polynomial in the input size,
when the dimension n is fixed.



Chapter 8
A Discrete Farkas Lemma

8.1 Introduction

We pursue the comparison between linear and integer programming from a duality point of view,
and in this chapter, we provide a discrete anal ogue of the celebrated Farkas lemmain linear algebra.
Let A€ Z™" y e Z™ and consider the problem of existence of a solution x € N" of the system

of linear equations
AX =Yy, (8.1

that is, the existence of a nonnegative integral solution of the linear system Ax =y. For m=1
and A € N", one retrieves the (old) Frobenius problem in number theory ((8.1) is also called the
(unbounded) knapsack equation) for which many results have been known for a long time (e.g.,
see Ehrhart [52], Laguerre [85], Netto [115], and Mitrinovic et a. [111, Chapter X1V.21]). For
instance, the functiony — f4(y,0) that counts the solutions x € N" of a’x =y is a quasipolynomial
of degree n—1 (that is, a polynomial of y with periodic coefficients) whose period is the least
common multiple (I.c.m.) of the aj. The so-called Frobenius number is the first integer yo € N such
that there always exists an integral solution whenever y > yo. For more recent results, the interested
reader isreferred to Beck et a. [19] and the many references therein.
The celebrated Farkas lemma in linear algebra states that

{xeR|Ax=y} #0< [uc R"and A'u> 0] = y'u>0. (8.2

To the best of our knowledge, there is no explicit discrete analogue of (8.2). Indeed, the (test)
Gomory and Chvatal functionsin Blair and Jeroslow [23] (see also Schrijver [121, Corollary 23.4b],
Ryan and Trotter [120]) are defined implicitly and recursively and do not provide atest directly in
terms of the data A, y. In the same vein, the elegant superadditive duality theory developed after the
pioneering work of Gomory [58] in the 1960s states that (8.1) has a nonnegative integral solution
x € Z" if and only if f(y) > O for al superadditive functions f:Z™—R, with f(0) = 0, and such
that f(A;) > Oforall j=1,...,n. In Chapter 10, we will interpret the results of this chapter and the
next one, in the light of this superadditive duality.

In this chapter, we provide a discrete analogue of Farkas lemma for (8.1) to have a solution
x € N". Namely, when A and y have nonnegative entries, that is, when A € N™" y ¢ N™, we

J.B. Lasserre, Linear and Integer Programming vs Linear Integration and Counting,
Springer Seriesin Operations Research and Financial Engineering, DOI 10.1007/978-0-387-09414-4._8,
(© Springer Sciencet+Business Media, LLC 2009
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prove that (8.1) has asolution x € N" if and only if the polynomial z — 2/ — 1 (:=2zJ!---Z" — 1) in
R(z1,...,Zm] can be written as

n n
7-1=Y Q@) -1)= Y Qi@)@" " - 1) (83)
j=1 =1
for some polynomials {Q;} in Rzy,...,zm] with nonnegative coefficients. In other words,
n
{xeN"Ax=y} #0272 -1= Qj(z)(" - 1), (8.4)
=1

for some polynomials {Qj} in R[z1,...,zm] with nonnegative coefficients. (Of course, the suffi-
ciency part of the equivalence in (8.4) is the hard part of the proof.)

Moreover, we also show that the degree of the Q; in (8.3) is bounded so that checking exis-
tence of an integer solution x € N" to Ax = y reduces to checking whether some linear system has
anonnegative real solution, alinear programming problem. Thisresult is also extended to the gen-
eral case A € Z™", y € Z™, but now the Q; in (8.4) are Laurent polynomials instead of standard
polynomials.

We call (8.4) aFarkas lemma because as (8.2), it states a condition in terms of the dual variables
z associated with the constraints Ax = y. In addition, let z := ! and notice that the basic termsy’A
and A’ in (8.2) also appear in (8.4) viaz¥, which becomes €'+ and viaz*i, which becomes eA'4)i.
In fact, as in the discrete case, the continuous Farkas lemma (8.2) can be restated in the spirit of
(8.4). Indeed, Ax = y has a nonnegative solution x € R" if and only if the polynomia A — y’A can
be written as

A= y’)L = 2 Ql(k)(A/Jl)
j=1

for some polynomials {Qj} in R[A1,...,An] with nonnegative coefficients. This point of view is
developed in Section 8.2 R

To show (8.4), we use the function fq(y,0) aready used in Chapters 4 and 5. Indeed, existence
of asolution x € N" to (8.1) is equivalent to showing that fa (y,0) > 1 and by a detailed anaysis of
the complex integral (4.12), we prove that (8.3) is anecessary and sufficient condition on'y to have

8.2 A discrete Farkas lemma

Before proceeding to the general case A € Z™*", we first consider the case A € N™" where A has
only nonnegative entries.

The case Ae N™*N

Inthis section we assumethat A € N™" and soy € N™, because otherwise, the set {x ¢ N" |Ax =y}
isobviously empty.
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Theorem 8.1. Let A € N™" 'y € N™. Then the following two statements (i) and (ii) are equiv-
alent:

(i) The linear system Ax =y has an integral solution x € N".

(ii) The real-valued polynomial z — 2/ — 1:=zJ*--- " — 1 can be written as

—1= ZQ, (- (8.5)

for some real-valued polynomials Qj € R(zy,...,zn], j=1,...,n, all of them with nonnegative
coefficients.
In addition, the degree of the Qj in (8.5) is bounded by

|n Z Ajk. (8.6)

<*
MB

._
Il
=

Proof. (ii) = (i). Assume that z¥ — 1 can be written as in (8.5) for some polynomials {Q;} with
nonnegative coefficients {Qj }, that is,

Qi@ = D Qjuz”*= Y, Qjazs*---z3" (8.7)

oaeNM aeNM

for finitely many nonzero (and nonnegative) coefficients {Qj}. By Theorem 4.1 the number
fa (y,0) of integral solutionsx € N" of the linear system of equations Ax =y is given by

(.0 = —— A
0)= —— . ————dz,
09 = G oo™ e TR

where y € RT satisfiesA” Iny > 0. Writing 2/~ asz®n(zY — 1+ 1) we obtain
fa(y.0) =By +Bz,

with
z &m

1
B = . -~
! (2mi)m /21\17/1 /\ZmIZYm H?:l(l_ z7)

1 7% (z¥ —1)
Byim —— / / el g,
27 @)™ Jiaen ime I (1= 2 A

dz,

and
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z*mQj(2)
: 2RIy
/IZ1I n /\Zm\zym [z j(1—2"%) ’

Aj+o—en
2 Q;a/ / LAY
em zl=n Jml=m [t j(1—27%)

From (4.12) in Theorem 4.1 (with y := 0) we recognize in B, the number of solutions x € N" of
the linear system of equations Ax = 0, so that B; = 1. Next, again from (4.12) in Theorem 4.1 (now
withy := Aj+ o), each term

c Qjo / / ZAito—em d
o i — __dz
e (271)™ Jizg )= |zm|=Ym Hk#j(l_Z_Ak)

Qjo x the number of integral solutionsx € N"~*

2
i

isequal to

of thelinear system of equations All)x = A + o, where AU isthe matrix in N™("~1) obtained from
A by deleting its jth column. As by hypothesis each Qj,, is nonnegative, it follows that

n

82:2 Z CJOCZO7

j=laeNm
so that fg (y,0) = B1+ B2 > 1. In other words, the linear system of equations Ax =y has at least one

solution x € N".
(i) = (ii). Let x € N" be a solution of Ax =y, and write

Y —1=7"M¥ 1P (ZA2X2 —1) 4+ ZZ?;%AI'X] (ZA”X” —-1),

and
AN 1= (N -1) [1+zAJ' +---+zAi(Xi*”} , J=1...n,

if xj > 0, to obtain (8.5) with Q1(z) = 1+ 2 +--- + 7221041 if x; > 0, and
oy e ST A Aj L AAX-1) -
72— Qj(z) :=z%k=1 R I A A , ]=23,...,n

We immediately see that each Q; has al its coefficients nonnegative (and even in {0, 1}).
Finaly, the bound on the degree follows immediately from the proof of (i) = (ii). O

Discussion

Denote by s(u) := (") the dimension of the vector space of polynomialsinm variables, of degree
at most u. In view of Theorem 8.1, giveny € N™ (and with y* asin (8.6)), checking existence of a
solution x € N" of the linear system of equations Ax =y reduces to checking whether or not there
exists a nonnegative real solution q to a system of linear equations M g = r, with
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e nxs(y*) variablesq = {qj, }, the nonnegative coefficients of the Q;
o s(y"+ ml?xZTzlAjk) equations (M qg); = rj, to identify the terms with same exponent in both
sides of (8.5).

This in turn reduces to solving a linear program with ns(y*) variables and s(y* + maxy ¥ Ajk)
equality constraints. Observe that in view of (8.5), this linear program has a matrix of constraints
M with only 0 and +1 coefficients. Moreover, M is very sparse as each of its rows contains at
most 2n nonzero entries. In fact, as will be shown and used in the next chapter, M is totaly
unimodular.

From the proof of Theorem 8.1, one may even enforce the weights Q; in (8.5) to be polynomials
inZlzy,...,zm] (instead of R[z1,...,zy]) with nonnegative coefficients (and even with coefficients
in {0,1}). However, (a) above shows that the strength of Theorem 8.1 is precisely to alow Q;
R(z1,...,zm] asit permitsusto check feasibility by solving a(continuous) linear program. Enforcing
Qj € Z[z,...,7m] would result in an integer program of size larger than that of the original problem.

Finally, if indeed z¥ — 1 has the representation (8.4), then whenever 1 € R™ satisfies A’A > 0,
one has (letting z := €*)

g 1= in(&l,...,&m) [eWMi _1} >0
j=1

(because al the Q; have nonnegative coefficients), which impliesy’A > 0. Hence, we retrieve that
y'A > 0 whenever A’A > 0, which is to be expected since of course, existence of integral solutions
to (8.1) implies existence of real solutions.

The link with the Grobner base approach

Theorem 8.1 reduces the issue of existence of a solution x € N" to a particular ideal membership
problem, that is, Ax =y hasan integral solution x € N" if and only if the polynomial z¥ — 1 belongsto
Qj all have nonnegative coefficients.

Interestingly, consider theideal J C R[z1,...,Zm, W1, . .., Ws] generated by the binomials z°i —Wwj,
j=1,...,n,and let G := {g;} be a Grobner basis of J (for some given term ordering). Using the
algebraic approach described in Adams and Loustaunau [4, §2.8], it is known that Ax =y has a
solution x € N" if and only if the monomial z¥ is reduced (with respect to G) to some monomial w®,
inwhich case oo € N" isafeasible solution. That is,

n
2 =w+ Y Hjgj=w"+ Y Wi(z,w) (2 —wy), (8.8)
gj€G k=1

for some polynomials {Hj, Wi} C R[z1,...,Zm,W1,...,Wp].

Observe that thisis not a Farkas lemma as we do not know in advance o € N" (we look for it!)
to test whether ¥ —w® € J. One has to apply Buchberger’s algorithm to (i) find a reduced Grobner
basis G of J and (ii) reduce 2¥ with respect to G and check whether the final result is a monomial
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w%. Moreover, note that the latter approach uses polynomialsin n (primal) variablesw and m (dual)
variables z, in contrast with the (only) m dual variablesz in Theorem 8.1.

In addition, nothing is said on the sign of the coefficients of the polynomialsW in (8.8) obtained
after the reduction with respect to G. However, observe that if in (8.8) one makes wj := 1 for all
j=1,...,n, oneobtains

n
—1=3Y W(z.1,...,1) (M - 1),

asin (8.5); but we do not know whether the polynomial Wi(z,1,...,1) € R[z] has only nonnegative
coefficients.

The 0-1 case

Suppose we now consider existence of solutions x € {0,1}" instead of x € N" in the unbounded
case. This is the same as solving (8.1) over x € N, with the additional constraints x; < 1 for all
i =1,...,n. Thelatter constraints can in turn be replaced by the equality constraints x; + u; = 1 by
adding n additional slack variables uj, also constrained to bein N.

Therefore, with | € N™" being the identity matrix, existence of solutions x € {0,1}" to (8.1)
reduces to existence of solutions (x,u) € N" x N" for the system

il

withe, = (1,...,1) € N". Asthe matrix of the above linear system only has entriesin N, we arein
aposition to apply Theorem 8.1, that is,

y

€n

(8.9)

Corollary 8.1. Let A e N™" 'y e N™. The following two statements (i) and (ii) are equivalent:

(i) The linear system Ax =y has an integral solution x € {0, 1}".
(ii) The polynomial (z,w) — zYw; - --wp — 1 € R[z,w] can be written as

wy-Wp—1= ZQ]ZW (Piwj — +2PJ (8.10)
j=1

for some polynomials Q; € Rz, w], P; € R[w], all with nonnegative coefficients.
In addition, the degree of the polynomials Q; in (8.10) is bounded by y* =y +n—
mlnkz _1Ajk, and that of P; by n.
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The special form of the weights Qj,P; in (8.10) is due to the fact that if (x,u) € N" x N" isa
solution of (8.9) then

wy--wy,—1= [(ZA1W1)X1 (ZA2W2)X2 . (ZA”Wn)X” _ 1] Wil .. .WHn

uq u
+witeeew =1

:Wlil... UHZQJ ZJWJ )erl]’_l...wﬁﬂf]_

= Zle(z,W)(zAiwj -1+ zle(w)(W, —
= =

Thediscrete Farkas lemmain the 0-1 caseis considerably more complicated than for the unbounded
case. Indeed, eveniif y isbounded by ¥:; Aj, one still has to search for n polynomials Q; of degree at
mosty +n—1—ming > ;Ajk in 2n variables, and n polynomials P; in n variables of degree at most

n. (Recall that a polynomial in n variables and of degree at most d has ("%) coefficients.)
Back to the continuous case

The classical (continuous) Farkas lemmain (8.2) can also be restated as an ideal membership prob-
lem, with special weights. Namely,

Proposition 8.1. Let A € Z™*". The following two statements are equivalent:

(i) The linear system Ax =y has a nonnegative solution x € R".
(ii) The (linear) polynomial A — y'A € R[A] (= R[Aq,...,An]) can be written as
n
YA =2 Qj(A)(AjA), (8.11)
j=1

for some polynomials {Q;}}_; C R[], all with nonnegative coefficients (denoted Q; = 0, for
all j=1,....n).

Proof. Suppose Ax =y for somex € R',.. Then multiplying both sideswith A yields
y'A = (Ax,A) = (x,A'd) ZXJ (A'2)

and o, (8.11) holdswith Qj(A) =x; > 0, forall j=1,...,n. Conversely, assume that (8.11) holds
for some polynomials {Q;} C R[A], al with nonnegative coefficients. Write



122 8 A Discrete Farkas Lemma

A—Q)=Q%+ Y Q%A%

0£0eNm
with {Q*} C R, for al o € N". Substituting in (8.11) yields,

ya=(Q AL+ Y (Q"A%AR), VA ERM
O£aeNn
Identifying terms of same degree in the above identity yields y = AQ® = Ax with x = Q° >
0eR" -

Clearly, Proposition 8.1 is the continuous analogue of Theorem 8.1 and (8.11) states that the linear
polynomial y'2 isin theideal generated by thelinear polynomials {Aj4 }, with nonnegative weights
{Qj} CRMAL

From the proof of Proposition 8.1, from any solution {Q ,—}fj‘:1 C R[A] of (8.11) with Q; = Ofor
al j=1,...,n, one obtains a solution of Ax =y by taking xj := Q;(0) foral j=1,...,n. Infact,
Qj must be a constant polynomial (= x; > 0) foral j=1,...,n. (Evaluate all partial derivatives at
A = 0inboth sides of (8.11) and use the fact that Ax = 0 withx > O yieldsx = 0.)

Findly, it is worth noticing that the continuous version (8.11) coincides with the first-order de-
velopment of the discrete version (8.5). Indeed, expanding z = €* in series in both sides of (8.5),
and identifying linear terms, yields (8.11) for some polynomialsQ; = 0, j=1,...,n,inR[A].

A comparison between the continuous and discrete Farkas lemma is summarized in Table 8.1,
where conv(Q(y) N Z") denotes the integer hull of the convex polyhedron Q(y), and 1, € R" de-
notes the vector of all ones.

Table 8.1 Comparing continuous and discrete Farkas lemma

Q(y) = {x e RL|Ax=Yy} conv(Q(y)NZ")

X € Q(y) x € conv(Q(y)NZ")

< x=0Q(0,...,0) with < x=Q(1,...,1) with
Qe R[Aq,...,An]" QeR[eM,... e
yA=(QAL), &t —1=(Q,eN 1),
Q=0 Q=0

Hence existence of a nonnegative solution x € R'}. (resp., x € Z1) to alinear system Ax =y is
the same as existence of a nonnegative solution 0 < Q € R[A] (resp., 0 < Q € R]z]) to an abstract
knapsack equationy = 2?:1 ajQj inthe polynomial ring R[A] (resp., R[z]) and where
e yisthepolynomia A — y'A (resp.,z+—2¥ —1)

e ajisthepolynomia A — (A'A);j (resp., z+— 2% - 1), j=1,...,n.

The general case

In this section we consider the more general case where A € Z™*" (so that A may have negative en-
tries) and the convex polyhedron Q(y) = {x € R"| Ax =y; x > 0} is compact. The above arguments
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cannot be repeated because of the occurrence of negative powers. However, let o« € N", 3 € N be
such that R
Aj:=Ajk+o >0, yj=yj+p>0, k=1....nj=1...m (8.12)

Moreover, as (y) is compact,

n n
max {jzlocjxﬂAx = y} < Xeﬂ@(ﬁ{jla,—xjmx = y} = p*(ar) < eo. (8.13)
Observe that given oo € N, the scalar p*(a) is easily calculated by solving a linear program. In
(8.12) choose 8 > p*(ct), and let A € N™", § € N™ be as in (8.12). Then existence of integral
solutions x € N" for Ax =y is equivalent to existence of integral solutions (x,u) € N" x N for the
system of linear equations
,&xnhua11 =y
{Zn (8.14)

jzlanj—l—u:ﬁ.

Indeed, if Ax =y with x € N" then

n
AX+en z 0 Xj —€m
=1

z,laj Xj=Yy+(B—Bem,

]

or equivalently,
n
Ax+ (ﬁ — 2 OCij) €m Z)//\,
j=1
andthus, as B > p*(a) > XJ_; ajX; (see (8.13)), we seethat (x,u) with f — X]_; ojxj =1 u € Nis
asolution of (8.14). Conversely, let (x,u) € N" x N be a solution of (8.14). Using the definitions of
Aandy,

n

n
AX+em Y, ajXj +Uem =Y+ Ben, aXj+u=p,
j=1

=1 =
and so, Ax =y. The system of linear equations (8.14) can be put in the form

y\ A\ ‘ €m
] withB:= | — — |, (8.15)
B o |1

and as B has only entriesin N, we are back to the case analyzed in Section 8.2.

Theorem 8.2. Let A € Z™*",y € Z™ and assume that £ (y) is compact. Let AeN™N ge N™,
o € N" and B € N be as in (8.12) with 8 > p*(a) (see (8.13)). Then the following two
statements (i) and (ii) are equivalent:
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(i) The system of linear equations Ax =y has an integral solution x € N".
(ii) The polynomial (z,w) — 2¥(zw)? — 1 € Rzy,...,zm, W] can be written as

n
2/(zw)P — 1= Qo(z,w)(zw— 1) + Y Qj(z,w)(z%i (zw)% — 1) (8.16)
j=1
for some real-valued polynomials {Qj}|_q in R[zs,...,zm,w], all with nonnegative coeffi-

cients.
In addition, the degree of the Q; in (8.16) is bounded by

(m+1)ock+ iAjk] }

j=1

m
m-+1 i—min<{ m-+-1, min
m+9ps By, -minfms 1, mn,

Proof. Apply Theorem 8.1 to the equivalent form (8.15) of the system Q in (8.14), where B and
(¥,B) have only entriesin N, and use the definition (8.12) of (y, ) and A. O

Wefinally obtain the general form with Laurent polynomialsinstead of usual polynomials. Let §
and A beasin (8.12) and let

. Vk % . 4
ti= sup ——————, y'=mt sup D |Al (8.17)
k=1,..m nnnjzlwwnAkj k=1,...m j=1

Corollary 8.2. Let A € Z™", y € Z™ be such that Q(y) is compact. Then the two statements
(i) and (ii) below are equivalent:

(i) The system of linear equations Ax =y has an integral solution x € N".
(ii) The Laurent polynomial z +— z¥ — 1 € R[z,z~] can be written as

Y—-1= i Qj(2)(Ai-1) (8.18)
j=1

for some Laurent polynomials {Q;j}}_; C R(z,z7Y], all with nonnegative coefficients.
In addition, the degree of the Q; In (8.18) is bounded by y* in (8.17).

Proof. The proof mimics that of Theorem 8.1. The only difference is in the proof of (ii) — (i),
where instead of (8.7) we now have

Qi@ = 2 Qjuz”= Y Qjuzy*--7q"

aezZm aezZm
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for finitely many nonzero coefficients {Qje }. That is, the summation is over o € Z™ instead of
o e N,

Finally, concerning the degree bound y*, observe that from (8.14), for any feasible solution x €
Q(y)NZ", we have xj < §i/A¢j foral k=1,....m,and al j=1,...,n. Therefore, x; <t for all
j=1...,n,witht asin (8.17). The bound y* is easily obtained from the form of the Q; in the part
(i) = (ii) of the proof of Theorem 8.1. O

8.3 A discrete theorem of the alternative

Theorem 8.1 states a discrete Farkas lemma in terms of some polynomia being or not being a
member of a certain binomial idea defined from the data A,y; see (8.5). Also, we have seen in
Table 8.1 that the continuous standard Farkas lemma (8.2) can be rephrased in similar terms. In
this section, we provide an equivalent formulation of Theorem 8.1 in the form of a theorem of the
aternative, very much asis done for the continuous case (8.2).

As for Theorem 8.1, consider the case where A is nonnegative, that is, A € N™" andy € N™,
since the genera case A € Z™", y € Z™ reduces to the former case. In Theorem 8.1, checking
whether (8.5) holds reduces to checking whether the polynomia z — f(z) :=z¥ — 1 isidentica to
the polynomial z+— h(z) := X}_; Qj (z)(z — 1) for some polynomials (Qj) C Rz, ..., zy], al with
nonnegative coefficients. There are several ways of expressing that f and h are identical.

For instance, one may evaluate both f and h at sufficiently many given points {z(i)} ¢ R" and
statethat f(z(i)) = h(z(i)) for al i. Thisyields asystem of linear equations {Sq =s, q > 0} that the
nonnegative vector q of coefficients of (Qj) C R[z] must satisfy.

Another possibility isto state that all partial derivatives of f and h agree when evaluated at some
particular point z = z*, i.e,,

ololf dl?lh

09174 - 9%mzy, © Q%zq--- 9%z, ’
* 2:2*

o €N, (8.19)

This yields another system of linear equations that g > 0 must also satisfy. In fact, the system of
linear equations {Mq =r, q > 0} aluded to in the discussion that follows Theorem 8.1 is obtained
from (8.19) with evaluation at z* = 0. What if we do the same but now with evaluation at the point
=17

Let b e N™ with b > Aj for al j=1,...,n, be fixed, arbitrary, and let y €« N™ with y < b.
Let g = (q;) where q; isthe nonnegative vector of coefficients of the polynomial Q; € R[z] in (8.5).
From Theorem 8.1, forevery j=1,...,n, thetotal degreeof Q; isat most (3 ; yk) —min; X ; Agj.
In fact, more precisely, one may choose Q; with monomials z* such that oz +Aj <y. Next, let

MPg=s g>0 (8.20)

for some appropriate matrix M(®), be the linear system obtained from (8.19) with y < b, o # 0,
and z* = 1, and with the additional congtraint f(0) = h(0) (i.e, 1=X]_; Qj(0)); because 1 being a
common root of f and h, the case o = 0in (8.19) yields no information. Hence, the right-hand side
vector s(y) = (S (y)) of (8.20) satisfies sp(y) = 1, and
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ol zy 4]

__9r | (yj—k+1) (8.21)
Iz 0%Mm |,y {j:£[>0}k131 J

Sa(Y)
for every 0 # o <b.
Notice that y — s, (y) is a polynomial iny of degree at most |ct|. Next, let C?) be the convex
cone:
c®:={u:u"M® >0}. (8.22)

Theorem 8.3. Let A€ N™" b e N™ and withy € N™, y <b, let s, € R]y] be as in (8.21) for
every o < b. Then the following two statements (i) and (ii) are equivalent:

(i) The linear system Ax =y has an integral solution x € N".
(ii) The linear system
{u"T™M® >0; u'sy) <0} (8.23)

has no real solution u.
Equivalently,

[{x:Ax=y,ye N"} £0] < [u"M® >0 = u's(y) >0]. (8.24)

Equivalently again, let (u(k))2 , be a set of generators of the convex cone C(®) defined in
(8.22). Then

[{x:Ax=y,y e N"} £0] < u(k)'s(y) >0, k=1,...,r. (8.25)

Proof. By Theorem 8.1, the linear system Ax =y has an integral solution x € N" if and only if
(8.5) holds, which in turn is equivalent to stating that the linear system M()q = s has anonnegative
solution g. The standard Farkas lemma (8.2) applied to the latter yields (8.23) and the equivalent
forms (8.24)—(8.25). O

Notice that we here obtain a theorem of the alternative in the spirit of the classical (8.2) for the
continuous case. The difference between (8.2) and (8.25) isthat in (8.25), y € N™ must satisfy a set
of polynomial inequalities instead of linear inequalities.

Example 8.1. Consider the knapsack equation 2x; + 5x2 = 3, xg,X2 € N, i.e,, withy =3 and A =
[2,5] € N2 Letb=6.Letq= (91,02) withgs = (qao, - - - ,q14) and g2 = (020,921). Let us consider
the system of linear equations M(®)q = s. One has 1 = g1g + g0, and with 0 < & < b one obtains

4
y=2Y qu+5(020+21)
k=0

4 4
y(y—1)=2) qu+4 kqu+20(020+qz1) + 10021
k=0 k=0
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4 4

y(y—1)(y—2) =6 k(k—1)qu +6 Y kg +60(020 + 021) + 60021
k=0 k=0

4 4
yy—1)(y—2)(y—3) =83 k(k—1)(k—2)au+12 Y’ k(k - 1)qu
k=0 k=0

+120(q2o + 21) + 240021

y(y—1)(y—2)(y—3)(y—4) = 240q14 + 120q;3 + 480014
+ 600021 4+ 120(g20 + 921)

y(y—=1)(y—2)(y—3)(y—4)(y—>5) = 720014 + 720q21.

With y = 1, the second constraint yields qjx = O for al j,k, in contradiction with 1 = 10 + q2o.
A dual certificate of this contradiction can be obtained with u € R’ being such that ug = 0,
up=—1,up=—1/9,anduy =0,k = 3,...,6. Indeed, one hasM®) u > 0 and at the point y = 1, the
polynomial y — upy? + (ug — Up)y is negative (= u; < 0). By Theorem 8.3, Ax = 1 has no integral
solution x € N".

With y = 3, the fourth constraint yields qoo = g21 = 0 and gy = O, for k > 2. On the other
hand, the second constraint yields 6 = 6g11 while the first constraint yields 6 = 2q10 + 6011, in
contradiction with 1 = g10 + g20.

On the other hand, with y = 4, the fifth constraint yields q13 = 14 = 020 = g21 = 0, and so, the
fourth constraint yields q;2 = 1. Then the third constraint yields g1 = 0, while g0 = 1, and the
second constraint yields 12 = 2q10 + 10q12.

Finaly, with y = 5, the solution gjx = O (except gz = 1), and with y = 2 the solution gjk = 0
(except 10 = 1) are obviously feasible.

8.4 The knapsack equation

We now consider two particular cases of importance, the unbounded and 0-1 knapsack equations.

The unbounded knapsack equation. The (unbounded) knapsack (or Frobenius) equation is a par-
ticular casewhere A’ =a € N"y € N, that is, m = 1, and one considers the equation

n
ax:i= Y ajxj =y. (8.26)
=1

Therefore, as adirect consequence of Theorem 8.1, we obtain the next result.

Corollary 8.3. Let (a,y) € N" x N. The following two statements (i) and (ii) are equivalent:

(i) The knapsack equation a’x = y has a solution x € N".
(if) The univariate polynomial z — z¥ — 1 in R[z] can be written as
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1= 2 Qi) — (8.27)

for some polynomials Q; € R[z] with nonnegative coefficients.
In addition, the degree of the Q; in (8.27) is bounded by y* :=y — miny a.

From the discussion after Theorem 8.1, and in the present context of the knapsack equation,
giveny € N one may test existence of asolution x € N" for (8.26) by solving alinear program with

o Yy (y+1—ay) variables (the unknown coefficients of the Q; in (8.27));
e (y+1) equality constraints, e.g., the linear constraints obtained from (8.19) in the previous
section,

asillustrated in Example 8.1.

A particular case of importance. It is well known that if the a; are relatively prime there are
several explicit upper bounds for the Frobenius number yg such that (8.26) always has a solution
x € N" whenever y > yo. For instance as mentioned in Beck et al. [19], and witha; < ay--- < ap,
Erdds and Graham [55] provide the bound 2an|a;/n| — a;, whereas Selmer [123] provides the
bound 2a,_1|an/n| —an.

Therefore, if the aj are relatively prime, to check whether (8.26) has asolution x € N" it suffices
to consider only thosey less than (for instance) Selmer’s bound 2a,_1|an/n| — an. In this case, in
view of Corollary 8.3, one has to solve alinear program with at most

e 2a,_1|an/n] +1—a, constraints;
e n(2a,_1|an/n] +1—an—ay) variables.

The 0-1 knapsack equation. The 0-1 knapsack equation is the same as (8.26) except that now we
search for solutions x € {0,1}" instead of x € N" in the unbounded case. It is a particular example
of the 0-1 case analyzed in (8.2), and so Corollary 8.1 takes the particular form:

Corollary 8.4. Let (a,y) € N" x N. The following two statements (i) and (ii) are equivalent:

(i) The 0-1 knapsack equation a’x =y has a solution x € {0, 1}".
(i) The polynomial (z,w) — zYwy - --w, — 1 € R[z,w] can be written as

wy-wp —1= ZQJZW (22w — ZP, (8.28)
j=1

for some polynomials Q; € R[z,w] and P; € R[w], all with nonnegative coefficients.
In addition, the degree of the polynomials Qj in (8.28) is bounded by y* =y +n— 1 —mingax
and that of P; by n.
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8.5 Notes

Most of the material in this chapter is taken from Lasserre [90]. An alternative proof of Theorem
8.1 is provided in the next chapter and does not invoke the generating function approach. Let us
mention the work of Ryan [118, 119] and Ryan and Trotter [120], who devel oped a general abstract
Weyl-Minkowski duality. In particular, they show that given A € Z™<", theintegral monoid S := {y:
y =AXx,x € Z. } C Z™ generated by the columns of A is finitely constrained by Chvétal functions,
ie,S:={yezZ: fj(y)>0, j=1,...,r} for somer Chvéatal functions { f;}.



Chapter 9
The Integer Hull of a Convex Rational Polytope

9.1 Introduction

Let Ae Z™" yeZ™ c e R" and consider the integer program Pqy in (5.1) where the convex
polyhedron Q(y) = {x € R"|Ax =y, x > 0} iscompact. If P:= conv(£2(y) NZ") denotestheinteger
hull of Q(y), then solving Py is equivalent to solving the linear program max{c'x|x € P}.

However in general, finding the integer hull of a convex polyhedron is a difficult problem. As
mentioned in Wolsey [134, p. 15], and to the best of our knowledge, no explicit (or “simple”) char-
acterization (or description) has been provided so far. For instance, its characterization via super-
additive functions (e.g., asin Wolsey [134]) is mainly of theoretical nature. In the general cutting
plane methods originated by Gomory and Chvétal in the early 1960s and some of the lift-and-
project methods described in, e.g., Laurent [101], one obtains P as the final iterate of afinite nested
sequence PP D P D P’ O --- D Pof polyhedra. However, in all those procedures, thereis no explicit
description directly in terms of the initial dataA,y. On the other hand, for specific polytopes Q(y),
one is often able to provide some strong valid inequalities in explicit form, but very rarely al of
them (as for the matching polytope of a graph). For more details the interested reader is referred to
Cornugjolsand Li [37], Jeroslow [71], Laurent [101], Nemhauser and Wolsey [113], Schrijver [121,
§23], and Wolsey [134, §8,9], and the many references therein.

In this chapter we first show that the integer program Py in (5.1) isequivalent to alinear program
in the explicit form

qrg%;g{ﬁ’qllvlq:r, q>0}. (9.1

By “explicit” we mean that the data M, r, € of the linear program (9.1) are constructed explicitly and
easily from the initial data A,y,c. In fact, no calculation is needed and M, r have al their entries
in {0,£1}. In addition M is very sparse and totally unimodular. There is a simple linear relation
x = Eq linking x and g (for some appropriate matrix E), but g is not alifting of x, asin the lift-and-
project procedures described in Laurent [101]. It ismore appropriate to say that ¢ isadisaggregation
of x, aswill become clear in the sequel.

We next provide a structural result on the integer hull P of the convex rational polytope Q(y),
in the sense that we obtain an explicit algebraic characterization of the defining hyperplanesof Pin

J.B. Lasserre, Linear and Integer Programming vs Linear Integration and Counting,
Springer Seriesin Operations Research and Financial Engineering, DOI 10.1007/978-0-387-09414-4.9,
(© Springer Sciencet+Business Media, LLC 2009
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terms of generators of a convex coneC, which isitself described directly from the initial data A (via
the matrix M in (9.1)), and with no calculation.

Of coursg, in view of the potentially large size of M, in general one cannot expect to get all
generators of C. However, this structural result on the characterization of P may be helpful in either
deriving strong valid inequalities or validating some candidate inequalities, at |east for some specific
polytopes Q(y).

9.2 The integer hull

Denote by e, € R™ the vector with al entries equal to 1. By Theorem 8.1, and with same notation
asin Chapter 8, if A€ N™" y e N™, thelinear system Ax =y has asolution x € N" if and only if
the binomial z¥ — 1 can be written as

P 1= 3 Q) - 1) 92)
=1

for some polynomials {Q;} C Riz1,...,zq], al with nonnegative coefficients. Let {qj, } denote the
vector of coefficients of the polynomial Qj (in the usual basis of monomials) forall j=1,...,n.

From the discussion that follows Theorem 8.1, checking existence of an integral solution x €
N" for the linear system Ax =y is equivalent to checking whether there exists a nonnegative real
solution q for the associated linear system

Mg=r; q>0 (9.3)

for some matrix M € ZP*" and vector r € ZP, with

° sQ::_zrj‘:lsj variables {q¢ }, the nonnegative coefficients qj = {q¢j} € R® of the polynomials
il=21....n
e p linear constraints that state that the two polynomials in both sides of (9.2) are identical. For
instance, the constraints (8.19) with z* = 0, which state that their coefficients are equal .

From the proof of Theorem 8.1, each polynomial Q; € R[z] in (9.2) may berestricted to contain only
those monomials z* with oo <y—Aj, j =1,...,n. Therefore, we only need to identify terms z* of
same power in both sides of (9.2), with o <'y. That makes p = card HTzl{O, Yy =115 +yj)
constraints.

In addition, in view of (8.5), the matrix of constraints M € ZP*S, which has only 0 and +1
coefficients, is easily deduced from A with no calculation (and is very sparse). The sameis true for
r € ZP which has only two nonzero entries (equal to —1 and 1). Next, with M, r asin (9.3), let

A={qeR’ | Mqg=r; q>0} (9.9)

be the convex polyhedron of feasible solutions g € RS of (9.3).
Foreach j=1,...,n, definethe row vector es; := (1,...,1) € R% and let E € N be the block
diagonal matrix, with diagonal block {es; }, that is,
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esl 0O ---0
E:=|0Oe, 0. (9.5)
0 ... O e,

Theorem 9.1. Let A € N™" y e N™ and let A be the convex polyhedron defined in (9.4).

(i) Ifge Athenx:=Eq € Q(y). In particular, if g € ANZ° then x € Q(y) NZ".
(ii) Letx € Q(y)NZ". Then x = E q for some g € A NZ°.
(iif) The matrix M is totally unimodular.
(iv) If gisavertex of A £ 0, thenx =Eq € Q(y)NZ".

Proof. (i) Withq € A, let {Q;}]_; C R[z1,...,zm| be the set of polynomials (with vector of non-
negative coefficients q) that satisfy (9.2). Taking the derivative of both sides of (9.2) with respect
tozj, atthepointz=(1,...,1), yields

n

n
Yk = 2QJ(1a71)AkJ = ZAijjv j:17'--7n,
i=1 i=1

with xj :=Q;j(1,...,1) foral j=1,...,n. Next, use the facts that (a) all the Q; have nonnega-
tive coefficients {qj, } and (b) Qj(1,...,1) = YpennGje = (Eq)j foral j=1,...,n, to obtain
x:=Eq e Q(y). Moreover, if g € ANZ® then obviously x € Q(y) N Z" because E has integral
entries.

(i) Letx e Q(y)NZ" sothat x € N" and Ax = y; write
Y —1=7M 1A )4 +22?;%Aixi (20 — 1),

and write
P 1= —1) |1+ 27 +-~+zAi<XJ‘—1>} Lj=1,....n,

whenever xj > 0, to obtain (9.2) withQ; = 0if x; =0,

Qu(z) =1+ 4. 40D ifx >0,

Qj(2) — 751 A [1+ZAJ+---+ZAJ‘(XJ‘*1) . j=23,...,n

if x; > 0. We immediately see that each Q; has all its coefficients {qj,} nonnegative (and
evenin {0,1}). Moreover, Qj(1,...,1) =x; foral j=1,...,n, or equivaently, x = Eq with
qeANZs.

(iii) That M is totally unimodular follows from the fact that M is a network matrix, that is, a ma-
trix with {0,£1} entries and with exactly two nonzero entries 1 and —1 in each column (see
Schrijver [121, p. 274]). Indeed, from the identity (9.2), and the definition of M, each row of
M is associated with a monomial z%, with oo <'y. Thus, consider a particular column of M
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associated with the variable gy, (the coefficient of the monomial z* of the polynomial Qy in
(9.2), and so with o 4+ A¢ <'y). From (9.2), the variable gy, isonly involved

e inrow (or equation) o associated with the monomial z* (with —1 coefficient) and
e inrow (or, equation) o 4 Ay (< y) associated with the monomial %+« (with +1 coefficient).

(iv) Theright-hand side r in the definition of A isintegral. Therefore, as M is totally unimodular,
each vertex of A isintegral (whenever A # 0). Therefore, if g isavertex of A, onehasq €
ANZS andfrom (i), x:=Eqe Q(y)NZ". O

From Theorem 9.1(b) and its proof, one sees that q is a disaggregation of x € N". Indeed, if we
write g = (q1,...,0n) then each q;j has exactly x; nontrivial entries, al equal to 1. So g is not a
lifting of x asin the lift-and-project procedures described in Laurent [101]. In the latter, x is part of
the vector g in the augmented space and is obtained by projection of g, whereasin Theorem 9.1, q
israther a disaggregation of x.

An equivalent linear program

Consider the integer program Py in (5.1), and for every ¢ € R" let € € R® be defined as
¢'=(¢,....&)with€j =cj(1,...,1) €R% Vj=1,...,n. (9.6)

Equivalently, €’ = ¢'E with E asin (9.5). It also follows that €’ q = c¢’x whenever x = Eq. As a
consequence of Theorem 9.1 we obtain

Corollary 9.1. Let Ae N™" y e N™ c € R".

(i) The integer program
Pg:  max{ cx|Ax=y, xeN"'} 9.7

has same optimal value fg(y,c) as the linear program

Q: max{ct'qMg=r, gq>0} (9.8
geRS
(including the case —<o).
(ii) In addition, let g* € R® be a vertex of A in (9.4), optimal solution of the linear program
Q. Then x* := Eqg* € N" and x* is an optimal solution of the integer program Py.

Proof. Let fy(y,c) and maxQ denote the respective optimal values of P4 and Q. First consider the
case —oo. Then fy(y,c) = —eo only if Q(y)NZ" = 0. But then A = 0 aswell, which in turn implies
max Q = —eo. Indeed, by Theorem 8.1, if Q(y)NZ" =0, i.e, if Ax=y hasno solution x € N", then
one cannot find polynomias {Q;j} C R[z1,...,zm] with nonnegative coefficients that satisfy (9.2).
Therefore, from its definition, A # 0 would yield a contradiction.
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Conversely, if A = 0 (so that max Q = —e) then by definition of A, one cannot find polynomials
{Qj} C Rz1,...,zm] with nonnegative coefficients that satisfy (9.2). Therefore, by Theorem 8.1,
Ax =y hasno solution x € N", whichin turnimplies f4(y,c) = —, i.e., Q(y)NZ" = 0.

In the case when fy(y,c) > —eo, we necessarily have fq(y,c) < e because the convex polyhedron
Q(y) is compact. Next, consider a feasible solution g € A of Q. From Theorem 9.1(i) x := Eq €
Q(y). Therefore, as x is bounded then so is Eq, which, in view of the definition (9.5) of E, aso
implies that q is bounded. Hence A is compact, which in turn implies that the optimal value of Q is
finite and attained at some vertex g* of A.

Now, let x* € N" be an optimal solution of Pq. By Theorem 9.1(ii) there exists some g € A
with Eq = x*. From the definition (9.6) of €, €'q = ¢'E q = ¢/x*, which implies maxQ > f4(y,c).
On the other hand, let g* € A be avertex of A, optimal solution of Q. By Theorem 9.1(iv), x :=
Eq* € Q(y)nZ", that is, x € N" isafeasible solution of P4. Again, from the definition (9.6) of €,
c’x=CcEq*=¢’'qg*, which, in view of f4(y,c) < maxQ, implies fq(y,c) = maxQ, and x € N" is
an optimal solution of Py. This completes the proof of (i) and (ii). O

Remark 9.1. Onthedimensionof M € ZP*S. Leta := ernzlyj. From the definitions of p and s, one

has p < (") = p(m), and s < n(™¥) = np(m), where m — p(m) is a polynomial of degree a.
Moreover, all the entries of M, r are 0, +1. Therefore, for the class .# (A,y) of problems P4 where
A € N™" andy is bounded, then so is a, and one may solve Py in atime that is polynomia in the
problem size, because it suffices to solve the linear program Q, which haslessthan p(m) constraints
and np(m) variables. One may consider this result a dual counterpart of the known result which
states that integer programs are solvable in time polynomial in the input size when the dimension n

isfixed.

The integer hull

We are now interested in describing the integer hull P of Q(y), i.e., the convex hull of Q(y) NZ".

Theorem 9.2. Let A€ N™" y e N" and let E € N5 M € ZP*S,r € ZP be as in (9.5) and
(9.3), respectively.

Let { (uk,v&)}t_; c R™P be a (finite) set of generators of the convex cone C € R"*P defined
by

C:={(u,v) eR"™P|E'u+M'v>0}. (9.9
The integer hull P of Q(y) is the convex polyhedron defined by
W x)+ (K >0vk=1,....t, (9.10)
or, equivalently,
P:={xeR"|Ux > u}, (9.11)

where the matrix U € R™" has row vectors {u*}, and the vector u € R! has coordinates
ug = (—v<r), k=1,....t.
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Proof. Givenx € R", consider the following linear system:

Eq=x
Mg=r (9.12)
q>0

where M, E are defined in (9.3) and (9.5), respectively. Invoking the continuous Farkas lemma (8.2),
the system (9.12) has a solution q € R® if and only if (9.10) holds.

Therefore, let x € R" satisfy Ux > u with U,u as in (9.11). By the Farkas lemma, the system
(9.12) hasasolution g € R®, that is, Mg=r,q>0andx =Eq. Asq € A and A iscompact, g isa
convex combination ¥, 1 G ¥ of the vertices {G*} of A. By Theorem 9.1(iv), for each vertex G ¥ of
A,onehass X :=EG* € Q(y)nZ". Therefore,

x=Eq=Y kEG*"=Y nx* (9.13)
k k

that is, x isaconvex combination of pointsx* € Q(y)NzZ",i.e,x € P; hence {x e R"|Ux>u} CP.

Conversely, let x € P, i.e,, x € R" is a convex combination ¥, %X ¥ of points Xk € Q(y)nZ".
By Theorem 9.1(ii), for each k, XX = E g for some vector g € A NZS. Therefore, as each (XX, %)
satisfies (9.12), then so does their convex combination (x,q) := ¥ (X ¥, q¥). By the Farkas lemma
again, we must have Ux > u, and so, P C {x € R" |Ux > u}, which completes the proof. O

Observe that the convex cone C in (9.9) of Theorem 9.2 is defined explicitly in terms of the
initial data A, and with no calculation. Indeed, the matrix M in (9.3) is easily obtained from A
and E is explicitly given in (9.5). Thus, the interest of Theorem 9.2 is that we obtain an algebraic
characterization (9.11) of P viathe generators of a cone C simply related to A.

From the proof of Theorem 9.2, every element (u,v) of the cone C produces a valid inequality
for Py, and clearly, al strong valid inequalities can be obtained from any set of generators of C.

Next supposethat for somea € R", w € R, wewant to test whether a’x > wisavalidinequality. If
thereissomev € RP suchthat M'v > —E’a andw < —V'r, then indeed, a'x > w isavalid inequality.
In fact w can be improved to w with

W= max{—-V'r[M'v > —E’a}.
\

The general case A € Z™*"

In this section we consider the case where A € Z™*", that is, A may have negative entries. We will
assume that the convex polyhedron Q(y) ¢ R" is compact.

We proceed asin Section 8.2. Solet A € N™" §c N" beasin (8.12) with > p*(cr) and p*(x)
asin (8.13). Thefeasible solutionsx € N" of Ax =, i.e., the points of Q(y)NZ", arein one-to-one
correspondence with the solutions (x,u) € 2(y) NZ"! where Q(y) c R"! isthe convex polytope

Qy) == {(x,u) eR"™1|B m =(V,8), xu> o}, (9.14)
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Alen
B=|- —|.
o |1

(See Section 8.2.) AsB e N(M D> (n+1) '\we are back to the case analyzed in Theorem 9.1. In partic-
ular, the integer program Py : max{c'x|Ax =y, x € N"} is equivaent to the integer program

with

Py : max{c’xB[ﬁ]—[g], (x,u)eN”xN}. (9.15)

Hence, Theorem 8.1, Theorem 9.1, Corollary 9.1, and Theorem 9.2 are dtill valid with B €
NM+Ux(+1) in Jieu of A € N™" (7,8) € N" x N in lieu of y € N™, and Q(y) ¢ R™ in lieu
of Q(y) CR".

So again, asin previous sections, the polytope A associated with Q(y) is explicitly defined from
theinitial dataA, because A issimply defined from A and ¢, and so, the matrices M and E are easily
obtained from A and c. R R

In turn, as the convex cone C in Theorem 9.2 is also defined explicitly from A via M, one also
obtains a simple characterization of the integer hull Pof Q(y) viathe generators of C.

If we are now back to the initial data A,y, then P, is easily obtained from P. Indeed, by Theo-
rem 9.2, let

P={(x,u) e R™Y WK x) +8ku>p* k=1,....t},

for some family {(wk, 8¥)}_; C R" x R of generators of C. Then from (9.14), u = B — o'x and so,
P={xeR"(WK— & a,x) > pX—B&%, k=1,...,t}.
0-1 programs. Making the extension to 0-1 programs
m?x{ cx|Ax=y, xe€{0,1}"}
is straightforward: Consider the equivalent integer program

nQ%x{c/x|Ax:y, Xj+uj=1, Vj=1,...,n, (x,u)eN"xN"}

whichisaninteger programintheform Py in (5.1). However, theresulting linear equivalent program
Q of Corollary 9.1 is now more complicated. For instance, if A € N™<", then q € R and s is now
the dimension of the vector space of polynomialsin 2n variables and of degree at most n + 3. y;j.

9.3 Notes

Most of the material in thischapter isfrom Lasserre[91]. Theorem 9.2 provides an explicit algebraic
characterization of theinteger hull P of the convex polytope Q(y) C R" viagenerators of a polyhe-
dral convex cone described explicitly in terms of A. Of course, and as expected, this convex coneis
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in a space of large dimension (exponential in the problem input size). However, this structural result
shows that all strong valid inequalities can be obtained in this manner. Therefore, this result may
be helpful in deriving strong valid inequalities, or in validating some candidate inequalities, at least
for some specific polytopes Q(y).

As aready mentioned, there is also an explicit abstract description of the convex hull Pin terms
of superadditive functions. Namely,

n
P:{xeR” Y f(A)x; < f(y), Vi eF,x>O},
=

whereF isthe set of all superadditivefunctions f : Z™—R, with f (0) = 0; see, e.g., Wolsey [134]. In
addition, Wolsey has also proposed a superadditive equivalent linear program to Py. Namely, there
exists afinite set {F¥}[_, of superadditive functions Fy : Z™— R such that the following program

n
max {c’x CAX=Y, Y Rd(A)X] <Fk(y),k:1,...,r,x>0}
=

has the following properties:

e It hasafeasible solution if and only if P4 has afeasible solution.
e Itisunbounded if and only if P4 isunbounded.
e It hasan optimal extreme point solution that isintegral, and any such solution is optimal for P.

In the same vein, there exists a finite set {Gy };_, of superadditive functions Gy : Z™—R such
that the convex polyhedron

n
{Ax:y, > Gr(Aj)xj < Gk(y), XZO}v
=1

called the y-hull in Wolsey [135], is the convex hull of optimal solutions of P4 for all y.

In the next chapter we will see that results of the present chapter can be interpreted in the su-
peradditive duality developed in, e.g., Johnson [74], Wolsey [133, 134], and the many references
therein.



Chapter 10
Duality and Superadditive Functions

10.1 Introduction

In this chapter, we till consider the integer program P4 in (5.1) and relate results obtained in
Chapters 8 and 9 with the so-called superadditive dual of Py introduced in the late 1960s. Namely,
related to Py is the optimization problem

@p{f(y)\f(A,—)gch j=1,...,n}, (10.1)

where I' isthe set of (extented) real-valued functions f on Z™ that are superadditive and such that
f(0) = 0. The problem (10.1) isthe so-called superadditive dual of Py; see, e.g., Wolsey [134] (who
considersthe case { Ax <y, x > 0}). Thereason (10.1) isadual of Py is clear aimost immediately.

First, one may easily check that the value function f4(-,c) : Z™—R U {—} associated with P4
is superadditive and satisfies fy(0,¢) =0and fy(Aj,c) >cjforal j=1,...,n (assuming that x =0
isthe only nonnegative solution of Ax = 0). Next, if f € I' isafeasible solution of (10.1) and x € N"
satisfies Ax =y, then, by superadditivity of f,

. — f
CjXj =C'x.

M:

f(y)=f <Z iji> > F(Ax)) = Y f(A)x; >
=1 =1 =1

j=1

In other words, every feasible pair of solutions (f,x) of (10.1) and Py satisfies ¢’x > f(y), that is,
the weak duality property holds. In addition, strong duality follows from fy(y,c) = max Py, and so
fa(y,c) isan optimal solution of (10.1).

Except for the recent algorithmic work of Klabjan [80, 81], the dual problem (10.1) has re-
mained rather conceptual in nature. However, one still retrieves several concepts aready available
in standard LP duality (see [134, p. 175] for the case { Ax <y, x > 0}). More important, the fun-
damental and basic Gomory (fractional) cuts for integer programs have an interpretation in terms
of superadditive functions f in (10.1). Therefore, besides its theoretical interest, any insight on the
dual problem (10.1) is of potential interest as it could provide useful information for deriving effi-
cient cuts in solving any procedure for Py. Moreover, problem (10.1) (which is nonlinear) can be

J.B. Lasserre, Linear and Integer Programming vs Linear Integration and Counting,
Springer Series in Operations Research and Financial Engineering, DOI 10.1007/978-0-387-09414-4_10,
(© Springer Sciencet+Business Media, LLC 2009
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transformed into an equivalent finite LP. For instance, when A € N™" 'y ¢ N™ introducing the
variables {7 (o)} with @ € N™ and o <'y, (10.1) is equivalent to

ming 7(y)

st z(B+o)-—n(a)2n(p), O<a+p<y (102)
ﬂ(Aj)ZCj, j=1,....n
m(0)=0.

The first set of constraints smply states that « is a superadditive function, whereas the second set
of constraintsisjust that of (10.1); see also Wolsey [134, §2] for the inequality case.

How is the abstract dual (10.1) related to our results of Chapters 8 and 9? In Chapter 9, we
have obtained a linear programming problem Q in (9.8) equivalent to P4 and which aso yields a
simple characterization of the integer hull P of the convex polytope Q(y); see Corollary 9.1 and
Theorem 9.2. It turns out that from every feasible solution of the LP dual Q* of Q, one may easily
construct a feasible solution 7 of (10.2). In fact, Q* is a simplified version of (10.2) in which we
only have the constraints ©(Aj + o) — (o) > cj for al oo+ Aj <y,and al j. Thelatter canin turn
be interpreted as alongest path problem in afinite graph. We do not need to look for superadditive
functions r asin (10.2), but from afeasible solution 7 of Q*, one may easily build up asuperadditive
function f, feasiblefor (10.2). In particular, it shows that in the superadditive dual (10.1) of Py, one
may restricted to the class of superadditive functions = coming from the representation (8.5) of the
binomial z¥Y — 1 in Theorem 8.1.

10.2 Preliminaries

As in Chapter 9 we may restrict ourselves to the case where A € Z™" has nonnegative entries,
i.e, Ae N™" and transpose results to the general case by the same simple transformation already
shown in Section 8.2.

The superadditive dual of P

LetAe N™" ye N™ andlet P4 betheinteger program (5.1) with optimal value fy(y,c) : Z"—RU
{—oo} (With fy(y,c) := —eo whenever Q(y)NZ" = 0).

It followsthat f4(0,c) =0 (asA € N™") and f4(-,c) is superadditive. Indeed, if fg(y,c) > —oo
and fq(y',c) > —eo then weimmediately have fq(y+Yy’,c) > fq(y,c)+ fa(y',c). If fg(y,c) = —ec0r
fg(y',€) = —oo (o both), then fy(y +y',c) > —eo = fy(y,C) + fu(y',0).

Next, consider the abstract dua problem (10.1) where I' is the set of functions f : N"—RU
{—oe} suchthat f(0) =0and f issuperadditive. Let f € I" be an arbitrary feasible solution, and let
x € N" be such that Ax =y. Then,

n n n n
f(y) =f (2A1X1> > 2 f(Aij) > 2 f(Aj)Xj > ZCJ'XJ' =c'x
=1 =1 j=1 j=1

(where both inequalities follow from the superadditivity of f), and so, f(y) > ¢'x, that is, the weak
duality property holds. Strong duality holds with f4(y,c) = ¢/x* for any optimal solution x* € N"
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of Py. Next, if Ax =y has no solution x € N", then f4(y,c) = —eo, in which case we also have
fa(y,c) = maxPy.

Asalready mentioned, the dual problem (10.1) israther conceptual, asthe set I" isvery large and
not practical. For instance, I" contains the value function y — f4(y,c) which is abit too much of a
requirement if one wishes to solve P4 for asingle valuey of the right-hand side. To make a parallel
with linear programming, one may also define the dual of the linear program P in (3.1) to be (10.1),
replacing now I" with the set I’ of concave functions f : R"—R U {—e}. The (large) set I’ would
also contain the value functiony — f(y, c) associated with P. However, by considering the subclass
of linear functions of I'’, one obtains the usual (and tractable) LP dual P* of P.

Similarly, the maximal valid inequalities that define the integer hull P of the convex polyhedron
Q(y) (see Chapter 9) can also be obtained from Chvatal-Gomory cuts formed from linear combina-
tions and rounding of the facet inequalities that describe Q(y). They are obtained from a subclass of
superadditive functionsthat satisfy the constraints of (10.1); see, e.g., Nemhauser and Wolsey [113].
In Section 10.3 we also provide a characterization of P in terms of a finite family of superadditive
functions.

A class of superadditive functions

Let 2 c N™ be afinite set such that
0ey ad acy = Pe2 VB<a, (10.3)
and let A bethe set of functions 7z : N™ — R U {+eo} such that
reA ifn(0)=0 and 7(a)=+e onlyifadg 2. (10.49)

Next, given = € A let f; : N"—=RU{+} be defined as

X fr(X) =

{infwxe@{n(wx) —n(@)}  ifxey (10.5)

+oo otherwise.
Observethat f; € A whenever m € A, that is,
fz(0)=0 and fr(X)=4c onlyifx¢g2.

Indeed, if x € 2 then from (10.5) f,(x) < m(X) — m(0) < +oo.

Proposition 10.1. For every m € A

(i) fr < &, and f; is superadditive;
(i) if = € A is superadditive, then & = f;.
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Proof. (i) fz(0) = O follows from the definition (10.5) of f,. Let 1 € A sothat #(0) =0.If x ¢ 2
then f(X) = m(X) = +oo. If X € Z then f(X) =infy xea{m(a+X) — ()} < 7(X) —7(0) = m(X).
Next, let x,y € N™ be fixed, arbitrary. First consider the casewherex+y € 2, sothat x,y € 2.

felxty) = inf{m(o+x+y)— (o)}
= ([ x+y) = n(a 0]+ [r(e+x) - n(o)])
>t {n(atxy)—aler}+ o (n(o-+x) - (o))

= fa(y) + fz(x),

where we have used that oo +x+y € 2 implies o +x € Z (see (10.3)).
If x+y & 2, then from (10.5), fz(x+Y) = +eo and in this case one also has f(x+y) > fz(x) +

fr(y).
(i) From (i) we have f; < m. On the other hand, if 7 € A is superadditive,

n(a+x)—n(a) > n(x) VaeN"
Therefore, if x € 7 then

() = _int_{r(a+x)— (o)} > w(x),

whereas f;(X) = +e = m(X) if X € 2. Combining thiswith f; < x yields the desired conclusion. O

10.3 Duality and superadditivity

With the integer program Py in (5.1), we assume that A € N™" 'y € N™. The general case with
A e Z™" (andwhen Q(y) = {x € R"|Ax =y; x > 0} is compact) follows by reducing to the case
A € N™" after aslight modification of theinitial problem (introducing an additional constraint and
an additional variable); see Section 9.2.

The link with superadditivity

From Corollary 9.1, recall that the linear program Q in (9.8) is equivalent to P4. To relate Q with
superadditive functions, we proceed as follows.
Let 2 C N™ bethe set

m
7:=[[{0.1,....yj} ={eeN"[a <y}. (10.6)
j=1

In view of the simple form of the matrix M defined in Section 9.2, the LP dual Q* of Q in (9.8) is
easy to state. Namely, it isthe linear program
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st.  y(a+Aj)—y(a)>cj,a+Aje2,j=1,...,n.

Clearly, by the change of variable () := y(a) — ¥(0), & € 2, (10.7) is equivalent to the LP

ming  m(y)
Pg: < st rloa+Aj)—rn(a) >cj,ao+Aj€2,j=1,...,n (10.8)
m(0)=0.

with optimal value denoted minPj. Now, extend = to N™ by (o) = +eo whenever oo ¢ 2. Then,
with A asin (10.4), the linear program P} is equivalent to the optimization problem

p1:=MiNgca m(Y) (10.9)
st. t(a+Aj) —n(a) >cj,a+Aj€ P, j=1,...,n, '

that is, minP} = p;.

Theorem 10.1. Let Ae N™" y e N™, ¢ € R", and let & be as in (10.6). Let P} be the linear
program defined in (10.8). Consider the optimization problem

p2 :=infrea fn(_y) (10.10)
st. fz(Aj) >cj,j=1,...,n.

where f; : N"— R is the superadditive function defined in (10.5) for every = € A. If Py is
solvable, i.e., if f4(y,c) > —oo, then

fa(y,€) =minPy = po = f«(y) for some 7* € A. (10.11)

Proof. First, by Corollary 9.1, maxQ = f4(y,c), and by LP duality, maxQ = minQ* = minPj.
Thus, if f4(y,c) > —oo,
fa(y,c) = maxQ = minPj§ = p.

Next, one provesthat p; > p». Indeed, let & € A be an optimal solution of (10.9). From its definition
(10.5), f; isan admissible solution of (10.10) becausefor al j=1,...,n,

fz(Aj) = ajpjfé@n’(&—&-AD — (o) > ¢j.

In addition, from Proposition 10.1, = > f, and so, p1 = m(y) > f(y) > p2. Now, let x e N" be a
feasible solution for Py, i.e., Ax=y, and with = € A, let f; be afeasible solution in (10.10). Then
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n n
fr(y)=fo | 2 AjXj | = Y fr(Ajxj) (by superadditivity)
j=1 j=1

fz(Aj)x; (by superadditivity)

Vv
M:

1

—.
Il

IV
M:

v. —
cjxj =c'x.
1

—.
I

This provesthat py > f4(y,c) = p1, and so p2 = fq(y,c). O

Thus, adual problem of Py may have either the superadditive formulation (10.10) or the equiv-
aent LP formulation P} in (10.8). We further discuss the interpretation of the linear program Py in
Section 10.3.

Characterizing the integer hull via superadditivity

We now obtain acharacterization of theinteger hull P of the convex polytope (y) viasuperadditive
functions.
Let M,r, and E be as defined in (9.2) and recall from Chapter 9 that the integer hull P of Q(y) is

defined by
P={xeR" Xu+r'vk>0 (U eaG}, (10.12)

where G C R" x RP is a (finite) set of generators of the convex polyhedral cone C ¢ R" x RP,

defined by
C={(u,v) eR"xRP| M'v+E'u>0} (10.13)

(see Theorem 9.2). From the definition of p, avector v € RP may beviewed asafunction 7 : 2— R,
with 2 asin (10.6), and can be extended to N™ by setting 7(x) = +-< if X ¢ 2. Therefore, with a
vector v € RP (~ ) obtained from agenerator (u,v) € G, we may and will associate a superadditive
function f; asin (10.5).

Theorem 10.2. Let A € N™" 'y € N™ 9 be as in (10.6), and let M,r, and E be as in (9.2).
Let G C R" x RP be a set of generators of the convex cone defined in (10.13). Then the integer
hull P of the convex polytope Q(y) is defined by

n
P— {xe RY Y f(A)xj < f2(y), (u,m) € G} (10.14)
j=1
where f is the superadditive function obtained from z in (10.5) and uj = —fz(A;) for all

j=1,...,n.
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Proof. Inview of the definition of M,r, and E, C in (10.13) is the convex cone
{(um) eR"xRP| m(o+Aj)—nm(a)+u; >0, a+AjeZ,j=1,...,n},

where the vector 7 € RP isviewed as a function 7 : 2— R, with 2 asin (10.6). Therefore, every
generator (u, ) € G satisfies

—Uj :amijgg{n(a+Aj)—n(a)}, i=1....n

Extend 7 : N™— R U {+oo} by 7(X) = +oe if X € 2. Then, equivalently
—uj=min{r(o+Aj)—m(o)} = fz(A}), j=1,...,n,
acy

where f, isthe superadditive function obtained from 7 in (10.5). Also recall that from the definitions
of 2 and f, one has (y) — 7(0) = f.(y); indeed, sincey + o ¢ & whenever o # 0, w(y + o) —
n(a) = +oo > m(y) — m(0). Therefore, as n'r = n(y) — ©(0) = fr(y), and uj = —f(A;) for all
j=1,...,n,wefinaly obtain

P= {XGR”I i fr(Aj)xj < fa(y), (u,m) GG},
=1

which is (10.14). O

So, asin Nemhauser and Wolsey [113], the integer hull P is characterized in (10.14) via afinite
family of superadditive functions. However, the superadditive functionsin (10.14) are not obtained
from linear combinations and rounding of the hyperplanes that define Q (y), but rather from the set
of generators G of the convex cone (10.13).

Discussion

Observe that in contrast with the LP (10.2), the linear program Py in (10.8) does not optimize over
the superadditive functions & € A, with A asin (10.4). In general, the constraints in (10.8) do not
define a superadditive function z. But the function f, obtained from 7 in (10.5) is superadditive
and satisfies the constraints of the abstract dual (10.1).

Finally, note that the linear program P} is simpler than (10.2). This is because the constraints
of (10.2) state that 7 : Z— R is superadditive, with 7(0) = 0 and ©(Aj) >cj foral j=1,...,n.
So both linear programs (10.2) and P have the same number of variables. On the other hand, with
s:=TIj_4(yj +1), theLP (10.2) has O(s?) constraintsin contrast with O(ns) constraints for Pj.

Finaly, P} hasan obviousinterpretation as alarge order problemin agraph G whose set of nodes
issimply Z; apair (v,V') € 2 x 2 definesanarcof G if andonly if vV =v+A; forsome j=1,...,n,
in which case its associated length is cj. The goal isthen to find the longest path between the nodes
Oandy.
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Example 10.1. Let A:=[2, 3] € N'*2 andy := 5 so that Ax = y hasonly one solution x* = (1,1). Let

the cost vector bec = [c1,¢2], and 2 := {0,1,...,5}. Thedua problem P} reads (with (0) = 0)
min; 7(5)

st. m(2) > cy, n(3) >cy
n(3)—m(l)>c1, m(4)—=n(l) >cy
n(5)—n(3) =c1, w(5)—7n(2) =cz

(4) -

T n(2) >cq,

with optimal value f4(5,¢) = 7(5) = ¢1 + C2, and optimal solution
(1) =cy—c1, m(2) =c1, m(3) = C2, m(4) = max{2c1,2c; —C1}.

The superadditive function f, : N2—R defined in (10.5) (with 7z(x) = +o if x > 5) satisfies f,(5) =
C1+ Co. For y = 1 the system Ax =y has no solution and the LP dual P} reads min; { (1) |w(0) =
0} = —oo, a5 00 +Aj & 7 for every oo € 2 = {0,1}. Thisis consistent with fy(1,¢) = —

We now summarize the main results of this chapter in Table 10.1 which compares the continuous
and discrete optimization problems P and Py, in the case of a nonnegative constraint matrix A €
N™*" (and so, with 2 asin (10.6)).

Table 10.1 ProblemsP, Py and their respective duals

Primal Linear Program P Primal Integer Program Py
max c¢’x max c¢'x
P:st Ax=y Pg:st. Ax=y
x>0, xeR" x>0, xeZ"
dual P* dual P
Minzes 7(y)
pt miny cgpm YA Pt - st. ﬂ'(a“rAj.)*ﬂ(OC) >cj,
“st. A'A >c. 4" a+Aj€Z;j=1....n,
n(0) =
polytope Q(y) integer hull P=co(Q(y)NZ")

YI_1AX =Y S
.Q(y) . XJZ:JO 17 P: Z{Lfn(AJ)XJ < fn'(y)7(u77r) €G
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In Table 10.1, one may also use the superadditive formulation (10.10), instead of P}. However,
we have chosen the LP formulation P} in (10.8) to better highlight the difference with the LP dual
P* of P. Noticethat if 7 istaken to belinear in P}, i.e, (o) = n’ o for al oo € 7 (for some vector
7 € R™M), then one retrieves exactly the LP dual P* of P.

10.4 Notes

The superadditive dual (10.1) dates back to the pioneering algebraic approach of Gomory [58]
and later was further investigated and extended to mixed integer programs by several researchers,
including Araoz [8], Blair [22], Blair and Jeroslow [23], Burdet and Johnson [30], Jeroslow [69,
71, 70], Johnson [ 74, 73], Klabjan [80, 81], Ryan [118, 119], Ryan and Trotter [120], Shapiro [124,
125], Tind and Wolsey [129], and Wolsey [133, 134, 135]. The earliest works were concerned with
subadditive functions on finite groups, coming from an analysis of the group problem introduced
in Gomory [58] (arelaxation of the original integer problem). The subaditive dual in Jeroslow [69]
follows from a shortest path representation of integer programs (see also Shapiro [124]). It is then
defined with subadditive functions on Q™, following the same reasoning as in Section 10.1, or in
Wolsey [134], using the properties of the value function.

If in the abstract dual (10.1), one replaces superadditivity by additivity, then one retrieves the
usual LP dua of the LP associated with Py by dropping the integrality constraints. However, it is
worth noting that the true abstract dual analogue of (10.1) for linear programs is obtained when
one replaces superadditivity with concavity. Indeed, the value function of the LP associated with
Pq4 is concave (and even piecewise linear), not linear, and the same reasoning as in Section 10.1
applies. However, LP duality shows that (for a fixed right-hand side y) one may be restricted to
linear functionals and obtain a much simpler dual. But of course, the (concave) value function (for
all values of y) cannot be a solution of the LP dual.



Appendix
Legendre-Fenchel, Laplace, Cramer, and Z Transforms

We briefly introduce some notions that are used extensively in the book. For avector x € R", denote
by X’ its transpose and write without difference either ¢'x or {(c,x) for the scalar product of x and c.
An extended rea-valued function f : R"—R U {—eo,+eo} is said to be lower semicontinuous
(l.sc)ax e R"if
liminf f(y) > f(x).

y—X

Equivalently, the epigraph epi f of f, defined by
epi f:={(x,r) eR" xR : f(x) <r},

isaclosed subset of R,

Given an extended real-valued function f, thereisagreatest |.s.c. function majorized by f, which
is called the lower semicontinuous hull of f.

An extended real-valued function f : R" —RU{—eo, 4o} issaid to be convex if epi f isaconvex
set. When f(x) # —eo for all x € R" then f isconvex if and only if

flox+(1—a)y) < af(X)+(1—a)f(y), ac0,1], xyecR"

The (effective) domain dom f C R" of f isthe set of pointswhere f isnot 4. A convex function
issaid to be proper if domf £ 0 and f(x) > —eo for al x € R".

The closure cl f of a proper convex function f is its lower semicontinuous hull, and a proper
convex function f issaid to beclosed if cl f = f.

Given an extended real-valued function f, let cl (conv f) denote the greatest closed convex func-
tion majorized by f. It is the supremum of the collection of all affine functions on R" majorized
by f.

A.1 The Legendre—Fenchel transform

Let f : R"—RU{—eo,+oo} begiven, and define f* : R"—R U {—co, +oo} to be
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A — f5(A) :=sup(A,x) — f(x), A eR" (A1)
X

Thefunction f* isthe Legendre—Fenchel conjugate .7 [f] of f; itisconvex and|.s.c. Notice that
since f* describes the affine functions majorized by f, f* isthe sameas (cl (conv f))*.

Proposition A.1. Let f be convex. The conjugate f* = .%[f] is a closed convex function, proper if
and only if f is proper. Moreover, (cl f)* = f* and f** = f.

So the conjugacy f— f* induces a one-to-one mapping between closed proper convex functions. In
particular, it isworth noticing that the conjugate of the (convex) quadratic f = %X'QX (withQ > 0)
isthe quadratic f* = 22/Q 1.

The Fenchel—-Young inequality states that
fxX)+ (1) > (x,A), Vx,AeR",

and Fenchel-Young equdlity holds at (x,4) if and only if A € 9 f(x) andx € d f*(1), where d f(X)
denotes the subgradient of f at x.

An important property of the Legendre—Fenchel transform is to transform inf-convolutions into
sums, and conversely, sumsinto inf-convolutions. That is, denoting f (g the inf-convolution of two
convex |.s.c. functions f,g as

X — fOg(x) :=igf{f(y)+g(><—y)},

one has
Ft0g) = F[f]+Z[g], Z[f+9]=F[f|0F[g]

Example A.1. Let x — f(x) = %X/QX for some real-valued symmetric positive definite matrix Q €
R™". Then f*(1) = 34'Q 1.

Example A.2. Let A € R™", ¢ € R", and consider the linear program
P:mxin{(c,x>|Ax:y;x20}, yeR™ (A.2)
Define f(-,¢) : R™—RU{—eo, 4o} to be the value function associated with P, i.e.,
y — f(y,c) ::mxin{<c,x>\Ax:y,x20}, yeR™, (A3

with the usual convention f(y,c) = +oo if Q(y) (= {x € R"|Ax=y;x>0}) =0.



A.2 Laplacetransform 151

It is straightforward to check that f is convex, and in fact, convex and piecewise linear. Its
conjugate f* reads

f*(},7C) = sup <)’ay> - f(y,C)
yeRmM

= sup {(4,y) +sup{—C'x|Ax=y,x >0} }
yeRM X

= sup(A'A —c,x)

x>0
0 ifAA—-c<O0
+co Otherwise

Next, we obtain

f(y,c) = sup (A,y) — f*(A,c) = sup { (X,y) |A'A <c}.
AERM yeRM

Onerecognizesin f**(-, c) thevaluefunction of thedual linear program P*, and so f(-,c) = f**(-,¢)
asin Proposition A.1. Next, observethat f*(-,c) = —Inlg« (), wherel g« () istheindicator function
of

Q(c):={LeR"A'L <c}, (A.4)

the feasible set of the dual linear program P*. Next, from its definition we also have —f(y,c) =
Z[~Inlgy](—c). Therefore, we also obtain

(=1(,))"(=v) = Z[F[=Inlgy]l(y) = =Inlgy (1), 7ERT,

and so, for every A e R™, y € R",

(f(0)"(A) = =Inlg:(2) and  (=f(y,))"(=7) = = Inlge) (V).

A.2 Laplace transform

Before introducing the Laplace transform, we first recall the celebrated Cauchy residue theorem, a
basic and fundamental result in complex analysis.

Cauchy residue theorem

Let G c Cheanopensetand f : C—C agiven function. Then f isdifferentiableat a € G if

lim f(a+h)—f(a)
h—0 h

exists. If f isdifferentiable at each point of G then f is differentiable on G.
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A function f : G— C is analytic if is continuously differentiable. One must recall that differen-
tiability in C is amuch stronger requirement than in R. This can be realized when one sees that an
analytic function is infinitely differentiable and can be expanded in a power series at each point of
its domain!

If y:[0,1] : —C isaclosed rectifiable curve and a & y, then

n(y;a) = /(z—a)*ldz €N
Jy
is called the index of y with respect to a. If G C C isan open set and n(y,w) = O for all w € C\ G,
then y is said to be homologous to zero, denoted v = 0.
Let f have anisolated singularity at z = a, and let

f(z)= ) ai(z—a)"
N=—oo
be its Laurent series expansion about z = a. Then the residue of f at z = a, denoted Res(f;a), is
just the coefficienta_1. So Res(f,a) =a_1.
We now come to afundamental result in complex analysis.

Theorem A.1 (Cauchy Residue Theorem). Let f be analytic on G, except for the isolated singu-
larities a1,...,am € G. If y is a closed rectifiable curve in G that does not pass through any of the
points ay, k=1,...,m, and if y~ 0in G then

1 m
%/yfdz:l;ln(y,ak)l?eﬁ(f,ak).

In particular, if G isadisc with boundary circleC, and al the singularities are inside the disc, then

l . m
2ﬂi/cfdz:gilRes(f,ak).

The Laplace transform

The Laplace transform is a powerful technique which plays an important role in probability theory
and in many applications. In particular, it is used in signal processing for analyzing linear time-
invariant dynamical systems and solving linear ordinary differential equations where one reduces
the initial problem to that of solving algebraic equations. In such physical systemsit is interpreted
as a transformation from the time domain to the frequency domain.

We start with the one-dimensional case. Let f : R— R be given, and such that

f=0 on(—w,0) and |[f(x)] <& Vx> X,

for somea > 0. Then its one-sided Laplace transform .#3[f] : C— C is defined by
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A AlfA) = /Ome*“f(x)dx, Ac (A.5)

where 2 C C isthe domain where the above integral is well-defined. The right-hand side of (A.5)
is called the Laplace integral of f, and typicaly 2 ={A € C : ®(A1) > s} for somes € R.
The inverse Laplace transform 31‘1[f] is given by

~ 2mi

—joo

X L) = — /HiweﬂXf(x)dA, (A6)
Y

where f : C— C isanaytic in theright half-plane R(1) > 7.
The above integral is called the Bromwich integral, and in many cases of interest this integral is

also the same as 1
:—_/e“f(/l)dk, x>0, (A7)
2ri Jc

where C isaclosed contour of integration in C, such that al singularities of f lie inside the contour.
Then by using Cauchy residue theorem (Theorem A.1),

L

Z7HE](x) = sum of residues of €2 f(x) at the poles of f. (A.8)

If f:[0,0)—R is of bounded variation in a neighborhood of xo > 0, and if its Laplace integra
converges absolutely on R(14) = c, then

0 if x <0,
ZtAlf] = 1(04)/2 if x=0,
(f(xy)+f(x2))/2 ifx>0,

where f(x,) = limy, f(y), and f(x_) = limy;y f(y). And soiif f iscontinuous, LAl = 1.

For f : R—RR, itstwo-sided (or bilateral) Laplace transform is given by

L) = /w e f(x)dx, Ac 2, (A.9)

—oo

with 2 C C being the domain where (A.9) makes sense. Its inverse is also given by the complex
integral (A.6). Introducing the Heavyside step function

0, x <0,
X—u(x):=4¢1/2, x=0,
1, x>0,

one may recover #;[f] from Z[f] by #[f] = Z[uf]. The converseis aso true. Indeed, defining
f by f(x) = f(—x), one has
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2[f(r) = Alfl(d) + Alf)(-2).

As the Legendre—Fenchel transform maps quadratics into quadratics, the Laplace transform maps
Gaussian densities into Gaussian. Indeed

2
;f[e | o

Varo

There is an obvious extension to the multivariate case. For agiven function f : R™"— R, its bilateral
Laplace transform £ [f] : C™— C reads

xhhzmmyz/ e f(x)dx, A€ 9,

RM

where 2 C C™ isthe set of A € C™ such that the above integral is well-defined. With x € R™, to
recover f(x) from the knowledge of h := .Z[f], one uses the inverse Laplace transform, also given

by

- 1 Tatieo Yntico
f00 =200 = m /n-aw /ym_iw e h(2)dAr -+ -dAn,

wherey= (71,...,1m) € R™, {y1 oo} x--- x {¥n £ o} C Z,and hisanalyticon R(1) > 7.
One important property of the Laplace transform is to map convolutions into products. That is,
denoting the convolution of f and g by

K T = [ f(x=y)gW)ay.

one has
L[t x gl =2Z[f]+2[g].

Finally, observe that

eff[—f](—l) = sup e—(l,x>+f(x) _ /@ e,@,x) ef(X)7
X .

where [€ isthe “integral” operator in the (max, +)-algebra (recall that the “sup” operator isthe @
(addition) in the (max, +)-algebra, i.e., max[a, b] = a®b. Formally, one has

expF[—f|=ZL[expf] in(max,+).



A.3 TheZ-transform 155

In other words, the Legendre—Fenchel and Laplace transforms are indeed the same transform inter-
preted in the (max, +)- and (+, x )-algebras, respectively.

The Cramer transform

The Cramer transform makes the link between the L egendre—Fenchel and Laplace transformsand is
auseful tool to transform concepts from the usua (4, x )-algebrato the (max, +-)-algebra. We have
just seen that the Laplace and Legendre—Fenchel transforms are formal anal ogues in the respective
(4, x)- and (max, +)-algebras.

One may observe that the logarithmic Laplace transform In_#[f] of any nonnegative function
f : R"— [0, 4] is convex and l.s.c. Therefore, it is appropriate to define its Legendre—Fenchel
transform.

Given afunction f : R"—[0, +e0) U {+eo}, its Cramer transform &’[ f] is given by

f s €[f] := Z[In2[f]]. (A.10)

In other words, ¢ = .%[In ] is the Legendre—Fenchel transform applied to the logarithm of
the Laplace transform. Asthe In Z’[f] is convex and |.s.c., one has ¢[f]* = In .Z[f]. As one may
expect, since the Legendre—Fenchel transform maps quadratics into quadratics, and the Laplace
transform maps Gaussians into Gaussians, the one-dimensional Cramer transform maps Gaussians
into corresponding quadratics, i.e.,

1 xemp2/20? (2) = (z—m)?
V202 202

Next, as the logarithmic Laplace transform maps convolutions into sums, i.e.,

InZ[f xg] =InZ[f]+Z]g],

the Cramer transform maps convolutions into inf-convolutions, i.e.,

Z[f »g] = ¢[f]0¢[g). (A.12)

A.3 The Z-transform

Just as one important application of the Laplace transform is to analyze continuous-time linear dy-
namical systems, one main application of the Z-transform isto analyze discrete-time linear dynam-
ical systems. It converts a discrete-time domain signal (a sequence of real numbers) into a complex
frequency domain representation.
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The (bilateral) Z-transform 2°[f] of an infinite sequence f = {f(n)}~,, is defined by

2 Zf](2) = i f(n)z™", 1€ 9, (A.12)

N=—oo

where 2 C C isthe set of complex z € C such that the above series converges. Asaready mentioned,
the bilateral Z-transform Z[f] is the obvious discrete analogue of the bilateral Laplace transform
Z[f]. Similarly, the unilateral Z-transform is defined asin (A.12), but with f(n) =0foraln< 0
and is aso the discrete analogue of the unilateral Laplace transform. Uniqueness of the Z-transform
makes sense only if the domain & is specified.

In (A.12), the series convergesin aring of the form 0 < r; < z < ry < oo where the radii r, and
r» depend on the behavior of f at +eo. If f(n) =0for al n < 0 (resp., n > 0) then rp = 4 (resp.,
r ::(»_

If z=re® then 2[f] evaluated at r = 1 isthe Fourier transform

i f(n)e "o

of the sequence f. If h := Z°[f] is given by an algebraic expression and its domain of analyticity
2 C C isknown, then itsinverse Z-transform 2 ~1[h] is obtained by

f(n) =2 h(n) = /c h(z)z"'dz, nez, (A.13)

where C isaclosed contour in & surrounding the origin. Indeed, by the Cauchy residue theorem,

K1y — 1 ifk=-n
/sz =90 otherwise,

and so, replacing h in (A.13) with its expansion (A.12) yields the result.

Theinverse Z-transform (A.13) isthe obvious discrete analogue of the inverse Laplace transform
(A.7).

There is a straightforward extension to the multivariate case. Let f = {f(o)} be an infinite
sequence indexed with o € Z™. Then, its Z-transform Z°[f] is now given by

1 Z[fl(2):= ) f(o)z7* €9, (A.14)

aeZ™
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where z% isthe usual notation for
7% =z%... 7% oaeZ™
-~ m » 3

and 2 C CMisthe set of z € C™ such that the seriesin (A.14) converges. To recover f (o) from the
knowledge of h := Z[f], one uses the multivariate inverse transform 2°~1 given by

f(a):gfl[h](a):ﬁ/qm g h(z)z* ¢dz; - --dzp,

with o € Z™, 2% = 2§17+ 28n~1 and where Cy x - - x Cpy C &, and each C; isaclosed contour

in & encircling the origin.

A.4 Notes

For more details and applications on Laplace, L egendre-Fenchel, and Cramer transforms, as well
as the links between them, the interested reader is referred to Bacelli et al. [10], Brychkov et al.
[28], Burgeth and Weickert [31], and Litvinov and Maslov [106], and many references therein.
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Glossary

N— set of natural numbers

7Z— set of integers

Q— set of rational numbers

R— set of real numbers

C— set of complex numbers

A— matrix in R™" or Z™<" or NT*"

Aj— column j of matrix A

R(z)— real part of z € C, or vector of real partsof z € C"
|zZ]— modulus of z € C, or vector of moduli of z € C"
Q(y)— convex polyhedron {x € R" |Ax =y,x > 0}
conv (2(y) NZ™)— integer hull of Q(y)

P— linear program max{c'x |x € Q(y)}

P*— LPdud of P

Py— integer program max{c'x |x € Q(y) N Z"}

P§— dual problem of Py

|— integration program [q *do

I*— dua of I (acomplex integral)

lg— summation program Y,c g y)zn €

13— dual of 14 (acomplex integral)

f(y,c), fq(y,c)— respective optimal values of P and Py
fA(y,c), ﬂ,(y,c)— respective values of | and Iy



166 Glossary
F(A,c)— Fenchel transform: A — infycrm A’y — f(y,c) (as f(-,c) is concave)

F(A,c)— Laplace transform: A — [pm €V (y,c)dy

Fa(z,¢)— Z-transform: z+— 3yczm 27V fq(y, C)

Inz— logarithm (Neperian) of z € C

R(z1,...,zm]— ring of polynomiasin m variables, with coefficientsin R

z%:withz € C™, o € Z™: Laurent monomial z3* - - - zgm

o A Anj
M withz € C",Aj € Z™: Laurent monomial z; -+ - z™

@— depending on the underlying algebra, stands for either the usual addition a®b =a-+b or
a®b=max[a,b]

A—isR" (resp., Z") in the continuous (resp., discrete) context
[¥— depending on A and the underlying algebra, stands for [ or ¥, or max



Index

(max, +)-algebra, 3

abelian group, 47

algorithm
associated transform, 27
Barvinok’s counting, 5, 42
binary search, 108
digging, 108, 111
integer programming, 107
Nesterov, 96
simplex, 32
single cone digging, 112

barrier function
exponential, 33
logarithmic, 33

Cauchy residue technique, 20, 71
Cauchy Residue theorem, 17, 28, 35
cone

dual, 34

tangent, 44

unimodular, 44
cutting planes, 83

decomposition
Lawrence, 13
signed, 11
simplicial, 11
direct method, 19
dual, 1, 96
LP, 76
superadditive, viii, 139
dual variables, 75
duality, 1
discrete, 72
Filliman's, 13

Laplace, 72
Legendre-Fenchel, vii, 31
strong, 2, 139

wesak, 2, 139

Farkas lemma, viii, 115
continuous, 115, 121
discrete, 116

formula

Brion and Vergne's continuous, 11, 17

Brion and Vergne's discrete, 4, 74
Brion's, 43
Lawrence, 11
FPRAS, 10
Frobenius
number, 115
problem, 115
function
generating, 44
price, 83
subadditive, 85
superadditive, 1, 83, 131, 139, 141
funtion
generating, 47

Gomory, 83

Grobner basis, viii
group character, 47, 100
group problem, 85

hull
convex, 85
integer, viii, 131, 135, 144

ideal, 119
binomial, 119
ideal membership problem, 119, 121
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integration linear, 2
IR vii, 1

knapsack
equation, 41, 127
problem, 94

LattE, 42
lattice, 47

dual, 47
Laurent polynomial, 124
linear counting, 2, 3, 41
linear integration, 2, 3, 9
LP 36

Maslov, 3
nondegeneracy property, 91

polyhedron, 9
corner, 85
master, 85
simple, 92
polytope
simple, 18
simplicial, 12
primal, 11
primal methods, 11
program
0-1, 137
integer, vii, 1, 2, 76, 131
linear, 2, 3, 32, 74, 76
Programming
Integer, vii, 2

Linear, vii, 1, 2, 18
Pukhlikov and Khovanski, viii

reduced costs, 4, 18, 73

regular, 17, 74, 76

relaxation
(extended) group, 89
Gomory, viii, 5, 83, 84, 111
Gomory (asymptotic) group, 85
group, 89

residue algorithm, 18

sublattice, 47
superadditivity, 142

totally unimodular, 119, 133
transform
Z-, vii, viii, 72, 156
associated, 25
Cramer, 34, 155
inverse Laplace, 4, 11
Laplace, vii, viii, 15, 72, 152
Legendre-Fenchel, 150
Legendre-Fenchel, vii, viii, 31
two-sided Laplace, 32
triangulation, 11
boundary, 12
Cohen and Hickey's, 11
Delaunay, 11

valid inequality, 136
valuation, 43

vertex residue, 75
volume, 9, 10
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